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PREFACE

In investigating the highly different phenomena in nature, scientists
have always tried to find some fundamental principles that can explain the
variety from a basic unity. Today they have not only shown that all the
various kinds of matter are built up from a rather limited number of atoms,
but also that these atoms are constituted of a few basic elements of building
blocks. It seems possible to understand the innermost structure of matter
and its behavior in terms of a few elementary particles: electrons, protons
neutrons, photons, etc., and their interactions. Since these particles obey
not the laws of classical physics but the rules of modern quantum theory of
wave mechanics established in 1925, there has developed a new field of
“quantum science” which deals with the explanation of nature on this
ground.

Quantum chemistry deals particularly with the electronic structure of
atoms, molecules, and crystalline matter and describes it in terms of
electronic wave patterns. It uses physical and chemical insight, sophisti-
cated mathematics, and high-speed computers to solve the wave equations
and achieve its results. Its goals are great, but perhaps the new field can
better boast of its conceptual framework than of its numerical accom-
plishments. It provides a unification of the natural sciences that was
previously inconceivable, and the modern development of cellular biology
shows that the life sciences are now, in turn, using the same basis. “ Quan-
tum biology” is a new field which describes the life processes and the
functioning of the cell on a molecular and submolecular level.

Quantum chemistry is hence a rapidly developing field which falls
between the historically established areas of mathematics, physics, chemis-
try, and biology. As a result there is a wide diversity of backgrounds among
those interested in quantum chemistry. Since the results of the research are
reported in periodicals of many different types, it has become increasingly
difficult for both the expert and the nonexpert to follow the rapid develop-
ment in this new borderline area.

The purpose of this serial publication is to try to present a survey of the
current development of quantum chemistry as it is seen by a number of the
internationally leading research workers in various countries. The authors
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have been invited to give their personal points of view of the subject freely
and without severe space limitations. No attempts have been made to avoid
overlap—on the contrary, it has seemed desirable to have certain important
research areas reviewed from different points of view. The response from
the authors has been so encouraging that a seventh volume is now being
prepared.

The editor would like to thank the authors for their contributions which
give an interesting picture of the current status of selected parts of quantum
chemistry. The topics covered in this volume range from the treatment of
band theory of solids, mobile electrons in organic molecules, over studies
of fundamental concepts in valence theory and intermolecular forces to
chemical kinetics. Some of the papers emphasize studies in fundamental
quantum theory and others computational techniques.

It is our hope that the collection of surveys of various parts of quantum
chemistry and its advances presented here will prove to be valuable and
stimulating, not only to the active research workers but also to the scientist
in neighboring fields of physics, chemistry, and biology, who are turning to
the elementary particles and their behavior to explain the details and inner-
most structure of their experimental phenomena.

PEr-OLov LOGWDIN
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|. The Derivation of the X« Self-Consistent Method by
Variations

In 1951, the author (Slater, 1951a, b) suggested the use of an approxi-
mate exchange term proportional to the one-third power of the local
electronic density to replace the exact exchange in the self-consistent field
for atoms, molecules, and crystals. The use of this simplified exchange,
combined with the various approximate methods which had been worked
out for solving Schrédinger’s equation in a periodic potential, made
possible a very extensive development of the theory of energy bands.
Thus, in a book published by the author in 1965, it was possible to list a
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great many energy-band calculations which had been made up to that time
(Slater, 1965a, Sect. 10-8), many of them using the approximate exchange
method.

During the years since 1965, there has been greatly expanded activity
in the way of treating the theory, calculation, and application of energy
bands. In the references at the end of the present paper we list approxi-
mately a thousand papers which have appeared since the publication of
the book cited above, dealing with subjects closely related to the self-
consistent field for crystals. Some 450 of these papers, listed in the * Key
to the References,” describe energy-band calculations, and some 180
energy-band calculations out of this number, indicated by italicized
references in the key, make some use of the approximate exchange. As
one will see from this list of references and key, the energy bands of most
of the crystalline elements, and of many important compounds, have been
treated, many of them by several different methods. There is furthermore
a large literature, not included in our list of references, concerning experi-
mental work on energy bands and related topics, making connections
between these bands and experiment.

There are two sides to a self-consistent field calculation: the deter-
mination of the potential, and the solution of Schrédinger’s equation for
the one-electron problem. The solution of Schrédinger’s equation has
fortunately advanced far enough, through the application of the electronic
digital computer, so that it can be regarded for most purposes as being a
standardized technique. A number of books or review articles dealing
with this part of the problem have appeared since 1965. Thus there is the
volume entitled * Energy Bands in Solids,” forming Volume 8 of Methods
in Computational Physics, edited by Alder et al. (1968). This contains
papers (listed separately in our list of references) dealing with various
computational methods including the augmented plane wave (APW),
orthogonalized plane wave (OPW), Korringa-Kohn-Rostoker (KKR),
linear combination of atomic orbitals or tight-binding (LCAO), pseudo-
potential, and others.

Individual methods have been handled in separate books. These include
Loucks (1967a), Callaway (1964), Harrison (1966b). A recent survey, a
report of a conference held in the spring of 1970, with articles by many
workers, listed separately among our list of references, is Computational
Methods in Band Theory, edited by Marcus et al. (1971). A number of
individual papers dealing with the problems are collected in the Sanibel
Symposium issues of the International Journal of Quantum Chemistry,
including issues 1, 1967; 2, 1968; 3, 1970; and 4, 1971. With all of this
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review literature available, it has not seemed necessary to cover this side
of the problem in the present review. Many of the applications of the
energy-band calculations to problems of the Fermi surface, optical
properties, etc., were taken up in a volume by the author in 1967 (Slater,
1967a).

The other side of the problem, the determination of the potential, and
particularly the treatment of exchange and correlation, has not advanced
nearly as far, and there has been more development of technique during
the period since 1965. Consequently, we make this the main topic of the
present paper. It should be stated that the author is engaged in writing
Volume 4 of the series Quantum Theory of Molecules and Solids, which will
handle the same type of material taken up in the present paper, but
presented in detail, which it is hoped will answer many of the questions
which the reader is likely to feel when reading the present abbreviated
treatment. Let us now go on to describe some of the developments of the
theory of the approximate statistical exchange as presented by the author
in 1951, in the papers cited above.

Shortly after 1951, Gaspar (1954) observed that there was some
theoretical justification for using an exchange of the same form as that
suggested by the author, but with a coefficient two-thirds times as great.
Kohn and Sham (1965), who had not noticed Gaspar’s paper, pointed out
the same fact later. Following the paper of Kohnand Sham, those who were
calculating energy bands in crystals by use of the statistical approximation
took to making the calculations both for the original exchange, and for
that two-thirds as great. More generally, it began to be of interest to try
intermediate values for the exchange, equal to o times the value originally
suggested (so that o = 4 for the Gaspar—-Kohn-Sham method), and by
now it is clear that a value of « somewhat greater than two-thirds, generally
of the order of magnitude of 0.7, is better than either « = 1 or 4. This
method, with o determined as will be described in Section III, is now
generally called the Xa method, and it is the method that we shall desctibe
and advocate in the present review article. Our object will be to under-
stand the situation in a fairly fundamental way, rather than to examine the
effect of varying « empirically, as has been done by many of the authors
quoted in the references.

The main point of the method of Gaspar, Kohn, and Sham is that
they derive the approximate exchange correction from an approximate
Hamiltonian for the system by varying the spin-orbitals to minimize the
average value of this Hamiltonian for the ground state. The approximate
Hamiltonian has many important and valuable features, which we shall
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describe in Sections H1-VI. To have the situation well in mind, let us
describe the method, which has been discussed by Slater and Wood
(1971). We set up the problem in terms of a set of orthonormal spin-
orbitals u;. each associated with either spin up or down. We assume that
there is an occupation number »; for the ith spin-orbital; i.e., the ith
spin-orbital is occupied by n; electrons, where on account of the exclusion
principle n; must be between zero and unity. The Hartree-Fock case is
one in which all n;’s are either zero or unity. We shall come later, in Sections
1V and V, to the case of partially filled shelis, as in the 3d transition ele-
ments, where we shall introduce ¢;’s, the total number of electrons in a
shell in an isolated atom, which can go from zero to the total number of
electrons that a closed shell can contain.

We shall define charge densities of electrons with spin up and spin down
by the equations

pt =Y nju*u;,  pl=3 njutu;,
i Jl (I.1)
p=pt+pl

where the summation of pt is carried over those spin-orbitals with spin
up, that in p} over those with spin down. The formula for total energy
of the system, suggested in the Xx method (Slater and Wood, 1971} is

(EXx) =Y J u () fiu1) dey + 4 J p(1)p(Dgs do, do
+1 J (P11 Uxar(1) + pb(1)Usay (1] . (1.2)

In this expression, f; is the one-electron operator associated with the first
electron. the sum of its Kinetic energy and the potential energy in the field
of all nuclei. The quantity g,, is the Coulomb interaction energy between
the first and second electrons. Thus the second term of Eq. (1.2) is the
complete Coulomb interaction energy between the classical electronic
charge distribution and itself, including self-interaction energy of an
electron in the ith spin-orbital with itself, which of course should not be
present in the total energy. The last term in Eq. ([.2) is the exchange term,
which cancels the self-interaction terms just mentioned, as well as including
characteristic exchange effects. Thus this last term is really an exchange-
correlation term, and we shall use this name for it in the future, though in
past papers it has been denoted as an exchange term. In addition to the
energy of Eq. (1.2), we should also add the Coulomb interactions between
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all pairs of nuclei, but since this is a constant we shall omit it and under-
stand that it must be added to the energy at the end of the calculation.

The exchange-correlation potential Ux,y(1) of Eq. (1.2) is written
explicitly as

Uxp(1) = —9a[(3/4m)p1]'? (1.3)

with a corresponding formula for Uy, (1). In this expression, energies
are measured in rydbergs, distances in Bohr hydrogen radii, as they will
be throughout this paper. We can now take the energy expression of Eq.
(1.2), and vary the spin-orbitals to minimize this statistical total energy.
When we do this, we find that the one-electron equation is

=V + V() + Veat (D] T(1) = €ixap #:1(1), (1.4)

where V(1) is the Coulomb potential acting on electron 1 as a result of
the total electronic and nuclear charge density (including the charge
density of the ith spin-orbital), and

VXaf(l) = %UXaT = ——60([(3/47r)pT]”3, (I*S)

which is « times the exchange proposed by the author (Slater, 1951a, b).

The eigenvalue ¢;y,4 can be found by multiplying Eq. (1.4) on the left
by u;,(1), and integrating over the electron coordinates, taking advantage
of the orthonormal nature of the u;’s. We can then -prove that it is given by

EiXat = 0{Ex,»/0n;, (1.6)

where we are to differentiate the expression of Eq. (1.2) with respect to
n;, the occupation number of a spin-orbital with spin up, expressing the
various terms of this equation by use of Eqs. (I.1) and (1.2). This expression
for the eigenvalue, as we shall see later in Eq. (I11.2), is quite different
from that given by the Hartree-Fock method, and we shall point out the
significance of this fact later in Sections VI-IX.

To get a self-consistent solution for the ground state of the system
using the Xa method, we proceed in the standard way. We solve Eqgs.
(1.4), assuming trial values of V(1) and V,4(1). We then assume occupa-
tion numbers »; of unity for all spin-orbitals with lower eigenvalues
€:;xq» 2ero for all higher ones, filling enough to account for the number of
electrons in the system. We justify filling only the lower spin-orbitals in
the ground state by noting that Eq. (1.6) shows that one lowers the total
energy (Ex,> by shifting electrons from higher to lower spin-orbitals.
When we have carried this out, we iterate, modifying both spin-orbitals
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and occupation numbers at each stage of the iteration, until self-consi-
stency is achieved. As mentioned earlier, we shall not discuss the methods
used to solve Eq. (1.4) in the present article.

ll. Common Misconceptions Regarding the
Statistical Exchange-Correlation

When we have carried out this self-consistent calculation, we must ask
how the results are to be interpreted in terms of calculations of physical
properties. In this interpretation, many misconceptions have been en-
countered by various readers, and we shall now attempt to clear up some
of them, before going on to the detailed discussion. First is the impression
which some readers have had, that the self-interaction energy is disregarded
in this method. We have pointed out in the preceding section that this is
not the case, the self-interaction being in fact the major part of the last
term of Eq. (1.2), the exchange-correlation term. This has been discussed
quantitatively by Slater and Wood (1971); see Table 1 of that paper.

Next is the misconception that the argument is essentially tied to the
treatment of a free-electron gas of constant density. One can get the
general idea of an exchange-correlation term varying as the one-third
power of the charge density by very simple dimensional arguments. Thus,
on account of the antisymmetry ofthe many-electron wave function ¥,
the electrostatic interaction energy between the electrons of an N-electron
system can be exactly written in the form

IN(N = 1) f---JW*(l, s N)gp YL L, N)doy - doy. (L)
Here the integral is the interaction between electron 1 and 2, which must
equal the interaction between any pair of electrons, and N(N — 1)/2
is the number of pairs. In this expression, integrations over the volume

elements are understood to include also summations over the spins.
We can now rewrite this electrostatic interaction energy in the form

3 jp(i)W(l) dv, (IL.2)

where the charge density p(1) is given by

p() = NJ---J"P*(I, LN, ..., N)dv, - dvy  (IL3)
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and the electrostatic potential of interaction W(1) takes the form
[ g%, ..., N)¥(L, ..., N)doy -~ doy
j...j\{l*(l, LN, .., N)do, -+ dy

This is the familiar argument in terms of the first- and second-order
density matrices. The potential W(1) at position 1 1s the electrostatic
potential at this point of a charge distribution

fo-fw*(,..., N¥(, ..., N)dv, - dvy
[ e, ., NP, ., N) doy - doy

W)= (N - 1) (11.4)

(N=1) (11.5)

located at position 2.

The total amount of this charge distribution is found by integrating
the charge density of Eq. (11.5) over dv, , and is obviously N — 1 electrons.
We may expect that at large distances from the electron 1, this charge
density will reduce to the value p(2) of Eq. (I1.3) (written as a function of
the position 2, rather than 1), which is the density of the whole system of N
electrons. The difference between these two charge densities is the density
of the exchange-correlation hole, amounting to one electron. Its density,
as a function of the position 2, when electron 1 is located at position 1, is

N‘[---J“P*(l,...,N)‘P(l,...,N)dvl vy doy

j'"'ST*(I""’N)\P(I»-MN)dvs“'va

[ O, L L N ey oy O

-(N=1

When position 2 equals position 1 (which implies that the two electrons
have the same spin, as well as being located at the same point of space),
the density of the exchange-correlation hole, from Eq. (11.6), reduces to
the first term in the equation, since the second term vanishes on account
of the antisymmetry of the wave function. Thus the density of the exchange-
correlation hole charge of the same spin as that of electron 1 must be
equal to the total density pf(1) at that point (for the case of spin up).

If we had a uniform charge density p{(l) for this exchange-correlation
hole, throughout a sphere of radius R, and zero outside, we should have

$nR>°p1(1) =1, R = (3/4np?1)'/3. aL7)

The electrostatic potential at the center of a uniformly charged sphere,
in the units we are using, is 3/R. Thus the potential at the point 1 would be

—3[@n/3)p1]' . (11.8)
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This is a potential proportional to the one-third power of the charge
density. which we have derived by simple dimensional arguments, quite
independently of a perfect-gas model. Only the numerical value must
be adjusted to get from this simple dimensional argument to our Xx
approximation, and as we shall explain in Section 111, the method we use
to derive it is based on the wave functions of isolated atoms and has no
direct connection with the free-electron gas.

We have been enumerating various misconceptions concerning the
Xa method. One very important one, which in fact underlies a great deal
of thinking concerning the electronic structure of solids, is the belief that
the charge distribution in an actual solid is only a small modifica-
tion of a free-electron gas. This notion arose historically from the
success of the free-electron theory of metals of Sommerfeld, and the fact
that the work of Wigner and Seitz was on the sodium crystal, in which a
free-electron approximation is in fact rathera good assumption throughout
the whole unit cell except for rather small spheres surrounding the nuclei.
But in general it is a very poor approximation. It is much closer to the
truth to regard the crystal as being simply a superposition of undistorted
atoms. For this reason, much of the work which has been done to verify
the general correctness of the Xx method, and which will be discussed in
later sections of this paper, has been carried out on isolated atoms. The
author regards pseudopotential methods and similar treatments, which
focus one’s attention on the supposed region where a free-electron treat-
ment is almost correct rather than on the much more important region
where the atomic behavior is of paramount importance, as being rather
misleading and undesirable.

Closely allied with this notion that the real crystal is a small modifica-
tion of a free-electron gas is the attempt to derive a more elaborate stati-
stical exchange-correlation correction from the case of an electron gas
showing small variations of density from point to point. In such a case
one might expect to use an exchange-correlation potential involving not
only the electronic density, but its derivatives with respect to the coordi-
nates. Such an attempt is that of Herman et al. (1969, 1970). It does not
appear to the author that this procedure is desirable. As has been pointed
out by Slater and Wood (1971). the function Ux,s(1) which one obtains
by this method in place of the function of Eq. (1.3) is in fact further from
the Hartree-Fock value than is the function of Eq. (I.3). Furthermore,
discussion of the convergence of a series expansion of the exchange-
correlation potential in terms of derivatives of higher and higher order,
held informally at various Sanibel Symposia, indicates that the series is
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probably divergent, so that it is not legitimate to break it off after a given
number of terms. It is the author’s belief that the expression of Eq. (1.3),
using no derivatives at all, is preferable to the more elaborate treatments.

On the whole, the most serious of the misconceptions regarding the
statistical exchange-correlation method is a fundamental one: This is the
idea that some localized potential can be found for use in Eq. (1.4) that
will convert it into an exact treatment, in perfect agreement with experi-
ment. These experiments can include both those relating to the Fermi
surface, and those involving optical absorption and emission, as well as
electronic and spin densities, and a variety of other properties of a crystal.
There is no reason for thinking that such a treatment is possible, and
in fact excellent reason for thinking that it is not. The statistical exchange-
correlation method, like all self-consistent-field approximations, is only an
approximation, though it can be quite a good one. The workers in the
field of atomic and molecular theory are well aware of this fact.

One can use a self-consistent field to generate a set of one-electron
basis functions, from which one can set up antisymmetric many-electron
functions of a determinantal type. In the most elementary atomic theory
of multiplets, one makes linear combinations of a number of such deter-
minantal functions to describe the various multiplet states. In more
elaborate treatments of atoms, and in most treatments of molecules, one
makes similar linear combinations of much larger numbers of determinan-
tal functions, and it is well known that if a complete set of such functions
is used, the resulting configuration interaction approaches the true solution
of the many-body problem in the limit of large numbers of determinants.

The same situation must be assumed to hold for solids, but this fact
is not nearly as familiar to the workers in the solid-state field as it is to
those in atomic and molecular theory. The solid-state theorists in many
cases seem reluctant to accept the prospect of the future computational
effort which is demanded by the view that the one-electron approximation
is only a first step toward a final theory. The author feels that it is time to
accept this fact, and believes that the major object of the statistical
exchange-correlation correction is to lead to a set of one electron basis
functions, from which such a configuration interaction can be set up. By
using a sufficiently good set of basis functions, the convergence of the
process can be improved, and the X« method seems to give a good starting
point for further computation.

In connection with this procedure, there is one matter of notation
which it is worthwhile to mention. Many workers, particularly those
trained in field theory, advocate the language of second quantization. The
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author does not favor this method, and it will not be used in this article.
He wishes to point out that nothing is accomplished by use of the second
quantization formalism except to express in more compact language
results which we meet in an equivalent way in the determinantal method.
Furthermore, he feels that the language of second quantization is likely
to hide essential features, such as the fundamentally nonlinear nature of
the total energy when expressed in terms of the occupation numbers, which
are of primary importance, and which can be easily overlooked by one
whose only training is in field theory.

111, Specific Advantages of the Xo Method.
Total Energy and Value of «

We now come to a more detailed discussion of the properties and
particular advantages of the Xx method. There are two very important
advantages connected with the use of the method, as outlined in Section I,
First, the virial theorem is satisfied exactly by the resulting potential and
kinetic energies. Secondly, Eq. (1.6) leads to the result that if the energy is
defined by use of Eqgs. (1.2) and (1.3), the Fermi statistics are obeyed
precisely by the model.

As for the virial theorem, this has been discussed by Ross (1969) and
Sham (1970), and it is not necessary to reproduce the argument here.
The virial theorem holds independently of the value of the parameter o
assumed in Eq. (1.3). Slater and Wood {1971) have suggested making this
the basis of a method of choosing an optimum value of «. The energy
{Ex,> of Egs. (1.2) and (1.3) depends strongly on «, and one can choose «
so that it exactly agrees with the Hartree-Fock value of the energy of a
closed-shell atom (or with the average energy of the multiplets arising
from the ground-state configuration for an open-shell atom). The exact
wave function, as well as a Hartree~Fock or equivalent function, satisfies
the virial theorem. Thus, if the total energy (Ey,> agrees with the energy
of the exact wave function, or with the Hartree~-Fock energy, the kinetic
energies will also agree. This is a rather sensitive test for the accuracy of
the spin-orbitals, and it is found that if « is chosen so that the Xa energy
equals the Hartree-Fock energy, the Xa spin-orbitals of the atom agree
closely with the Hartree-Fock spin-orbitals. Thus the charge densities
agree closely, which means that the second term of Eq. (I.2), as well as the
first, agrees well. Consequently, the third term, the exchange-correlation
energy, will also agree closely.

Schwarz (unpublished, presented at the 1971 Sanibel Symposium)
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has applied this condition to a series of the lighter atoms, and has shown
that the resulting o decreases from about 0.77 for two-electron atoms, to
about 0.70 for atoms with atomic number in the neighborhood of 40. It is
to be expected that it will continue to decrease somewhat further for the
heavier elements. The values of a as a function of atomic number found in
this way lie on a much smoother curve than the values given earlier by
Kmetko (1970) by a somewhat different method. Schwarz has shown that
the value of & varies only slightly as one goes from one atomic configura-
tion to another (as in shifting an electron from the s to the d shell in a
transition element, or in removing an outer electron). This leads one to
hope that it will not be too inaccurate to use the same value of « for an
isolated atom and for the same atom incorporated into a crystal.

The reasonableness of this view is demonstrated by unpublished work
of Averill (discussed at the 1971 Sanibel Symposium) on the crystal of
cesium, and of Hattox (presented at the 1971 Sanibel Symposium) on the
crystal of vanadium. In each case, they have assumed the total energy
expression of Egs. (1.2) and (1.3) for the crystal, and have calculated the
total energy as a function of volume, as well as finding the energies of the
isolated atoms. The cohesive energy, as indicated by the lattice spacing
of minimum energy; energy difference between crystal and separated
atoms; and the compressibility, calculated from this statistical expression
for total energy, show qualitative agreement with experiment. These
calculations form more recent and accurate applications of methods
suggested earlier by Ross (1969) and by Rudge (1969a, b, ¢). There are
thus grounds for hoping that the use of the statistical total energy may give
a first approximation to the calculation of cohesive energy, though of
course a configuration interaction based on the spin-orbitals found from
the Xa method will be required to get a reliable value of cohesive energy

For the crystal of a compound, there is the difficulty that the o’s
indicated by Schwarz’s calculation for the various atoms of the crystal
will not be identical. However, Schwarz and Conklin (unpublished,
presented at the 1971 Sanibel Symposium) have studied the effect of
changing the value of « on the energy bands of TiC, and have found in
this case that the effect is small. This suggests that it may be possible in a
compound to use for the whole crystal a value of  which is a compromise
between those indicated for the various atoms of which it is composed.
This might be the o which would lead to a sum of {Ey,> values for the
various atoms composing the crystal which would precisely equal the
Hartree~-Fock energy of the crystal in the state of separated atoms. This
procedure has not yet been applied in an actual case, but it seems very
promising.
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Next we come to the fact that the Fermi statistics are obeyed precisely
by the model. This arises from the validity of Eq. (1.6), which states that
the change of statistical total energy, when the occupation numbers
change, is

d{Ex,> =ZC<§—nx°’>dn,- =Y eixq dn; (I111.1)
up to the first order of small quantities. This is the assumption made in
the derivation of the Fermi statistics. The situation is so important that
we take it up in detail in the next section. We point out here that the validity
of the Fermi statistics is the foundation of the whole modern theory of
solid-state electronics, and that a great industry has grown up based on the
accuracy of this approximation method.

On the other hand, the one-electron energy or eigenvalue of the
Hartree-Fock method is not given by a partial derivative, as in Eq. (1.6),
but by a finite difference. Namely, if (E,¢) is the total energy as computed
by the Hartree-Fock method, it is familiar that the eigenvalue is given by

eur = (Eue(n; = 1)) — {Eyg(n; = 0)), (11I1.2)

or the difference of total energy computed for the case where the ith spin-
orbital is occupied, minus that where it is empty (where the latter is to be
computed without modification or relaxation of the remaining spin-
orbitals when the ith electron is removed). In other words, one has a finite
difference of energies rather than the partial derivative of Eq. (1.6), and
these quantities will not be equal unless the total energy can be approxi-
mated by a linear function of the occupation numbers. This is not possible
for an isolated atom, though the nonlinear terms can be disregarded in a
crystal. We shall discuss this important question later in Sections VII-X,

IV. The X« Method and the Fermi Statistics

Obviously an important feature of the X« method is the use of non-
integral occupation numbers #n;, since in Eq. (1.6) we encounter the
derivative of the total energy with respect to these occupation numbers,
a concept which has a meaning only in case the energy is a continuous
function of the occupation numbers (though limited by the exclusion
principle to the range 0 < n; < 1). It is no accident that the Fermi statistics,
which prove to be exactly satisfied by our statistical approximation, also
are based on the use of such fractional occupation numbers. Let us there-
fore go somewhat more carefully into the basis of the Fermi statistics
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than we otherwise would do, in order to explain just what is meant by
fractional or nonintegral occupation numbers. The method of discussion
that we shall use is not a standard one in statistical mechanics, but is
one which was given in a textbook by the author (Slater, 1939), as re-
presenting a derivation which fitted in with the general background of
determinantal functions and quantum mechanics.

In the derivation quoted, one uses the principle that the most stable
distribution of a system at a given temperature will be that which mini-
mizes the free energy A = U — TS, where U is the internal energy, 7, the
temperature, S, the entropy. If the state of the system is described by
occupation numbers n;, as we are doing, and if we identify the internal
energy with our total energy (Ex,>, or a similar quantity, we must find
the entropy in order to apply this principle. We use Boltzmann’s relation

S=kinW, (1V.1)

where k is Boltzmann’s constant, and W is the so-called thermodynamic
probability, the number of states of the system consistent with the given
assignment of n;’s [not to be confused with the quantity W of Eqs. (11.2)
and (I1.4)]. We are assuming a system with a large number of one-electron
energy levels, such as an electron gas; if we are handling isolated atoms,
we may set up an equivalent crystal with an infinite number of atoms, but
with infinite interatomic distances, which will then have an infinite number
of energy levels. The Xa method for such a crystal gives results which are
identical with those for individual atoms. We interpret an individual state
as having integral occupation numbers, unity or zero, as in a single deter-
minantal function; the quantities n, which take on nonintegral values are
averages, of the sort to be described next.

Let us subdivide our infinite number of one-electron energy levels into
individual groups of levels, one group having G levels in it, a number
large compared to unity, but still finite. We assume that all G of these
energy levels have energies which are substantially equal. Then the contri-
bution of these levels to the total energy will depend on the number n; G
of them which have an electron in them. There are many ways of choosing
n;G levels to be occupied, the remaining (1 — #,)G being empty. This
number of ways is

G!/(n, NG — n;G). Iv.2)

Since G is assumed large, we can replace the factorials by Stirling’s approxi-
mation, which to a first approximation is

N! = (N/e) . (1V.3)
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When we use this, the number of ways given in Eq. (IV.2) is
[1/m3(1 — )t ™0, (1v.4)

To get the total number of arrangements for the system, we multiply
quantities like (1V.4) for each group of G states in the whole system.
Plainly this will give us something independent of the exact way we divide
up the states into groups, or independent of G, and we find

W = H 1nf(l — n)t ™, (1v.5)
From Boltzmann’s relation, Eq. (IV.1), we then have
= —k z {n;Inn;+ (1 —n)In(1 —n)l. (1v.6)

In Eq. (IV.6) we have the standard formula for the entropy of a Fermi gas.
We now use Eq. (1V.6) for the entropy, and find as the condition for
thermal equilibrium

dA=dU~-TS)=Y (a,- +kTn 5 ""n) dn;, (v.7n
in which we have used Eq. (I11.1) for dU. We must have Eq. (IV.7) satisfied,
subject only to the condition

Y dn; =0, av.g)

expressing the fact that the changes of the n;’s are such that the total
number of electrons remains fixed. The only way to satisfy Eq. (IV.7),
subject to Eq. (IV.8), is to have

& + kT 1n {n/(1 — n;)] = e = const (IV.9)

independent of i. For then the parenthesized term in Eq. (IV.7) can be
taken outside the summation, and Eq. (IV.8) immediately makes the whole
expression vanish. We then solve Eq. (IV.9) for n;, and we obtain the
Fermi distribution law,

n; = [exp(e; — ep)/kT + 1171, (1v.10)

Our aim in the present discussion is not to treat a system at tempera-
tures above absolute zero, but to find the ground state. This will be the
limit for T = 0, and we are familiar with the fact that the Fermi function
of Eq. (IV.10) is unity for ¢; < &g, zero for ¢; > & . It is possible, however,
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that we may have some states with ¢; exactly equal to ¢g. The value of the
Fermi energy &g is of course to be determined in such a way that the total
number of occupied levels will exactly equal the number of electrons in
the system, and as a result of this, the n,’s for states for which ¢; = &
might come out different than unity or zero. All of these states should have
the same n;, since Eq. (IV.10) tells us that all states of the same ¢; should
have the same #;. We arrive in this way at the possibility of having frac-
tional occupation numbers, even at the absolute zero of temperature, for
certain one-electron states whose energy is exactly &z. This will result in
a nonvanishing entropy at T = 0; we note from Eq. (IV.6) that filled or
empty spin-orbitals (n; =1 or n, = 0) make no contributions to S, the
only contributions coming from partly filled states.

This seems like an entirely academic problem until we begin to think
of an actual physical case where it can be encountered: atoms, such as a
3d transition atom, with a partly filled electronic shell. Such problems are
of great importance in cases like magnetism, ligand or crystal fields, and
50 on, and these are cases that we must think through with care. We shall
now ask how we can apply straightforward determinantal methods to
such a case, and this will give us a great deal of insight into the relation-
ships between the one-electron approximation and the real many-electron
problem. We cannot ordinarily treat such a problem by the Hartree-Fock
method, since that implies that a single determinantal function adequately
represents the system. Here, we are facing multiplet problems, and many
determinantal functions, a situation very similar to that which we have
just been discussing. We shall describe in the next section a method which
was called the hyper-Hartree-Fock (HHF) method in a paper by the
author and colleagues (Slater et al., 1969b), and which furnishes the same
sort of exact solution for an atom with a partially filled shell that the
Hartree-Fock method does for a closed shell atom. It is this HHF method
which agrees closely with the Xa method in a problem of atoms with
partly filled outer shells.

V. The Hyper-Hartree-Fock Method

Let us think of an isolated atom with a partly filled outer shell of
electrons. If the electrons are missing from a single shell, we have the
familiar problem of multiplets, arising from the interactions between the
electrons in this partly filled shell. For the atomic case, it is convenient to
think of a shell of electrons of the same » and / values, but of different m,
and m, values, which therefore would be capable of holding 2(2/ + 1)
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electrons if it were filled. Let this number be expressed as g;, for the
ith shell, and let the shell actually have g, electrons in it, where g, is less
than or equal to g,,. Then there will be ¢;,!/q;!(q:0 — ¢;)! determinantal
functions which can be formed from the g; electrons in the g, spin-
orbitals, a number analogous to that of Eq. (IV.2). In the present case,
with a small value of q,, , we shall not make the approximation of replacing
this number by its Stirling-formula approximation, as we did in Egs.
(IV.3)-(1V.5).

In the problem of atomic multiplets, we solve a secular equation with
this number of rows and columns, and find the best approximations to
solutions of Schrddinger’s equation that we can build up from these
determinantal functions. These lead to the various multiplets, though in
an approximation which is known to be fairly inaccurate. There is no
place in a one-electron approximation for the energy separations between
these multiplet levels. The ¢; electrons are supposed to be degenerate with
each other, in a one-electron picture, corresponding to identical one-
electron energies. They would be similarly degenerate in the X« method,
for an isolated atom, for a simple reason. As we have seen in the preceding
section, they will have equal occupation numbers if they are degenerate.
By Unsold’s theorem, the charge density will then be spherically sym-
metrical. The solution of Eq. (I.4) for a spherically symmetrical potential
will lead to the familiar degeneracy found in the central-field case, which
thus will be the self-consistent situation. With the degenerate one-electron
energies, the best thing we can do, in setting up a one-electron picture,
is to disregard the multiplet separations, and to assign all of these multiplet
levels to the same many-electron energy, which we naturally choose as the
average energy of all of them. The multiplet structure must be treated as a
higher approximation, superposed on the one-electron picture given by
the self-consistent field.

It is then reasonable to assume in a one-electron picture that the
energy of an atom in our state with a partially filled shell is the average
energy of these multiplet states. This problem has been discussed by the
author (Slater, 1960) in connection with the theory of atomic multiplets.
When it is carried through, the result is as has been stated in the reference
just quoted, and in the paper of Slater er al. (1969b), Eq. (1), namely

(Eyugy = Z q:1() + 4q4g: — DG, 1) + ZCI*. Qj(i,j)- (v.1)
i pairsi, j,i#j

Here the sums are over shells of electrons. The integrals I(i), (i, i), (i, f)
are expressed in the references just quoted in terms of the integrals appro-
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priate for an atomic problem. However, we can state them in a more
general form, which can be easily generalized to other cases. We have

1(i) =Ju;(l)ﬁum(l) dv,, (V.2)

where u;, is the kth basis function of the set of ¢,, degenerate states associ-
ated with the ith shell, and f; is the one-electron operator of the first
electron. Since this operator commutes with the group of symmetry
operators characteristic of the system, the integrals I(i) are independent
of k.

The integrals (i, {) and (i, j) are defined by

_ 2k, DGk, il|g|ik, il) — (ik, il|g|il, ik)]

&)= 4i0(gi0 — 1) V-3
G.J) = Y (k, DIk, jl|g|ik, ) — Gk, jllg|Jt, ik)] V.4)
9i09jo

In these expressions, an integral, e.g., of the form of (ik, jl|gljl, ik) is an
abbreviation for

(ik,ﬂlyljl, ik) =J‘u;(1)uﬁ(2)g12 ujl(l)uik(z) dv, dv,, (V.5)

where g,, as previously is the Coulomb interaction between the first and
second electrons, and where the integrations over dv; and dv, include
summation over spins. The summations over k£ and / include all values
corresponding to the various basis functions u,, etc. The special values
taken on by these integrals for the case of the atom are

G, ))=F°l;, 1) - [0 LOFA(,, 1) + A0 L0, 1) + -+ ),

Al +1
(i,j) = Foi, 1) — 3 [Q@L + D@L + D7V Y ¢, 0; L,00G*(y, 1) (V.6)

In these equations, the ¢’s are the Gaunt coefficients, and the F’s and G’s
are radial atomic integrals, described in detail in the text by the author
just quoted (Slater, 1960). It is interesting to note that the quantities F°,
the leading terms in both formulas, are the spherically averaged self-
interaction terms.

The energy of Eq. (V.1) is expressed in terms of contributions from
pairs of shells. This is different from the formulation of Eq. (I.2), which
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includes a Coulomb term and an exchange term. The relation between the
two is easily derived. In the first place, the charge density p is given by

p(l) = Zk @i/g:0)ui(Dua(l), v.7)

where n; = q,/q,, , the same for all k values. Thus we have

%Jp(l)p(l)glz dvydv, =4y 297 ik, ji lglik, jb). (V.8)

ik, j 9i09j0

We can then use Eq. (V.8) together with Egs. (I.2) and (V.1) to find the
final, exchange term equivalent to that of Eq. (I.2). It can be shown that

3 j[PT(I)Uxunrf(l) + pl(D)Uxupry (1)] do,

io — 4qi (ik, il |g|ik,il)
=-1Yq [‘Io Z(k.l) gl

i 9io gio(gio ~ 1)
Y . oGk, il glil, ik)
+ ( i 1 =
I ) gi0(gi0 — 1)
+ Zq Z(k l)(lk Hlglil, lk):l w3)
j#i quqJO

These potentials can be expressed as the sum of two parts: first, a self-
interaction term, arising from the first two terms of Eq. (V.9), equivalent
to the interaction, with an orbital in the ith shell, of an electron in a Fermi
hole, averaged over the shells; secondly, characteristic exchange terms,
coming from the second and third terms of Eq. (V.9). The self-interaction
term is ordinarily the leading term in Eq. (V.9).

One can then take the total energy of the HHF method, and can vary
the spin-orbitals to minimize the energy. In this way we find the equiva-
lents of the Hartree-Fock equations for this case. We find an equation of
the form of Eq. (I.4), with the exchange function Vy,,,r4(1) given by

&:%TT) Z J\ ui(2Qu(2)g,, dv,
49! Lo J ud(Duf2)g 15 uaDual2) dv,
qio — 1 ug(Duy(1)
v 45 L Jur(u(2)g 1 u(Dug(2) dv
i*idjo up(Duy(1)

VXHHFik(l) =

. (V.10)
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This equation, for the case of the spherical atom, is discussed in the text-
book by the author quoted earlier (Slater, 1960). As in that reference, we
can show that the eigenvalue g, is given by

empr = {Egnr(1)) — {Emnr(q; — 1)), (v.11)

as in Eq. (II1.2), and equivalent to the Hartree~Fock formula.

The exchange in the HHF method, as given in Eq. (V.10), is different
for each spin-orbital u;. As in the treatment of the author, quoted in
Section I (Slater, 1951a, b), we can get a single averaged exchange, by
making a weighted mean of the exchange of Eq. (V.10). To do this, we
weight each spin-orbital with the weight

(qi/qio)u;(l)uik(l)/zl: (qj/‘Ijo)“ﬁ(l)“jz(l)

and sum over i and k. When we do this, starting with Eq. (V.10), we find
for the weighted exchange potential a quantity which, when multiplied by
4p(1), and integrated over dv,, gives the quantity of Eq. (V.9). In other
words, the exchange-correlation potential Uxgue(l) of Egs. (I.2) and
(V.9), for the HHF method, is identical with the weighted mean of the
various HHF potentials Vyyurx(1) met in the HHF equations. The special
case of this relation for the Hartree-Fock method, in which each g,
equals the corresponding ¢q,,, was discussed by Slater and Wood (1971).
It is to be noticed that in Eq. (V.10), since the integration over dr, also
includes summation over the spin, the exchange potentials for orbitals
of different spins are different. From Eq. (V.10) for the exchange-correla-
tion potentials appearing in the HHF orbitals we can easily verify that
these potentials all arise from a Fermi hole with a single electronic charge.
They thus fit in with the general discussion that we have given in connec-
tion with Eqgs. (IL.1)—(IL.6).

Vi. Comparison of the X« and HHF Methods

If the Xa and HHF methods are applied to the same problem, an
atom with a partly filled shell of electrons such as the 3d shell, the results
are very closely the same, in the following respects. First, the spin-orbitals
of the inner, fully occupied shells and the partly occupied shells are very
similar in the two methods. Consequently, the charge densities are very
nearly the same, as well as the kinetic energies. For such an atom, the
value of « is chosen to make the total energies agree by the two methods,
as intimated in Section III. Hence the exchange-correlation energy, as
well as the other terms, very approximately agree for the two cases. We
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have, in other words, the generalization of the discussion of Section III,
in which we specifically considered the Hartree—Fock method, but hinted
at a generalization for an open-shell case. Since the exchange-correlation
energies as well as the charge densities approximately agree, the expression
for Uxune(l) described in Eqs. (V.9) and (V.10) will agree closely with the
Xa value for the same quantity. We have noted the close agreement of
these quantities for Cu™, a Hartree-Fock closed-shell case, as discussed
by Slater and Wood (1971), but the agreement is equally good for open-
shell atoms discussed by the HHF method.

As a result of these agreements, the various integrals, such as those
given in Eq. (V.6), will have very nearly the same values whether computed
from the HHF spin-orbitals, or from those derived from the Xo method.
This fact can be easily verified from calculations made by readily available
computer programs. Thus, Mann (1967) has solved the self-consistent
problems of the HHF method for all the atoms of the periodic system,
and his tables include not only the spin-orbitals, given in the form of
tables of values, but also the various integrals met in Eq. (V.6). The Xa
method has been programed by Herman and Skillman (1963), for the
case a = 1, but these computer programs have been extended by various
workers to the case of arbitrary «, and programs for the computation of
the various integrals of Eq. (V.6) from the X« spin-orbitals have been added
to the Herman-Skillman programs. Hence one can find all of these quanti-
ties by both methods, and can easily verify our statements regarding
the good agreement of the results of the two methods. Both methods allow
calculations to be made for arbitrary occupation numbers »n;, including
fractional occupation numbers.

For isolated atoms and ions, in other words, one has good agreement
between the two methods. This agreement can be checked in an overall
way by computing from the Xa spin-orbitals the HHF expression for
total energy, Eq. (V.1). Since the X« spin-orbitals are not quite exact
spin-orbitals of the HHF method, the resulting total energy is slightly
greater than the exact HHF total energy. For instance, for Cu* the
Hartree-Fock total energy is —3277.46 Ry, whereas if the Xa spin-
orbitals are used for calculating the same energy expression, the result is
—3277.367 Ry. The value of « chosen by Schwarz, as mentioned in
Scction [1I, is very nearly that which minimizes this energy computed
from the X« spin-orbitals, though not always precisely that value. Kmetko’s
(1970) calculation of x as a function of atomic number is based on an effort
to choose the « that minimizes the Hartree-Fock total energy, but this
varies so slowly with a that the determination of the precise minimum is
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very uncertain. For most purposes, we may treat the spin-orbitals of the
Xa method as being practically indistinguishable from the HHF values,
though one must take account of the differences in precise calculations.

While the two methods thus agree closely for isolated atoms and ions,
for which the HHF method is adapted, the great advantage of the X«
method is that it can be applied as well to a case of a crystal, or a large
molecule. Here we do not have equally good calculations by anything
equivalent to the HHF method, but we may hope that the Xa method
will be equally reliable here. The first comparison which we shall make is
for the optical properties, and this leads us at once into the one respect
in which there is striking disagreement between the X« and the HHF
methods. This is in the values of the one-electron eigenvalues ¢, , for which
we have seen that the two methods lead to quite different values.

Vll. Energy of an Atom as a Function of
Occupation Numbers

We have seen in Egs. (1.6), (II1.2), and (V.11) that the eigenvalue of
the Xa method is given by a partial derivative of the total energy with
respect to an occupation number, whereas in the HF or HHF methods
it is the difference of total energies between two states whose occupation
numbers differ by unity. To exhibit the difference between these two types
of eigenvalues, it is useful to consider the total energy of an atom as a
function of the occupation numbers. Since we have just seen that these
total energies are such similar quantities in the Xa and the HHF methods,
we can use a power series expansion of the same type in either case.
Such an expansion has been set up by Slater and Wood (1971).

In the paper just referred to, the power series expansion was set up in
terms of ¢,1, ¢;|, the number of electrons with spin up and spin down in
the shell, related through the equations

=91 +q, pi=q—ql
gt =4q; + uy) qil = 4q: — p)- (VILD)

The energy <E) was expressed as a power series in g; — q;;, where g4
is the occupation number in a standard state about which the expansion
is made, and in y;, using as a standard state a non-spin-polarized one in
which each g;1 equals the corresponding g,|. [In the reference above
{Slater and Wood, 1971), the standard state was described as having
occupation numbers q,,, but we use ¢;; so as not to cause confusion with
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our earlier use of g, to give the maximum value of g; allowed by the
exclusion principle.] There will be no terms in odd powers of the u/'s,
since the reference state corresponds to an unmagnetized state, and chang-
ing the sign of each u cannot change the energy. We can then expand the
energy in a series as follows:
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For many purposes the third-power terms are as far as the series has to
be carried to get sufficient accuracy. The subscripts 0 in Eq. (VIL2)
indicate the standard state for which the partial derivatives are computed.

In the paper of Slater and Wood (1971) calculations of the various
partial derivatives involved in Eq. (VI1.2), for the non-spin-polarized case
(all p's equal to zero) are described for the chromium atom and ion. These
numbers were obtained from a set of calculations of this atom, by the X«
method, for a number of different sets of occupation numbers, the resulting
energies being fitted by a choice of derivatives 0(E)/dq;| o, 0°CE)/0q; 0q;| o,
and ¢*¢E)/dq; 0q; g, | ¢ . These calculations showed that the series rapidly
converges, fast enough so that further terms are ordinarily not required.
Unpublished calculations by the HHF method have indicated that the
results of such a power-series expansion are very similar, whether the Xo
or HHF method is used.

Let us now use Eq. (VI1.2) to compute the eigenvalues of the X and
HHF methods. so as to study the difference between these eigenvalues.
We shall take the standard state with energy {E), to be the ground state
of the atom, and we then find the energy of the ion in which an electron
has been removed from the ith shell. Thus we assume that only ¢, — ¢,
is different from zero, and equals — . We then find
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{E(q; = q:1)> — <{E(qi = q;y — 1))
_KE) 1 0%E> 10%E>
B oq; o —5 aql'z 0 +8 a‘lia

The expression on the left of Eq. (VIL.3) is the value that would be found
for the HHF eigenvalue, as we see from Eq. (V.11), provided the HHF
method were used in computing the total energy. The first term on the
right would be the Xa eigenvalue if the energy were (Ey,>. If we were
using the HHF method, it would be the partial derivative of {Ey,s> with
respect to g;, a quantity which plays the same role in the HHF method that
&;x, does in the Xa method, and which is discussed at length by Slater et al.
(1969b).

In either case, we see that the energy difference, on the left of Eq.
(VIL.3), differs from this partial derivative by terms in the second, third,
and higher derivatives. When numerical values are used, we find that the
quadratic term is the leading term in this energy difference, the cubic term
being a small correction. Thus, in Table I, we give values of these three
terms, from calculations of Slater and Wood, for the various orbitals of
Cr in an Xa calculation, using the configuration 3d*4s as the standard
state. The first entries in Table I (such as —428.5459 for the 1s orbital)
are the Xu eigenvalues &;5,, while the last entries (such as —440.81) are

— e, (VIL3)
[¢]

TABLE 1

VALUES OF QUANTITY 8<E)faq,|o —  *CE>/0q* {0 + % 83<ED[9g:3 |0
FOR CR IN THE 3d°4s STATE®

3<E>| _ _1_32<E>l 1 9N E> Experi- Koop-
oq, |o 2 g |0 6 293 (o mental mans HHF

Is  —428.5459 — 10.1025 + 0.0378 = —438.6106 —437.4 —44188 —440.81

2s  — 48.3468 — 1.3833 —0.0766 = — 49.8067 — 51.0 — 51.29 — 52.54
2p — 41.1868 — 1.6924 — 0.0858 = — 429650 — 429 — 4457 — 44.40
33 — 52691 — 0.4021 —0.0618=— 57330 — 59 — 623 — 6.66
3p — 3.2758— 0.3922-0.0588—=— 37268 — 36 — 419 — 419
3d — 0.1895— 03230 —-00552=— 05677 — 075 — 082 — 064
4s — 0.2533— 0.2043 —0.0084 = — 04660 — 057 — 049 — 042

% These represent binding energies for the Cr atom, according to Eq. (VIL3).
“Experimental” values from Slater (1955), corrected to remove relativistic effect by
Herman and Skillman (1963). “ Koopmans,” calculated from Eq. (VIL.3), using second
derivatives with nonrelaxed orbitals (described in Section VIII). HHF, hyper-Hartree~
Fock eigenvalues, from Mann (1967). Energies in rydbergs.
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the HHF eigenvalues g,y . We observe the very considerable difference
between these values. We even note that in some cases they come in a
different order: ¢;x, for the 3d orbital (—0.1895) lies above the value for
4s (—0.2533), while the order is reversed for the HHF eigenvalues, the
3d (—0.64) lying below the 4s (—0.42). Such inversions of order are dis-
cussed at length by Slater et al. (1969b), though at the time that paper was
written it was not realized that ¢;x, was rigorously given by 0{Ey,»>/0n;.

The sum of the three terms of Eq. (VIL.3), given in Table I, agrees
fairly well with the experimental values, given in the next column of the
table. These experimental values are deterntined from X-ray data, corrected
to remove the relativistic effect present in experiment by using corrections
given by Herman and Skillman (1963). The calculated values we have just
mentioned are found from separate self-consistent calculations by the Xu«
method for the ground state of the atom, and for the ion with an electron
removed. Thus in the ionized state the orbitals are all modified, or relax,
as compared with the orbitals of the ground state. On the other hand, in
the HHF method, the orbitals appropriate for the ground state are used
for the ionized state as well, so that relaxation is disregarded. Various
writers, including Rosen and Lindgren (1968), Hedin and Johansson
(1969), and Stukel er al. (1970b) have pointed out the importance of
considering the relaxation of the orbitals.

It is difficult to attack the effect of this relaxation of the orbitals
without making separate self-consistent calculations for the ions lacking
inner electrons, as was done in the calculations of Slater and Wood leading
to Table I. Hedin and Johansson (1969) have given a good discussion of
the perturbation approach to the problem, but the modification of the
orbitals is so great when an electron is removed that a perturbation ap-
proach is hardly adequate. We can get an idea of these modifications by
considering the kinetic energy. We know that the total kinetic energy is
the sum of the kinetic energies of the individual electrons, and that, since
the virial theorem is satisfied, the change in total kinetic energy when an
electron is removed is the negative of the change in total energy. If the
orbitals were not modified when one electron was removed from the atom,
the kinetic energies of the remaining orbitals would be unchanged, and the
change of kinetic energy of the whole atom would simply equal the negative
of the kinetic energy of the electron that has been removed.

This is far from the case. From the calculations of Slater and Wood on
chromium used in preparing Table I, we can find the kinetic energy of each
orbital, both in the atom and in the ion with any electron removed. In
Table I1, we show the change in kinetic energy when an electron is removed,
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TABLE Ul

CHANGE OF KINETIC ENERGY OF CR WHEN ONE ELECTRON Is REMOVED?

Removed —KE of removed Change of KE of Net change

electron electron remaining electrons of KE
Is —551.98 113.37 —438.61
2s —98.57 48.76 —49.81
2p —98.48 54.51 —42.97
3s —20.85 15.12 —5.73
3p —18.15 14.42 -31.73
3d —9.60 9.03 —0.57
4s —1.64 1.17 —0.47

2 Made up from negative of removed electron and change of kinetic energy
(KE) of remaining electrons. Energies in rydbergs.

made up of the negative of Kinetic energy of the removed electron (as
calculated for the neutral atom), plus the increase of kinetic energy of the
remaining electrons. We see that, even for the removal of a s electron,
the change of the kinetic energy of the remaining electrons cancels about
20 % of the kinetic energy of the removed electron. As we go to the more
loosely bound electrons, this fraction increases, until we see that for the 3d
orbital nearly the whole of the kinetic energy of the removed electron
is canceled by increase of kinetic energy of the remaining electrons. These
changes of kinetic energy, of course, reflect very directly the changes in
the orbitals, since an increase of kinetic energy represents a decrease of
de Broglie wavelength, or a shrinkage of the dimensions of the orbital.
These changes in dimensions result from the change of effective nuclear
charge as a result of the removal of an inner electron, and are very clear
if one looks at the changes of the actual wave functions of the electrons.

These changes in the orbitals and in the kinetic energy of the ion as
compared to the atom are disregarded in the calculation of the ionization
energy by the HHF method, or by the use of Koopmans’ theorem. In that
method, one uses the unrelaxed orbitals of the atom to represent those of
the ion. Consequently, the calculated total energy of the ion will be too
high, and the absolute value of the ionization energy will come out to be
too large. This is illustrated in Table I, where the column marked HHF is
the value computed from an exact HHF calculation, while that marked
Koopmans is the value computed from the integrals defined as in the HHF
calculation, but applied to the unrelaxed Xo spin-orbitals. We see that
these two columns of Table I are in fairly close agreement, indicating the
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similarity between the Xa and HHF spin-orbitals. Furthermore, as we
should expect, they are numerically larger than the values from Eq.
(VI1.3), computed with relaxation (except for the 4s case, which may be a
result of numerical inaccuracies), and are numerically too large as com-
pared with experiment.

One can ask where the difference between the results of Eq. (VII.3)
and the Koopmans results arises. The first derivative terms in Eq. (VIL3)
are the same, whether one considers relaxation of the orbitals or not.
The reason is that the orbitals of either the Xa or the HHF method are
determined by the variation method. The change in total energy when the
occupation numbers are changed arises from two causes, the explicit
dependence of energy on occupation numbers, and the change of energy
on account of modification of the orbitals with occupation number. To
the first order of small quantities, the second effect vanishes on account
of the use of the variation method, and this leaves the same change in total
energy. to the first order, whether or not relaxation is considered. However,
the effect of modification of orbitals enters in the second derivative terms.
These second derivatives come out about twice as large if relaxation is
disregarded as if it is taken into account as is done in Table 1. An illustra-
tion of this effect, for the Co atom as treated by the HHF method, was
given by Slater ez al. (1969b), Fig. 3. That figure showed the energy of the
Co atom as a function of the number of 3d electrons, in a configuration
3d%4s° 9, One curve (the “envelope ™ in the figure) represented the use of
relaxed orbitals. These other curves representing unrelaxed orbitals
showed much larger curvature, or second derivatives, This is found to be
a general situation, as we describe in the next section.

Vill. Computation of Unrelaxed Second Derivatives
by the Xx and HHF Methods

It is easy to start with the general expressions for (Ey,> or (Egur>
as a function of occupation numbers, as given in Eq. (1.2) and (1.3) or
(V.1), respectively, and to find the second derivatives with respect to the
q:’s, treating the spin-orbitals as being constant. These are the unrelaxed
values which we have just been discussing. For the Xa method, as applied
to a non-spin-polarized case for an isolated atom, which we are discussing
at present, we can rewrite Eqs. (I.2) and (1.3) in the form

(Exgy = Z g; I(i) + fZ‘L’q}‘ Fo(’.’]‘)

— (99/2)(3/8)!/3 J [Z 4 pj(l)r/3 dv,, (VIILY)
J
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in which p;(1) is the spherically averaged charge density arising from

the jth spin-orbital, () is as in Eq. (V.1), and F°(j, j) is as in Eq. (V.6).
We next differentiate this expression with respect to g;, treating the

integrals I(i), F°(i, ), and the charge density p,(1) as constants. We have

a<EXa>
dq;

=1() + ; q; F°(, j)

unrelaxed
1/3
- 6a(3/8n)1/3fpi(1)[2 quj(l)] dv,. (VIIL2)
7
We differentiate again to get the desired second derivatives. We have

0*(Ex,» pDp[1) dv
2 = FO(i, j) — 2a(3/87)'/3 | 2L
04; 04; |unretaxed (] G/8m) [qukpk(l)]z”

The expression for 0{Ey,>/0q; from Eq. (VI11.2) equals the eigenvalue of
the problem, from Eq. (1.6), when we express the various integrals in
terms of atomic integrals. Thus we verify the fact that as far as the first
derivatives are concerned, it is immaterial whether we differentiate keeping
the integrals constant, as we are doing here, or not. As for the second
derivatives, from Eq. (VIII.3) we observe that a new integral is involved,
in addition to F°(i, j). Wood has made calculations of these new integrals
for Cr, and they will be used in Table I11, to be given shortly.

We next carry through a similar analysis of the case arising from the
HHF method. The total energy is already given in terms of the integrals
in Eq. (V.1), and we immediately find from that equation that we have

(VIIL3)

2
a———<aE“;"‘"> = (i, ),
q; unrelaxed (VIII.4)
2
< Enme) =(i,j) for i#j,
aqi 5‘], unrelaxed

where (i, /) and (j, j) are given in Eq. (V.6). It is interesting to note that the
leading term for both the X« and the HHF cases is the spherically averaged
self-interaction term FO(j,j), as we see by comparison of Eqs. (VIIL3)
and (V.6). )

In Table 111, we give values of } 32(Ex,>/0q;* unrelaxed for the Xa
method, as well as 4 02(Eyur>/0q;> unrelaxed for the HHF method,
compared with the relaxed Xa values already tabulated in Table I. We
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see that the Xa and HHF unrelaxed values agree with each other fairly
closely, showing the approximate agreement between the orbitals deter-
mined by these two methods. On the contrary, the relaxed values given
by the Xa method are in most cases only about half of the unrelaxed values.
Values have also been computed for the cross derivatives, i # j, and they
show the same type of behavior shown in Table III for the case i = .

TABLE i

DIFFERENT ESTIMATES OF  02(E)>/éq,*> FOR CR

Xa unrelaxed® HHF unrelaxed® Xo relaxed®
(Ry) (Ry) (Ry)
1s 13.3335 14.6504 10.1025
2s 2.9376 3.0770 1.3833
2p 3.3790 3.3797 1.6924
3s 0.9597 0.9893 0.4021
ip 0.9082 0.8909 0.3922
3d 0.6321 0.6594 0.3230
4s 0.2375 0.2358 0.2043

7 Calculation for Xe method, disregarding relaxation, from Eq.
(VIIL3).

b Calculation by HHF method, unrelaxed, using Eq. (VIIL4), and
Mann's (1967) integrals.

< Quantities of Table I, Xa methed including relaxation.

Though we do not have HHF relaxed calculations for this atom, the
indications from other cases are that relaxation has about the same
effects in both Xa and HHF methods.

The calculations made so far in this section refer to the non-spin-
polarized Xa and HHF methods. However, we wish to be able to take up
magnetic problems, for which we make a distinction between the spin-up
and spin-down cases. Our equation for energy, Eq. (VI1.2), is set up for
this general case, but we have been restricting ourselves to the case where
the p’s are zero. In the spin-polarized case for the Xa method, Eq. (VIIL.1)
is replaced by

(Exe> =Y 1) + 3 Y. 4:4; F(. J) — (9a/2)(3/4n)"/?

J{ [Z g + u;)p,-(l)] et [j; g, - #j)Pj(l)]m} doy. (VIILS)
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We differentiate with respect to the u’s, keeping the integrals and charge
densities fixed. We find

0*(Exa) pHp,(1) dv
T Xel = —2a(3/8m)'/® | L L (VIIL6
6#,- a,uj unrelaxed [Zk gy pk(l)]2/3 ( )
which shows by comparison with Eq. (VIIL.3) that
0*E 2
< Xa> = Fo(i’j) + a <EXa> .
aq; aq, unrelaxed a,ui 6ﬂj unrelaxed (VIII7)

From this result we see that the small deviation of the unrelaxed second
derivative 0?(EXa)/0q; Og; from F°(j, j), the self-interaction term, is just
what we need to get the second derivatives 9*CEy,»/du; du; unrelaxed
of Eq. (VIIL6).

In a similar way we can prove for the HHF method that

a2<EHHF> — Fo(i, J) + a2<EHHF>

> VIIL.8
0q; 5q,~ unrelaxed oy, a'uj ( )

unrelaxed

so that the second derivatives 82 Egue>/0p; ou; unrelaxed can be deter-
mined from well-known atomic integrals. It is to be noted, however, as
shown by Slater et al. (1969b), Sec. VII, that the values of the quantities
(i, {) and (i,j), which equal the partial derivatives of Eq. (VIII.8), take
slightly different forms for the spin-polarized case from what they do for
the non-spin-polarized case given in Eqs. (V.6) of the present paper.

In connection with the work on chromium which has been discussed
earlier, Slater and Wood (1971) have carried through relaxed calculations
of the spin-polarized case. The results are not very complete, but they are
enough to show that the differences between the unrelaxed and relaxed
values of 0*Ex,»/0u; Op; are not nearly as great as the differences in
0% Ex,»/0q;* indicated in Table III. This is not surprising. The effect of
relaxation comes because, when the occupation numbers are changed, the
potential in which the electrons move is changed, and this makes a large
change in the energy. If only the u’s change, however, and not the ¢’s,
the modification is only one in which the spins of electrons are changed,
not the orbitals. Thus the only change in the potentials acting on other
electrons comes in the exchange term, not in the much larger Coulomb
term. Consequently, it is not very inaccurate to use the unrelaxed values
of these second derivatives d*C(E)/du; dp; in estimating the effect of spin
polarization on the total energy. And since we may expect the HHF
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values of these derivatives, which can be found from atomic integrals,
to be fairly reliable, we can attempt to estimate the effect of spin polariza-
tion by use of the HHF unrelaxed values of the second derivatives.

This method was used by the author (Slater, 1968c) in discussing the
energy-band theory of magnetism, which we shall mention later. The
results obtained by this quite simple method give reasonable numerical
values. Similar methods were used (Slater, 1970) to estimate the values of
the quantities 0{Euur>/09:7, 0{Euury/0q;:}, the one-electron eigenvalues
for spin-up and spin-down orbitals, in a HHF calculation of spin-polarized
atoms. These quantities may be expected to agree approximately with the
eigenvalues of the spin-polarized Xa method, and give us apparently
reliable information regarding the occupation numbers of the transition
atoms in their ground state. On account of Hund’s rule, they lead to spin-
polarized ground states. This is a result of the dependence of the total
energy on the u’s, which results in a lower energy, either according to the
Xa or the HHF method, if as many spin-orbitals as possible have spin up.
In cases where spin-polarized Xa calculations have been made by Wood on
3d transition elements, they lead to results in good agreement with these
consequences of the spin-polarized HHF method.

IX. Optical Absorption and the Transition State

In Sections VII and VIII we have been emphasizing the importance
of calculating a properly self-consistent wave function both of the initial
and the final state in a case of ionization. It is equally important to do this
for excitation from one state to another. Instead of basing the calculations
on the ground state, however, we shall show that there is a good deal to
be said in favor of making a calculation for what we may call the transition
state: a state in which the occupation numbers are half-way between those
of the initial and final state. Thus let us calculate the energy difference
between an initial state, and a final state in which g; has decreased by one
unit, ¢; has increased by one unit, so that an electron has had a transition
from the ith to the jth state. First, we carry the calculation through using
the initial state as the standard state around which we make our power
series expansion.

Thus we assume that in the initial state ¢; = ¢4, g, = g;;, while in the
final state q; =q;; — 1, ¢; = ¢;; + 1. Let us find the energies of initial and
final states from Eq. (VII1.2), and let us then find the difference between
them, or the excitation energy. We have, assuming a non-spin-polarized
case,
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{E(initial)y — {E(final)
=<E(q: =41, 9;=9;1)> —<E(@i=qi1 — 1, q;=q;, + 1)),

_ O(ED _ 0(E>»
0q; |o a‘Ij 0
N 1 (_62<E> 02 (E) 0*(E) )
2! 3%2 0 04:94;o 6‘1,'2 0
1 (0XE> O E> 63(E) O E>
+ "7( 3 - 2 2| T 3 ) +
31\ 9q9; o 0q; a‘Ij 0 5‘1:'6‘1,' 0 aqj 0

IX.1)

In other words, in addition to the difference of the two first derivatives,
which would be the difference of Xa eigenvalues, we have second- and
third-order correction terms.

This is the situation if the standard state is the ground state of the
system. However, let us set up the case in which it is half-way between the
initial and final states. In this case, the initial state has ¢, =¢q; + 4,
q; = q;; — %, and the final state has ¢; = ¢;; — 4,9, = ¢;; + 1. We then find

(E(initial)y — (E(final)} = 9<aqE > - a;;? 0
L(BXEY| BBy | g BKEY | BKE) )
ﬁ( 2> o 29:°8q; |, .04 )0 24 Jo +.... (IX2)

In other words, with this choice of a state for which the self-consistent
calculation is to be made, the second-order term, the principal correction
term in Eq. (IX.1), has dropped out, and the third-order term has fallen
to one-quarter of the value which it has in Eq. (IX.1).

These third-order terms have been computed by Slater and Wood
from the calculations for Cr which we have been quoting earlier. The
values are given in Table IV. We have included only those of these quanti-
ties which would come into play in an actual transition from the ground
state of the Cr atom, in its configuration 3d*4s, to an excited state contain-
ing no electrons beyond 3d and 4s. This demands that the final state j,
which must add an electron, would be 3d or 4s. We see that with the
exception of the K transition, in which the initial state is 1s, these correc-
tion terms are all less than 0.01 Ry in magnitude. In other words, we may
safely say that the difference of Xa eigenvalues between initial state i
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TABLE IV

QUANTITIES
1 (3CE> E3ED . &3 E> &3ED
24\ &g |o 2q;? &ho‘ @qs?qfo 6‘]1’3 o

of Eq. (IX.2), For Cr, UsSING TRANSITION STATE, FROM CALCULA-
TIONS OF SLATER AND WooD (1971)

ij Quantity (Ry) ij Quantity (Ry)
1s3d 0.0302 3s3d 0.0002
1sds 0.0232 3sds —0.0080
2s3d 0.0048 3p3d 0.0002
2s4s —0.0044 3p4ds —0.0028
2p3d 0.0022 3d4s —0.0050
2pds —0.0068

and final state j, when calculated from a self-consistent transition state, is
quite accurately equal to the difference between total self-consistent Xu
energies of the atom in the initial and final states.

The use of this theorem is of advantage in calculating energy differences
between initial and final states, particularly X-ray transitions. The avail-
able computer programs for carrying out sclf-consistent-field calculations
are as convenient to use for fractional occupation numbers as for integral
values, and they include the eigenvalues as part of their output. The single
calculation of a transition state permits the evaluation of the energy
difference between initial and final state. in terms of the eigenvalues of
the Xa method. In addition to this convenience of the use of the transition
state for isolated atoms, we shall next consider localized absorption in
crystals, and we shall see that for that problem, the use of the transition
state is of very considerable value.

X. Band Absorption versus Localized Absorption in Crystals

The X« method can be applied to crystals without difficulty, as is
shown from the many energy-band calculations that have been made by
its use, included in the list of references at the end of this paper. For a
perfect crystal, of course the spin-orbitals take the form of Bloch-type
functions, which could be approximated as Bloch sums of localized orbitals.
As we have seen in Section 1V, the Fermi statistics will apply, and in the
ground state all spin-orbitals up to the Fermi energy will have occupation
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numbers of unity, those above the Fermi energy being empty. Ordinarily
for a crystal the number of spin-orbitals whose energies lie precisely at
the Fermi energy will be small enough to be negligible.

One striking feature of the Xa method is that as the lattice spacing
of the crystal is increased to infinity, the problem will go smoothly into
that of the separated atoms. The reason for this is the localized nature of
the exchange-correlation term: The total energy of Egs. (I1.2) and (1.3)
depends only on the local charge density, and this will be the same whether
we are dealing with a crystal formed of widely separated atoms, or with
isolated atoms. Of course, it is well known in this limit that one can write
the charge density either in terms of Bloch-type functions or in terms of
localized orbitals determined from them by a unitary transformation.
The net result of Eq. (1.1) will be the same in either case, since the charge
density is invariant under a unitary transformation of the occupied spin-
orbitals.

There is no complication about this statement in the case of an insulat-
ing crystal such as an inert gas crystal or an alkali halide; in such cases
the localized functions are the well-known Wannier functions. For a metal,
the situation is more complicated, and we shall not attempt a complete
discussion in the present abbreviated report. We must set up the localized
functions by making linear combinations of the occupied Bloch functions
only, and this will include only the lower states of certain partially occupied
energy bands, not the upper ones. As a result of this, the localized func-
tions will appear to be made up out of fractional numbers of electrons in
the various atomic orbitals. For isolated atoms, this situation has been
discussed by Slater ef al. (1969b) and by Slater (1970), particularly for
the spin-polarized case, as is found in the 3d transition elements. Even in
such a case, however, as the atoms are brought closer together, the discrete
energy levels of the separated atoms, as given by the Xa method, will go
smoothly into the energy bands of the crystal.

In considering an optical excitation of a crystal, we must consider not
only the ground state, but also the excited state. This may consist of a
state that would be represented in the Xa method by saying that an electron
had been removed from a Bloch state whose eigenvalue was below the
Fermi energy, to a Bloch state above the Fermi energy. The increase of
energy of the crystal resulting from this transition would take the form
discussed in Eqs. (VIL.3), (IX.1), (I1X.2), only now the occupation number
would be that of a Bloch state, not of a localized atomic state. In such
a case, the second and third derivative terms in Eq. (VI1.2) are negligible.
Let us inquire regarding the rcason for this important statement.
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We can see this reason more clearly if we write an equation for
8(E>jéq;, by differentiating Eq. (VI1.2). We consider the non-spin-
polarized case, with y; = 0. Then we have

HEY KE X E)
§>= > 'f‘Z(Qj_le):—“T
€q; cq;: fo 0g:¢4q;io
1 03(E>
_ —q. — —_— X.1
+ bX ]; (qj q;0(q dx1) o anaqk . ( )

In other words, the second derivative ¢*(E)/dq; dq;|, measures the change
in the Xa eigenvalue g;x, when the occupation number of the jth spin-
orbital increases by one unit, if we disregard the third-derivative term.
Now in an atom this effect is large, as we saw in Table I. The reason is
that if the occupation number of the jth atomic spin-orbital decreases by
unity, a whole electron is removed from the jth shell of this atom; there is
less screening of the nucleus by electrons, so that the eigenvalues all
decrease (consistent with the positive nature of the second derivatives).
The second derivative is in a sense a measure of the electrostatic inter-
action between electrons in the ith and jth atomic spin-orbitals, a relation
which is very clear from the appearance of F°(i, j) as the leading term in the
second derivatives in Eqgs. (VI11.3) and (VII1.4).

If we are dealing with a Bloch state in a crystal, on the other hand,
the charge density is distributed through all N atoms of the crystal. If
we remove an electron from a Bloch state, only 1/N of an electronic
charge is removed from each atom of the crystal. This will have a negligible
effect on the eigenvalues of the electrons in this atom. In other words, the
sccond derivatives in this casc will be of the order of I/N times as great
as for an individual atom. It is as if we replaced F°(i, ) by the electro-
static interaction of an electron in a Bloch state with an electron in another
Bloch state. On account of the spread-out nature of the Bloch states, the
interaction energy would be negligible.

From such arguments we can conclude that if an electron is removed
from one Bloch state to another, the change in total energy of the crystal,
in the Xx approximation, is just the difference of the eigenvalues g,
of the initial and final states. The second- and third-derivative terms are
negligible, when multiplied by the values of unity which are the values of
q; -~ q;, . etc..which one can encounter in the transfer of a single electron.
One can use Eq. (I11.1) for the energy change, even when dn; is as great as
unity, without the use of further terms.

Such a transfer of an electron from one Bloch state to another, however,
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is not the only sort which we can find in the optical absorption by a crystal.
In the theory of the exciton, one encounters a localized excitation, in
which an electron is excited from a low occupied state to a higher excited
state in a single atom, as modified by its interactions with the neighboring
atoms. The theory of the exciton is sketched by Slater and Wood (1971)
in such a way as to apply to this problem. It is known that when one takes
account of the electrostatic interactions between an excited electron and
the positive hole which it has left behind, these interactions make possible
excited states, in which the electron and hole remain tied to each other
and result in discrete energy levels, having different energies from those
arising from the energy-band theory. If these excitons are quite localized,
transitions to the exciton states steal the larger part of the oscillator
strength from the transitions of the energy-band type, so that they become
of paramount importance in discussing the optical properties. This is
particularly true in discussing a transition of the X-ray type, in which one
of the inner electrons of an atom is excited to a higher bound state, or is
ejected from the crystal as a photoelectron. The hole in the X-ray level is
essentially completely localized in such a case, and the transition has a
very close resemblance to what is found in an isolated atom.

For discussing the energy differences encountered in such transitions,
one then wants to use a properly localized mode! for the excited state. The
most graphic way to treat this is to use the concept of the transition state,
which was introduced in Section IX. The transition state in such a case will
have the properties of a crystal with a local perturbation at the site of the
atom which is being excited. This atom will lack one-half of an electron
from an inner shell, and will have an extra one-half electron 1n an excited
but localized state. Thus the charge density and potential in its neigh-
borhood will be quite different from what is found in an ordinary atom of
the crystal. We must then solve the self-consistent-field problem for the
transition state, with this localized perturbation, and must compute the
transition as if it were from a lower to a higher orbital in such a problem.

It is well known, as is discussed in references quoted by Slater and
Wood (1971), that if this perturbation is large enough, it will result in
discrete levels separated from the continuum, and the transition that we
must consider is from one of these discrete levels to another. The energy
differences will then be very similar to those of an isolated atom, and the
X-ray absorptions will come at quite different energies from those given
by the Xo eigenvalues of the ground state. This is as shown in Table 1,
and it was reasonable in this table to compare energy differences of isolated
atoms with observed X-ray levels.
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We shall always find this situation unless we are considering absorption
from a broad valence band to a conduction band, in which case we should
not expect great localization. In such a case, it is found in the theory of
the exciton that no discrete levels will be pushed out of the continuum,
but the distribution of levels will be essentially as in an unperturbed
crystal. It is in these cases that the familiar energy-band calculation of
optical properties, from densities of states, is appropriate. Even in such
a case, one can have an incipient discrete level, what Friedel (1954; see
also references to Blandin and Daniel) refers to as a virtual excited state,
which will modify the wave functions and transition probabilities pro-
foundly.

We possess the mathematical machinery for studying perturbed
crystals of the sort met with excitons, as well as those resulting from
impurity atoms. Among these mathematical techniques are those of
Koster and Slater (1954a, b), based on the expansion of the problem in
terms of Wannier functions of the unperturbed problem, and the KKR
cluster method of Johnson et al. (Johnson, 1966b, 1967, 1968a, b, 1971;
Smith and Johnson, 1969). This latter method can handle the perturbation
met in the exciton problem better than the earlier method of Koster and
Slater, and probably will find great usefulness in the future in the study
of excitons. It has already proved to be of great value in studying the
energy levels of localized clusters of atoms in crystals, such as a 3d
transition atom surrounded by its neighbors, producing a ligand or
crystal field.

We have already mentioned that the transition state, in a case of local-
ized excitation, has a localized perturbation. By use of the methods just
described, one can solve the Xa problem for such a localized perturbation,
obtaining two types of spin-orbitals and eigenvalues. First, we have the
localized spin-orbitals which we have been discussing, similar to those
of an isolated atom, and falling off rapidly as we go away from this atom.
Secondly, there are the continuum levels, with orbitals falling off in ampli-
tude as we approach the perturbed atom. The general nature of these
orbitals was described by the author (Slater, 1949) in a study of electrons
in perturbed periodic lattices. We should now use these spin-orbitals as
basis functions for studying the real behavior of the transition from the
ground state to the excited state.

The most interesting feature which would be introduced by this further
study would be the muitiplet structure. Just as with an isolated atom, this
comes in only when we make linear combinations of determinantal
functions, to give better approximations to the actual wave functions of
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the states of the crystal. It is at this point that the crystal or ligand field
comes into the theory. In a crystal containing 3d transition ions; for
instance, the self-consistent field will automatically split the localized 3d
levels of an excited ion in a cubic field into the familiar de and dy levels.
Calculations which have already been made of such problems, such as
those of Wilson (1968, 1969, 1970) on MnO, have shown that one gets
the right order of magnitude for these splittings.

But beyond this point, one proceeds as in the conventional crystal or
ligand field theory, to produce a theory of the multiplet levels. Such
calculations have not yet been carried through in detail, but we must
anticipate much activity of this type in the future. It is interesting to notice
the way in which the concept of the localized transition state has been used
to introduce the localized orbitals which are needed to lead to the multiplet
levels met in crystal field theory. Here, however, in contrast to the semi-
empirical crystal field which has prevailed up to the present, we should
be able to get a priori calculation of the various parameters which go into
the separations between the multiplets, rather than having to assume them
from experiment, or to estimate them from the constants of the isolated
atoms or ions.

Xl. The X« Method and Magnetic Problems

In earlier sections, we have presented the mathematical analysis
involved in treating the X« method as a spin-polarized method, but we
have not so far made any use of it. The applications are, of course, to
magnetism, and we find a number of such applications in papers included
in the list of references. The applications are too extensive to treat in
detail in a review article of the present length, and for this reason we shall
limit ourselves in the present section to sketching the general types of
approach which have been used, and those which can be looked forward
to in the future.

The most straightforward application is to the band theory of ferro-
magnetism. Here a discussion has been given by the author (Slater, 1968c).
The method is simple. One examines to see if a self-consistent Xo solution
is possible, for such a crystal as iron, cobalt, or nickel, in which there are
more electrons with spin up than spin down. This can be handled by
starting with the assumption of some spin-polarization, which leads to
two different sets of energy bands, for spin up and spin down. One finds
the Fermi energy, which leads to a net magnetic moment, since the spin-
up bands lie lower than the spin-down in such a case, so that more spin-up
levels than spin-down lie below the Fermi energy, and are occupied. One
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finds the spin density as well as charge density from the resulting spin-
orbitals and occupation numbers, and uses these as the starting point
of the next stage in the iteration to produce self-consistency. Connolly
(1967a, b, 1968). Wakoh and Yamashita (1966), Wakoh (1970), and
Yamashita et al. (1966a,) have described such calculations, which show
that in fact a self-consistent ferromagnetic solution can be achieved in
iron, cobalt, and nickel, leading to magnetic results in fair agreement with
experiment. These calculations were among the first which led to the
conclusion that a value of 2 ncarer two-thirds than unity had to be used:
The agreement of the final energy bands with experiment was satisfactory
for the smaller x, but not for « = [. The results agreed in general with
much earlier calculations of the author (Slater, 1936), using the same ideas,
but much cruder calculations of the energy bands.

In that early paper, it was indicated that it was likely that the lighter
3d transition elements would not be ferromagnetic, since their 3d energy
bands were too broad. To test this idea, Hattox, in calculations so far
unpublished (discussed at the 1971 Sanibel Symposium) has treated vana-
dium both at its normal lattice spacing, and at a larger spacing for which
the 3d band would be narrower. At the normal spacing, he found, in
agreement with experiment, that there was no ferromagnetism: If he
started his iterations for self-consistency with some assumed magnetic
moment, he found that each successive iteration resulted in a smaller
moment, until finally it disappeared as he approached self-consistency.
On the other hand, at 1.5 times the normal spacing, an assumed magnetic
moment built up at each successive iteration, leading to the conclusion
that ferromagnetism would be found at these larger spacings. This is the
first time that real self-consistent calculation has verified the old idea that
the tendency toward magnetism would be removed as the energy bands
became broader.

Another approach to the question as to which elements should be
ferromagnetic has been made by Yamashita et al. (1968b). They examined
the question of the stability of the nonmagnetic state in 3d transition
metals, using the general approach of Koster and Slater (1954a, b) for
a localized perturbation in a crystal. They started by assuming a non-spin-
polarized case, but then imposed a small ferromagnetic, or antiferro-
magnetic, perturbation in a restricted cluster of atoms. They were able
to decide in this way whether the ferromagnetic or antiferromagnetic
state was stable or unstable with respect to the non-spin-polarized case.
The conclusion which they reached was in agreement with experiment:
Iron, cobalt. and nickel should be ferromagnetic; the lighter elements
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up to vanadium should be nonmagnetic; and antiferromagnetism should
be found in the intermediate elements, chromium and manganese.

Manganese is such a complicated element in its crystal structure that
little progress has yet been made in interpreting its antiferrogmagnetic
structure. Chromium, however, has been a very interesting case. It was at
first thought by experimenters to be very simple. It is body-centered cubic,
and it appeared that the atoms at the corners of the cube had spin up,
those at the centers had spin down, the magnitude of these magnetic
moments being of the order of magnitude of one-half Bohr magneton,
rather than the five Bohr magnetons which would be found with a half-
filled shell of 5d electrons. 1t was shown by Asano and Yamashita (1967)
that a self-consistent spin-polarized X« solution can be set up correspond-
ing to approximately the experimental magnetic moment, a conclusion
later verified by Connolly (1968).

This verified an earlier suggestion of Slater and Koster (1954), based
on the following argument. If one has non-spin-polarized, body-centered
cubic Cr, one can compute the energy bands by the Xa method. If then
one superposes the different exchange-correlation terms for spin-up and
spin-down atomic sites, suggested by the spin-polarized calculation, the
crystal becomes simple cubic, since the centers and corners of the cube are
no longer equivalent. The simple cubic unit cell is twice as large as the
body-centered unit cell, and the Brillouin zone is half as large. When one
draws the non-spin polarized energy bands in the simple cubic Brillouin
zone, and then introduces the exchange-correlation characteristic of spin
polarization, it seemed reasonable to Slater and Koster that gaps would
be introduced at the surfaces of the Brillouin zone, in a way which had
been suggested earlier by the author (Slater, 1951b,).

Arguments were brought out by Slater and Koster for thinking that
these gaps might lie at the Fermi energy. Thus the levels slightly below
the Fermi energy, which are occupied, would be pushed downward by
the antiferromagnetic perturbation, while those above the Fermi energy,
which are empty, would be pushed up. The net result would be a decrease
of total energy. The much more accurate argument of Asano and Yamashita
(1967) showed that this was essentially just what was happening. This is
a rather exceptional situation, found only in chromium.

About 1960, however, it was found that the real situation in chromium
was more complicated than this simple description indicated. The simple
model which we have described would correspond to what is now called
a spin-density wave, in which the spin orientation changed from spin up
to spin down from one atomic layer to the next. It was found however by
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neutron diffraction that the true wavelength of this spin-density wave
was not just two atomic distances, but somewhat different from this
value. At about the same time it was discovered that a similar situation
held in the magnetism of a number of rare-earth metals.

Lomer (1962), shortly after, showed on the basis of the chromium
energy bands then available that this was a reasonable situation. If one
has a perturbative potential, such as is produced by the antiferromagnetic
exchange effect, with a wave vector g, then it can be shown that the
condition which must be satisfied for a gap to open up at the Fermi
surface is what is called the nesting of the energy surfaces. One energy
surface displaced by an amount g in the reciprocal space must approxi-
mately coincide with another nondisplaced energy surface. Lomer showed
that, with a reasonable assumption regarding the chromium energy sur-
faces, such nesting would occur with a wave vector ¢ for the perturbative
potential which was not commensurable with the periodicity of the
crystal, but which instead was approximately equal to that found experi-
mentally for the spin-density wave. Asano and Yamashita (1967) in their
more accurate calculations showed that this was indeed the case.

Following this discovery, there was great activity in the study of similar
phenomena in the rare-earth metals. Overhauser (1959, 1960a, b, 1962a, b,
1963, 1964, 1965) in a series of papers had proposed a theory of anti-
ferromagnetism and its relation to spin-density waves which was essentially
equivalent to the theory which we have been describing. He did not tie
his theory closely to any accurate calculations of energy surfaces, however.
More important for the study of actual cases was a series of augmented
planewave Xa calculations of Fermi surfaces of rare-earth crystals by
Andersen (1970; Andersen and Loucks, 1968), Dimmock et al. (1965;
Dimmock and Freeman, 1964), Fleming et al. (1968, 1969), Freeman et
al. (1966a, b, ¢}, Gupta and Loucks {1968, 1969), Keeton and Loucks
(1966a, b, 1968), Loucks (1965a, b, ¢, d, 1966a, b, 1967a, b, c, 1968), Mac-
kintosh (1962a, b, 1963, 1966, 1967, 1968), Myron and Liu (1970), and
Williams et al. (1966, Williams and Mackintosh, 1968). In many cases
these energy surfaces were discussed in connection with the observed very
complicated behavior of the magnetism, of the nature of spin-density
waves, found for these elements. There seems to be no doubt but that the
type of energy-band calculations which can now be made is capable of
explaining these remarkable magnetic effects.

The Xa spin-polarized method can be used not only for discussing
ferromagnetic and antiferromagnetic elements, but for compounds as
well. In this connection we can cite the case of ferromagnetic EuS, dis-
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cussed by Cho (1967, 1969, 1970), and antiferromagnetic MnO and NiO,
discussed by Wilson (1968, 1969, 1970). In each of these cases we have
crystals with the sodium chloride structure, of which the Xa spin-polarized
method gives reasonable wave functions, eigenvalues, and occupation
numbers for the type of magnetic structure which is found experimentally.
In these cases, as in the metallic elements, the calculations which have
been made come from a self-consistent solution of Eq. (I.4) with a re-
adjustment of the occupation numbers at each stage of iteration so as to
shift electrons from higher, occupied orbitals to lower, empty ones. But
we have seen in Section I that this amounts to seeking the lowest possible
value of the statistical energy of Eq. (1.2).

We might be interested in some cases in deciding whether a real crystal
should be ferromagnetic or antiferromagnetic. Some crystals similar to
EuS are known to be antiferromagnetic rather than ferromagnetic, as an
illustration. To answer such a question theoretically, we should compute
the value of the energy of Eq. (I.2) for both modifications, and should
find which of these has the lower energy. It requires a very accurate
calculation of the energies to determine this, since the energy difference
between the modifications must be very small, and no such calculations
have yet been made. With the accuracy which is now being attained in the
calculation of total energy, however, it does not seem impossible that
during the next years such calculations should prove to be practical.

The magnetic questions which we have been considering have been a
determination of the ground state of a magnetic crystal. Once we come to
consider the excited states, however, we meet new problems which have a
certain analogy to the exciton problems which we have taken up in Section
X. It-is well known that the most successful treatments of the decrease
of magnetic moment of a ferromagnetic crystal with temperature, and
its disappearance at the Curie point, have made use of the Heisenberg
Hamiltonian. This is a technique starting with a localized excitation. As a
very simple case, suppose we have solved for the wave function and energy
of the ground state of a ferromagnetic crystal, using a spin-polarized
technique, and that we are next looking for the lowest excited states. These
are known to be the spin wave states, in which we start with a crystal in
which a single atom has its magnetic moment oriented opposite to the
magnetic moment as a whole, and in which we then make a Bloch sum of
such localized excited states. The author (Slater, 1937) has pointed out
the close relation between such excited states and the theory of the exciton.
The energy separation between the ground state and these spin wave
states is directly proportional to the Heisenberg exchange integral.
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It should now be possible to attack these spin-wave states by the same
sort of localized treatment of a transition state which we have recom-
mended for the exciton problem. It would be perfectly possible with
existing techniques to find the energy of a state with such a localized
magnetic state. The Heisenberg exchange integral, which up to the present
has been treated as an empirically determined parameter, would come
directly out of such a calculation. Calculations of this type have not yet
been made, but the author believes that the next few years will see much
activity in the direction of making such calculations.

To treat all of the problems which have been touched on in the present
section would require a whole volume, since it would lead one into the
whole theory of magnetism. The Xa method, however, provides a practical
starting point for an a priori theory of such problems, a starting point
which has not been practicable with earlier techniques. It is with such
applications in mind that we have included in our list of references many
papers dealing with localized states, defects, excitons, and magnetic
excitations. It would not surprise the author to find that in a few years,
the applications coming under these headings would far outnumber those
in the categories devoted to perfectly periodic crystals.
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KEY TO THE REFERENCES

In the following list we give references to some of the papers dealing with energy
bands, the application of self-consistent fields to solids, excited and magnetic states,
impurity states, and related topics, mostly during the years since 1965. Extensive biblio-



Statisticzl Exchange in Self-Consistent Field 43

graphies of papers earlier than that time are contained in Volume 2 of Quantum Theory
of Molecules and Solids (Slater, 1965a), and references to these earlier papers are in
general omitted from the present listing. The author wishes to acknowledge valuable
assistance from Dr. Karlheinz Schwarz in supplying numerous references for this
tabulation

In order to make it easier to locate references dealing with specific crystals, we next
give a key to the references, listing the authors and the date. Elements and compounds
in this key are arranged in order of atomic number. Names of authors are italicized
(as for example Kenney), if their papers have made some use of the statistical exchange
method.

Li: Goodings (1965), Kenney (1964), Lafon and Lin (1966), Meyer and Young (1965),
O'Keefe and Goddard (1969), Overhauser and de Graaf (1969), Painter and Eliis
(1970b), Rudge (1969c).

LIH: Kunz (1969b).

LiF: Kunz et al. (1969), Mansikka and Bystrand (1966), Mansikka et al. (1967), Roessler
and Walker (1967¢c, d).

LiCl: Kunz (1968).

Lil: Kunz (1969a).

Be: Shyu et al. (1966a), Terrell (1964, 1966), Tripp et al. (1967, 1969).

BeS: Stukel (1970c).

BeSe: Stukel (1970c).

BeTe: Stukel (1970c).

BN: Keown (1968), Phillips (1968¢), Wiff and Keown (1967).

BP: Stukel (1970b).

BAs: Stukel (1970a).

C: Bassani and Parravicini (1967), Doggett (1965a), Dresselhaus and Dresselhaus
(1965), Goroff and Kleinman (1967), Herman et al. (1967a), Keown (1966),
Linderberg (1965), Linderberg and Mikild (1967), Painter and Ellis 1970a),
Phillips (1965), Raccah, Euwema, Stukel, and Collins (1970), Roberts and Walker
(1967), Saravia and Brust (1968), Saslow et al. (1966).

Ne: Euwema et al. (1971).

Na: Boring (1968), Kenney (1964), Shyu et al. (1967), Tong (1971), Yamashita et al.
(1969).

NaF: Vallin et al. (1967).

NaCl: Fong ef al. (1968), Hassan (1965), Kunz (1967a, b, 1968), Pettersson et al. (1967),
Roessler and Walker (1968 a, b).

Nal: Kunz (1966, 196%9a), Roessler (1966).

Mg: Falicov and Stachowiak (1966), Kimball et al. (1967), Shaw and Pynn (1969),
Stark (1967).

MgO: Calais et al. (1967), Cohen et al. (1967), Fong, Saslow, and Cohen (1968), Roess~
Jer and Walker (1967a, c).

Mg,Si: Au-Yang and Cohen (1969), Folland (1967), Lee (1964).

Mg,Ge: Au-Yang and Cohen (1969), Lee (1964).

Mg,Sn: Au-Yang and Cohen (1969).

Mg.Pb: Van Dyke and Herman (1970).

Al: Connolly (1970), Faulkner (1969), Melz (1966), Raccah and Henrich (1969, 1970),
Shyu, Das, and Gaspari (1966b), Snow (1967).
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AIN: Hejda (1969).

AlP: Stukel et al. (1969).

AlAs: Srukel et al. (1969).

AlISb: Pollak et al. (1966).

Si: Alstrup and Johansen (1968), Brust (1964), Callaway and Hughes (1967b),
Cardona and Pollak (1966), Dresselhaus and Dresselhaus (1967a, b), Harrison
(1965b), Herman et al. (1966a, b, 1967a), Hughes (1968), Kane (1966), Raccah,
Euwema, Stukel, and Collins (1970), Stuke! and Euwema (1970), Williams (1970).

SiC: Herman et al. (19672a).

Ar: Cowan et al. (1966), Euwema et al. (1971), Gandelman (1965), Mattheiss (1964a)
Ramirez and Falicov (1970).

K: Ashcroft (1965), Overhauser (1964), Yamashita et al. (1969).

KF: Roessler and Lempka (1966).

KCl: De Cicco (1967), Kunz (1968), Miyakawa and Oyama (1968), Oyama and
Miyakawa (1965, 1966), Roessler and Walker (1968a, b), Yamashita and Asano
(1967a).

KNIF,: Ellis, Freeman,and Ros (1967, 1968), Rummer (1969), Sugano and Tanabe (1965).

KI: Kunz (1970), Onodera et al. (1966a, b), Roessler and Walker (1967b).

Ca: Animalu (1967a), Chatterjee and Chakraborty (1970), Vasvari et al. (1967).

Sc: Fleming and Loucks (1968).

ScC: Schwarz et al. (1969).

ScN: Schwarz et al. (1969).

Ti: Altmann and Bradley (1967), Mattheiss (1964b), Snow and Waber (1969).

TIC: Conklin and Silversmith (1968), Ern and Switendick (1965), Lye and Logothetis
(1966), Ramgqvist et al. (1969a, b).

TiN: Ern and Switendick (1965).

TiO: Ern and Switendick (1965), Schoen and Denker (1969).

Ti,O5: Honig (1968).

V: Mattheiss (1964b), Snow and Waber (1969).

VO: Hyland (1968a, b), Norwood and Fry (1970).

VO,: Hyland (1968a, b).

V3Al: Mattheiss (1965a).

ViSi: Mattheiss (1965a).

V3Co: Mattheiss (1965a).

ViGa: Mattheiss (1965a).

V;Ge: Mattheiss (1965a).

V;As: Mattheiss (1965a).

Cr: Asano and Yamashita (1967), Connolly (1968), Falicov and Penn (1967, 1968),
Falicov and Zuckermann (1967), Falicov and Ruvalds (1968), Gupta and Sinha
(1970), Kimball and Falicov (1968), Lomer (1962), Loucks (1965c) Mackintosh
(1966), McWhan and Rice (1967), Martheiss (1964b), Maller et al. (1965), Motizuki
et al. (1968), Nagamiya et al. (1965), Overhauser and Arrott (1960, Rice et al.
(1969), Snow and Waber (1969), Sokoloff (1969), Street er al. (1968), Switendick
(1966), Yamashita and Asano (1967b).

Mn: Fletcher (1969), Freeman et al. (1970a). Snow and Waber (1969).

MnQ: Nagai (1965, 1967), Wilson (1968, 1969).

Fe: Abate and Asdente (1965), Asdente and Delitala (1967, 1968), Connolly (1968),
Cornwell et al. (1968), De Cicco and Kitz (1967), Gold (1968), Hubbard and Dal-
ton (1968), Kaplan (1965), Marttheiss (1964b), Overhauser and Stearns (1964),
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Shimizu and Katsuki (1965), Shimizu and Terao (1967), Snow and Waber (1969),
Thompson and Mook (1970), Tucker et al. (1965), Wakoh and Yamashita (1966,
1968), Wohlfarth (1965).

Fe,Tes: Manca and Mula (1969).

Co: Connolly (1968), Mattheiss (1964b), Wakoh (1970), Wohlfarth (1970).

CoO: Nagamiya et al. (1966).

CoFe: Yamashita et al. (1966 b).

Co: complexes: Thornley et al. (1965).

Ni: Allan ef al. (1968a, b), Callaway and Zhang (1968, 1970), Callaway er al. (1971),
Connolly (1967a, b, 1968), Ehrenreich and Philipp (1964), Gold (1968), Haya-
kawa (1967), Hodges and Ehrenreich (1965), Hodges et al. (1966a, b, 1967),
Hubbard (1964b), Lang and Ehrenreich (1968), Lowde and Windsor (1968, 1969),
Marrheiss (1964b), Mook et al. (1969), Mueller et a/. (1970 b), Shimizu and
Terao (1967), Snow et al. (1966), Snow and Waber (1969), Stark and Tsui (1968),
Tsui (1967), Wakoh (1965), Wakoh and Yamashita (1964), Wohifarth (1965, 1967),
Zornberg (1970).

Ni-Be: Klein and Heeger (1966a, b).

NiAl: Johnson and Connolly (1970), Johnson and Smith (1970).

NiS: Tyler and Fry (1970), Tyler et al. (1970).

Cu: Abarenkov and Vedernikov (1966), Ballinger and Marshall (1967), Butler ez al.
(1969), Davis et al. (1968), Dresselhaus (1969), Faulkner et al. (1967), Fong and
Cohen (1970), Goodings and Harris (1969a, b), Hagston (1968a), Hubbard
and Dalton (1968), Hubbard and Jain (1968), Koelling (1970), Mattheiss (1964b),
Mijnarends (1969), Mueller and Phillips (1967), Slater et al. (1969a), Swow and
Waber (1967, 1969), Snow (1968a), Sokoloff (1967), Wakoh (1965), Zornberg
and Mueller (1966).

Cu,O: Brahms et al. (1966, 1967), Dahl (1967), Dahl and Switendick (1966).

CuCl: Song (1967a, b, ¢).

CuZn (Brass): Amar et al. (1966, 1967), Arlinghaus (1967a, b, 1969), Johnson and Amar
(1965), Pant and Joshi (1969a).

CuBr: Song (1967a).

Cul: Song (1967a).

CuAu: Jones (1969b).

CusAu: Gray and Brown (1967).

Zn: Harrison (1963), Mattheiss (1964b), Stark and Falicov (1967), Van Dyke, McClure,
and Doar (1970).

ZnO: Rowe et al. (1968).

ZnS: Bergstresser and Cohen (1966, 1967), Eckelt et al. (1967), Stukel et al. (1969,
1970a, b).

Zn3As;: Lin (1969).

ZnSe: Collins et al. (1971), Eckelt (1967), Raccah et al. (1970), Stukel et al. (1969,
1970a, b).

ZnTe: Eckelt (1967).

Ga: Heine (1968), Reed (1969), Wood (1966).

GaP: Pollak, Higginbotham, and Cardona (1966).

GaS: Bassani and Parravicini (1967).

GaAs: Cardona et al. (1965), Chaves er al. (1966), Collins et al. (1970), Herman and
Spicer (1968), Pollak and Cardona (1966), Saslow et al. (1967).

GaSe: Bassani and Parravicini (1967).
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GaSb: Zhang and Callaway (1969).

Ge: Brust (1964), Cardona and Pollak (1966), Dresselhaus and Dresselbaus (1967a, b),
Herman et al. (1966a, b, 1967a, 1968b), Morgan and Galloway (1967a), Pollak
and Cardona (1966), Raccah er al. (1970), Shindo (1965).

GeTe: Herman et al. (1968a, b), Tung and Cohen (1969).

As: Golin (1965), Lin and Falicov (1966), Priestley e? al. (1967)

Se: Gaspar (1965), Kramer and Thomas (1968), Olechna and Knox (1965), Sandrock
(1968), Tutihasi and Chen (1967).

Kr: Euwema et al. (1971), Stukel et al. (1970b).

Rb: Ashcroft (1965), Kenney (1967).

Rbl: Kunz (1970).

Sr: Animalu (1967a), Vasvari and Heine (1967).

SrTiO;: Cardona (1965), Kahn and Leyendecker (1964), Kahn ef al. (1964).

Y: Altmann and Bradley (1967), Gupta and Loucks (1968), Loucks (1966b).

Zr: Altmann and Bradley (1967), Gupta and Loucks (1968), Loucks (1967b).

ZrZn,: Wohifarth (1968b).

Nb: Deegan and Twose (1967), Mattheiss (1970).

Mo: Loucks (1965c).

Pd‘: Andersen (1970), Clogston (1967), Freeman et al. (1966a), Mueller et al.
(1970a, b), Penn (1967), Thompson (1969).

Pd-Fe: Doniach and Wohlfarth (1967), Hicks et al. (1968).

Ag: Ballinger and Marshall (1969), Bhatnagar (1969), Chatterjee and Sen (1966, 1967),
Cooper er al. (1971), Lewis and Lee (1968), Snow (1968b).

AgCl: Scop (1965).

AgBr: Scop (1965).

AgPd: Karlsson et al. (1967), Lee and Lewis (1969).

Cd: Katsuki and Tsuji (1965), Stark and Falicov (1967).

CdS: Bergstresser and Cohen (1967), Euwema et al. (1967), Stuckel et al. (1969).

Cd,As,: Lin (1969).

CdSe: Bergstresser and Cohen (1967), Stukel ef al. (1969).

CdIn,S,: Meloni and Mula (1970), Rehwald (1967).

CdSb: Frei and Velicky (1965), Tauc and Abraham (1965).

CdTe: Bloom and Bergstresser (1968), Eckelt (1967), Segall (1966).

In: Gaspari and Das (1968).

InP: James et al. (1970), Pollak er al. (1966).

InSb: Bloom and Bergstresser (1968), Durkan and March (1968),

Sn: Bloom and Bergstresser (1968), Cardona (1967), Craven (1969), Herman et al.
(1966a, b), Higginbotham et al. (1967), Koelling (1969), Pollak er al. (1970),
Sherrington and Kohn (1968), Weisz (1966).

SnTe: Herman and Spicer (1968), Lin et al. (1967), Rabii (1969), Tung and Cohen
(1969).

Sb: Falicov and Lin (1966), Lin and Phillips (1966).

Te: Beissner (1966), Kramer and Thomas (1968), Picard and Hulin (1967).

Xe: Euwema and Stukel (1971), Reilly (1967).

Cs: Kenney (1967), Mahanti and Das (1969).

CsI: Onodera (1968).

Ba: Animalu (1967a), Johansen (1969), Vasvari et al. (1967).
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BaTiO;: Cardona (1965).

La: Fleming et al. (1968), Myron and Liu (1970).

LaCoOj;: Raccah and Goodenough (1967).

(La,Sr)Co0;: Raccah and Goodenough (1968).

Pr: Fleming et al. (1968, 1969), Myron and Liu (1970).

Nd: Fleming et al. (1968, 1969).

Eu: Andersen and Loucks (1968).

EuS: Cho (1967, 1969, 1970).

Gd: Dimmock and Freeman (1964),

Tb: Goodings (1968a, b), Jackson (1969), Mackintosh (1968), Mgller and Houmann
(1966).

Yb: Johansen and Mackintosh (1970), Piper et al. (1967), Thornley (1966).

Lu: Keeton and Loucks (1966a).

Ta: Mattheiss (1970).

W: Loucks (1965a, c, 1966a, 1967c), Mattheiss and Watson (1964), Mattheiss
(1965b).

Tungsten bronze, M, WO, : Mackintosh (1963).

Re: Mattheiss (1966).

ReO;: Honig et-al. (1969), Mattheiss (1969).

(IrX6)*~ complexes: Thornley et al. (1968).

Pt: Mueller et al. (1970b).

Pt-Pd: Froidevaux et al. (1968b).

Pt-Ir: Froidevaux ef al. (1968a).

Pt-Au: Froidevaux et al. (1965).

Au: Ballinger and Marshall (1969), Chatterjee and Chakraborty (1967), Chatterjee and
Sen (1968), Kupratakulu (1970), Kupratakulu and Fletcher (1969), Schlosser (1970,
Sommers and Amar (1969).

AuAl,: Switendick and Narath (1969).

AuMn: Overhauser (1962b).

AuZn: Johnson and Connolly (1970),

AuGa;: Switendick and Narath (1969).

AuPd: Karlsson et al. (1967),

Auln,: Switendick and Narath (1969).

Hg: Dishman and Rayne (1968), Keetor and Loucks (1966b), Mott (1966a).

HgTe: Gorzkowski (1965), Harman et al. (1964).

T1: Mackintosh et al. (1963).

Pb: Harrison (1965a), Loucks (1965b).

PbS: Dimmock and Wright (1964), Herman et al. (1968a), Lin and Kleinman (1967),
Rabii (1968).

PbSe: Dimmock and Wright (1964), Herman et al. (1968a), Lin and Kleinman (1967),

Rabii (1968).

PbTe: Buss and Parada (1970), Conklin et al. (1965), Dimmock and Wright (1964),
Herman et al. (1968a), Lin and Kleinman (1967), Parada and Pratt (1969), Pratt
and Ferreira (1964), Pratt and Parada (1967), Pratt et al. (1971), Tung and Cohen
(1969).

Bi: Ferreira (1967, 1968), Golin (1968).

Bi,Se;: Greenaway and Harbeke (1965).
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Bi-Sb: Lerner e al. (1968).

Bi,Tes: Greenaway and Harbeke (1965).

Ac: Keeton and Loucks (1966a).

Th: Gupta and Loucks (1969), Keeton and Loucks (1966a).

REFERENCES

ABARENKOV, I. V., and ANTONOVA, 1. M. (1967). The model potential for systems with
closed shells. Phys. Status Solidi 20, 643.

ABARENKOV, L. V., and HEINE, V. (1965). The model potential for positive ions. Phil.
Mayg. 12, 529.

ABARENKOV, 1. V., and VEDERNIKOV, M. V. (1966). The Fermi surface and thermoelectric
power in copper. Fiz. Tverd. Tela 8, 236. [Sov. Phys.—Solid State 8, 186 (1966).]

ABARENKOV, [. V., KrIsTOFEL, N. N., and PETRASHEN, M. 1. (1961). Calculation of the
optical properties of small-radius electron centers in ionic crystals. Opt. Spekirosk.
10, 487.

ABATE, E., and AsDENTE, M. (1965). Tight-binding calculation of 3d bands of Fe with
and without spin-orbit coupling. Phys. Rev. A 140, 1303.

ABRIKOSOV, A. A. (1967a). Formation of conductivity electron bound states with localized
spins in metals. Zh. Eksp. Teor. Fiz. 53, 1078.

ABRIKOSOV, A, A, (1967b). A ““soluble’ case of bound states of conductivity electrons
and magnetic impurity atoms. Zh. Eksp. Teor. Fiz. 53, 2019.

ABRIKOSOV, A. A. (1968). On the appearance of local bound states in a superconductor
with a magnetic impurity. Zh. Eksp. Teor. Fiz. 55, 380.

ABULAFHO, C. (1968). Intrinsic matrix elements in the s-d shell. Phys. Rev. 166, 974.

Apams, W, H. (1961). On the solution of the Hartree-Fock equation in terms of localized
orbitals. J. Chem. Phys. 34, 89.

Apams, W, H. (1962a). Orbital theories of electronic structure. J. Chem. Phys. 37,
2009.

Apams, W. H. (1962b). Hartree-Fock perturbation method. J Chem. Phys. 37, 2507.

Abpams, W. H. (1966). Correction of configuration-interaction wave functions by per-
turbation theory. J. Chem. Phys. 45, 3422.

Apams, W, H. (1967). Orbital self-consistent-field theory. I. General theory for multi-
configurational wave functions. Phys. Rev. 156, 109,

Apams, W. H. (1969). Orbital self-consistent-field theory. II. Natural orbital Hamil-
tonian. 1II. Hamiltonian for the natural orbitals of multiconfigurational wave
functions. Phys. Rev. 183, 31, 37.

ADLER, D. (1968). Mechanisms for metal-nonmetal transitions in transition-metal
oxides and sulfides. Rev. Mod. Phys. 40, T14.

ApLEr, D., and Brooks, H. (1965). Theory of semiconductor to metal transitions.
Phys. Solids High Pressures, Proc. Ist Int. Conf., Tucson, Ariz. p. 567.

ApLer, D., and Brooks, H. (1967). Theory of semiconductor-to-metal transitions.
Phys. Rev. 155, 826.

ADLER, D., and FeINLEIB, J. (1964). Semiconductor-to-metal transition in V,03. Phys.
Rev. Lert, 12, 700.

ADLER, D., and FeINLEB, J. (1969). Band structure of magnetic semiconductors. J.
Appl. Phys. 40, 1586.



Statistical Exchange in Seif-Consistent Field 49

ADLER, D., FEINLEIB, J., BROOKS, H., and PauL, W. (1967). Semiconductor-to-metal
transitions in transition-metal compounds. Phys. Rev. 155, 851.

ALDER, B., FERNBACH, S., and ROTENBERG, M., eds. (1968). * Methods in Computational
Physics,” Vol. 8: Energy Bands of Solids. Academic Press, New York.

ALEXANDER, S., and Horwrrz, G. (1967). Band-structure effects of itinerant-electron
magnetism II. Phys. Rev. 164, 642.

ALLAN, G., LoMER, W. M., LowDE, R. D., and WINDsOR, C. G. (1968a). Susceptibility
and intra-atomic exchange in nickel. Phys. Rev. Lett. 20, 933.

ALLAN, G., LEMAN, G., and LENGLART, P. (1968b). Structure of the d-band of nickel,
palladium and platinum in Is coupling. J. Phys. (Paris) 29, 885. Tight-binding.

ALSTRUP, I, and JoHANSEN, K. (1968). Empirical third neighbor LCAO energy bands of
silicon. Phys. Stqtus Solidi 28, 555.

ALTMANN, S. L., and BrabLEY, C. J. (1965). The band structure of hexagonal close-
packed metals. 1. The cellular method. Proc. Phys. Soc., London 86, 915.

ALTMANN, S. L., and BRADLEY, C. J. (1967). The band structure of hexagonal close-packed
metals. IL. S¢, Ti, Y, and Zr. Proc. Phys. Soc., London 92, 764.

ALTMANN, S. L., Davies, B. L., and HaRFORD, A. R. (1968). A crucial test of the cellular
method. Proc. Phys. Soc., London (Solid State Phys.) 1, 1633.

AMAR, H., Jounson, K. H., and WanNG, K. P. (1966). Electronic structure of I,B—IIB
beta-phase alloys. Phys. Rev. 148, 672.

AMAR, H., Jounson, K. H., and SomMeRrs, C. B. (1967). Electronic structure of alpha
brass. Phys. Rev. 1583, 655.

ANDERSEN, O. K. (1970). Band-structure effects in the high-field magnetization of Pd
and dilute Pd-Rh and Pd-Ag alloys. J. Appl. Phys. 41, 1225.

ANDERSEN, O. K. (1971). Comments on the KKR wave functions; Extension of the
spherical wave expansion beyond the muffin tins. In “ Computational Methods in
Band Theory” (P. M. Marcus, J. F. Janak, and A. R. Williams, eds.) p. 178.
Plenum, New York.

ANDERSEN, O. K., and Loucks, T. L. (1968). Fermi surface and antiferromagnetism in
europium metal, Phys. Rev. 167, 551,

ANDERSON, P. W, (1965). Localized magnetic states in metals. Proc. Int. Conf. Magnetism,
London p. 17.

ANDERSON, P. W. (1967). Ground state of a magnetic impurity in a metal. Phys. Rev.
164, 352.

ANDERSON, P. W. (1968a). Method of calculating molecular wave functions and binding
energies. Phys. Rev. Lett. 20, 413,

ANDERSON, P. W. (1968b). Self-consistent pseudopotentials and ultralocalized functions
for energy bands. Phys. Rev. Lett, 21, 13.

ANDERSON, P. W, and YuvaL, G. (1969). Exact results in the Kondo problem: Equiva-
lence to a classical one-dimensional Coulomb gas, Phys. Rev. Lett. 23, 89.

ANIMALU, A. O. E. (1966). The spin-orbit interaction in metals and semiconductors.
Phil. Mag. 13, 53.

ANIMALU, A. O. E. (1967a). Electronic theory of phase transitions in Ca, Sr, and Ba
under pressure. Phys. Rev. 161, 445. Screened model potential.

ANIMALU, A. O. E. (1967b). Optical conductivity of simple metals. Phys. Rev. 163, 557.

AnmMaLU, A. O. E. (1967c). Self-consistent theory of optical transitions in simple
metals. Phys. Rev. 163, 562.

ANIMALU, A. O. E., and HEINE, V. (1965). The screened model potential for 25 elements.
Phil. Mag. 12, 1249.



50 John C. Slater

Arai, T. (1968a). Cumulant expansion of localized-electron model for antiferromagnetic
insulators. Phys. Rev. 165, 706.

Aral, T. (1968b). Correlations among localized and weakly metallic electrons. Rev.
Mod. Phys. 40, 800.

ARral, T., and GasrieL, J. R. (1967). Cluster expansion of an inverse overlap matrix
for solids. J. Math. Phys. 8, 1018.

Aral, T., and GoopMan, B, (1967). Cumulant expansion and Wick’s theorem for spins.
Application to the antiferromagnetic ground state. Phys. Rev. 155, 514.

ARBMAN, G., and KoeLLING, D. D, (1971). An RAPW expanded basis set. I *“ Computa-
tional Methods in Band Theory” (P. M. Marcus, J. F. Janak, and A. R. Williams,
eds.), p. 33. Plenum, New York.

ARGYRES, P. N. (1967). The virial theorem for a system of interacting particles under
external forces and constraints. Int. J. Quantum Chem., Symp. 1, 669.

ARLINGHAUS, F. J. (1967a). Energy bands in ordered beta-brass. Phys. Rev. 157, 491.
APW.

ARLINGHAUS, F. J. (1967b). Energy bands in ordered beta brass. Int. J. Quantum Chem.,
Symp. 1, 605.

ARLINGHAUS, F. J. (1969). Energy bands and Fermi surface of ordered beta-brass. Phys.
Rev. 186, 609.

AsanNo, S., and YAMASHITA, J. (1967). Band theory of anti-ferromagnetic chromium.
J. Phys. Soc. Jap. 23, 714.

ASDENTE, M., and DEeLITALA, M. (1967). Magnetocrystalline energy, electronic charge
distribution, and Fermi surface of iron from a tight-binding calculation. Phys.
Rev. 163, 497,

ASDENTE, M., and DeuiTaLA, M. (1968). Some properties of iron deduced from a tight-
binding calculation. J. Appl. Phys. 39, 1284,

ASHCROFT, N. W. (1965). Fermi surfaces of potassium and rubidium. Phys. Rev. A
140, 935. Pseudopotential.

AsHCROFT, N. W. (1966). Electron-lon pseudopotentials in metals. Phys. Letr. 23,
48,

ASHCROFT, N. W. (1967). The hard core dimensions of the noble gas atoms. Physica
(Utrecht) 35, 148.

ASHCROFT, N. W. (1968a). Metallic hydrogen: A high-temperature superconductor?
Phys. Rev. Lett. 21, 1748.

Asacrort, N. W. (1968b). Electron-ion pseudopotentials in the alkali metals. Proc.
Phys. Soc., London (Solid State Phys.) 1, 232.

AsHCrOFT, N. W, (1971). Exact solution of the two-band density of states problem.
In ¢ Computational Methods in Band Theory” (P. M. Marcus, J. F. Janak, and
A. R. Williams, eds.), p. 368. Plenum, New York.

AsHCROFT, N. W., and LANGRETH, D. C. (1967). Compressibility and binding energy of
the simple metals. Phys. Rev. 158, 682.

AsHCROFT, N. W., and LEKNER, J. (1966). Structure and resistivity of liquid metals. Phys.
Rev.. 145, 83.

AsHcroFT, N. W., and MarcH, N. H. (1967). Structure factor and direct correlation
function for a classical hard sphere fluid. Proc. Roy. Soc., Ser. A 297, 336.

AU-YANG, M. Y., and CoHEN, M. L. (1969). Electronic structure and optical properties
of Mg,Si, Mg,Ge, and Mg,Sn. Phys. Rev. 178, 1358. Pseudopotential.



Statistical Exchange in Self-Consistent Field 51

BALLINGER, R. A, and Marsuatr, C. A. W, {(1967). Study of potentials suitable for
band structure calculations of the noble metals, I. Copper. Proc. Phys. Soc.,
London 91, 203,

BALLINGER, R. A. and MARSHALL, C. A. W, (1969). Study of potentials suitable for
band structure calculations of the noble metals. II. Silver and gold. Proc. Phys.
Soc., London (Solid State Phys.) 2, 1822.

BarDaAsTs, A., and Hong, D. (1967). Many-body effects in the optical properties of semi-
conductors. Phys. Rev. 153, 849. Almost free electrons.

BARDASIS, A., FALK, D. S. FERRELL, R. A., FULLENBAUM, M. S., PrRANGE, R. E., and
MiLLs, D. L. (1965). Possibility of long-range spin polarization in a degenerate
electron gas. Phys. Rev. Lett. 15, 298.

Bassani, F., and Parravicing, G. P. (1967). Band structure and optical properties of
graphite and of the layer compounds Ga$S and GaSe. Nuovo Cimento B 50, 95.
BEEBY, J. L. (1966). Ferromagnetism in the transition metals. Phys. Rev. 141, 781,

Hubbard Hamiltonian.

BeeBy, J. L. (1967a). Heisenberg exchange Hamiltonian from narrow energy band
theory. Proc. Phys. Soc., London 90, 765.

Beesy, J. L., (1967b). Alloy theory description of transition metals: The band shift
effect. Proc. Phys. Soc., London 90, 779,

BEEBY, J. L. (1967c). The density of electrons in a perfect or imperfect lattice. Proc. Roy.
Soc., Ser. A 302, 113.

Beemy, J. L., and HuBBaArD, J. (1968). Spin-waves in the paramagnetic phase. Phys.
Lett. A 26, 376.

BEissNER, R. E. (1966). Electron energy bands in tellurium. Phys. Rev. 145, 479. Pseudo-
potential.

BeLEzNAY, F., and Biczo, G. (1964). Approximate computation of the energy band
structure of native DNA. J. Chem. Phys. 41, 2351.

BELEZNAY, F., and LAWRENCE, M. J. (1968. The “ muffin-tin "’ approximation in the cal-
culation of electronic band structures. Proc. Phys. Soc., London (Solid State Phys.) 1,
1288.

BeNNETT, A. J., and Dukg, C. B. (1967a). Self-consistent-field model of bimetallic
interfaces. I. Dipole effects. Phys. Rev. 160, 541.

BENNETT, A. J., and Dukg, C. B. (1967b). Metallic interfaces. 1I. Influence of the
exchange-correlation and lattice potentials. Phys. Rev. 162, 578. One-dimensional
model.

BenstoN, M. L., and CHoNg, D. P. (1968). Multi-configurational self-consistent field
theory with non-orthogonal orbitals. Mol. Phys. 14, 449.

BerGSTRESSER, T. K., and CoHeN, M. H. (1966). The electronic structure of hexagonal
zinc sulfide. Phys. Lett. 23, 8.

BerGsTreSSER, T. K., and Conen, M. H. (1967). Electronic structure and optical pro-
perties of hexagonal CdSe, CdS, and ZnS. Phys. Rev. 164, 1069. Pseudopotential.

BERRONDO, M., and Goscinskl, O. (1969). Local exchange approximation and the virial
theorem. Phys. Rev. 184, 10.

BHATNAGAR, S. (1969). Energy bands for silver by the augmented-plane-wave method.
Phys. Rev. 183, 657.

BLANDIN, A., PErrIER, J., and TourLouse, G. (1967). Magnetic impurity in a metal:
Methods of approaching Kondo’s problem. C. R. Acad. Sci. 265, 719.



52 john C. Slater

BLANDIN, A. (1968). Magnetic impurities in metals. J. Appl. Phys. 39, 1285.

Broom, S., and BerGsTresser, T. K. (1968). Band structure of «-Sn, InSb and CdTe
including spin-orbit effects. Solid State Commun. 6, 465. Pseudopotential.

BoRING, A. M. (1968). Spin polarized energy bands in sodium. Inz. J. Quantum Chem.,
Symp. 2, 265. APW.

BoRING, A. M., and SNow, E. C. (1971). Crystal potentials used in energy band theory.
In “ Computational Methods in Band Theory.” (P. M. Marcus, J. F. Janak, and
A. R. Williams, eds.), p. 495. Plenum, New York.

BraHlMs, S., NIKITINE, S., and DaHL, J. P. (1966). On the band structure and the absorp-
tion spectrum of Cu,O. Phys. Lert. 22, 31.

Branms, S., DaHt, J. P, and Nikiming, S. (1967). Band structure and absorption
spectrum of Cu,O. J. Phys. (Paris) Suppl. §/6, C3-32-5.

Brewen, E. (1968). Bonding and structures of transition metals. Science 161, 115.

Brews, J. R. (1967). Energy band changes in perovskites due to lattice polarization.
Phys. Rev. Lert. 18, 662. LCAO.,

Bross, H., Boun, G., MzisTER, G., ScHusO, W., and StoHr, H. (1971). New version of
the modified augmented-plane-wave method. In ** Computational Methods in
Band Theory™ (P. M. Marcus, J. F. Janak, and A. R. Williams, eds.), p. 44.
Plenum, New York.

BrusT, D. (1964). Electronic spectra of crystalline germanium and silicon. Phys. Rev. A
134, 1337. Pseudopotential.

BrusT, D. (1968). The pseudopotential method and the single-particle electronic excita-
tion spectra of crystals. In *“Methods in Computational Physics” (B. Alder, S.
Fernbach, and M. Rotenberg, eds.), Vol. 8, p. 33. Academic Press, New York.

Buss, D. D., and Paraba, N. J. (1970). Calculations of the optical constants of PbTe
from augmented-plane-wave k * p energy bands. Phys. Rev. B 1, 2692. APW.

Burier, F. A., and Brown, E. (1968). Model calculations of magnetic band structure.
Phys. Rev. 166, 630.

BUTLER, F. A., BLooM, K., Jr., and BrRown, E. (1969). Modification of the orthogona-
lized-plane-wave method applied to copper. Phys. Rev. 180, 744.

Carass, J. L. (1967). Solid-state calculations in Uppsala. Int. J. Quantum Chem., Symp.
1, 661,

Carats, J. L., Mansikka, K., PETTERSSON, G., and VALLIN, J. (1967). A calculation of
the cohesive energy and elastic constants of MgQ. Ark. Fys. 34, 361. LCAO.

CaLLawAyY, J. (1964). * Energy Band Theory.” Academic Press, New York.

CarLraway, J. (1968a). Spin waves in a model ferromagnetic metal. Phys. Rev. 170,
576,

CaLLaway, J. (1968b). Spin waves in ferromagnetic metals. Phys. Lett. A 27, 215.

Carraway, J. (1968c). Spin waves in metals. Int. J. Quantuin Chem., Symp. 2, 277.

CarLaway, J. (1969). Spin waves in ferromagnetic metals. J. Appl. Phys. 40, 1108.

Carraway, J., and Caow, R. K. M. (1966). Energy dependence of the optical potential
for electrons. Phys. Rev. 145, 412.

CaLLaway, J., and Fry, J. L. (1971). Towards self-consistency with the tight binding
approximation. In ** Computational Metheds in Band Theory” (P. M. Marcus,
J. F. Janak, and A. R. Williams, eds.), p. 512. Pienum, New York.

Carraway, J., and HuGHss, A. J. (1967a). Localized states associated with defects in
semiconductors. Phys. Rev. 156, 860.



Statistical Exchange in Self-Consistent Field 53

CaLLAWAY, J., and HUGHES, A. J. (1967b). Localized defects in semiconductors: the
divacancy in silicon. Phys. Rev. 164, 1043. Tight binding, model potential.

CAaLLAWAY, J., and ZuaNg, H. M. (1968). Spin waves in ferromagnetic nickel. Phys.
Lert. A 28, 269.

CaLLAWAY, J., and ZHANG, H. M. (1970). Band structure, spin splitting, and spin-wave
effective mass in nickel. Phys. Rev. B 1, 305.

CALLAWAY, J., ZHANG, H. M., NorwooD, T. E.,and LANGLINAIS, J. (1971). Tight-binding
calculation of energy bands in nickel. Int. J. Quantum Chem., Symp. 4, 425.

CARDONA, M. (1965). Optical properties and band structure of SrTiO, and BaTiO;.
Phys. Rev. A 140, 651.

CARDONA, M. (1967). Band structure of gray tin under uniaxial stress. Solid State
Commun. 5, 233.

CARDONA, M. and PoLLak, F. H. (1966). Energy-band structure of germanium and
silicon: the k - p method. Phys. Rev. 142, 530.

CARDONA, M., PoLLaAKk, F. H., and BROERMAN, J. G. (1965). Band structure of gallium
arsenide: spin orbit splitting, Phys. Lett. 19, 276.

CaroN, L. G., and PraTT, G. W., JR. (1968). Correlation and magnetic effects in narrow
energy bands. II. Rev. Mod. Phys. 40, 802.

CEeLLI, V., and MoranpI, G. (1967). Dynamical screening and magnetic phases for elec-
trons in solids. Nuovo Cimento B 50, 72.

CeLLl, V., and ZUCKERMANN, M. J. (1967). Magnetic impurities and superconduc-
tivity below the Kondo temperature. Phys. Lett. A 25, 305. Temperature-dependent
Green’s function.

CELLL, V., and MoraNDI, G., and FaNo, G. (1966). Long wavelength modes and Sta-
bility of a spin-density-wave structure in a Fermi gas, Nuovo Cimento 43, 42.
CHANEY, R. C,, Tung, T. K., LiN, C. C, and Laron, E. E. (1970). Application of the
Gaussian-type orbitals for calculating energy band structures of solids by the method

of tight binding. J. Chem. Phys. 52, 361.

CHATTERJEE, S., and CHAKRABORTY, D. K. (1967). Band energy of gold. Indian J. Phys.
41, 134,

CHATTERIEE, S., and CHAKRABORTY, D. K (1970). Energy band structure and Fermi
surface of calcium by the orthogonalized plane wave method. Proc. Phys. Soc.,
London (Solid State Phys.) 3, 5120.

CHATIERJEE, S., and SEN, S. K. (1966). Study of the Fermi surface of silver by the ortho-
gonalized plane wave method. Proc. Phys. Soc., London 87, 779.

CHATTERJEE, S., and SeN, S. K. (1967). Theoretical energy band structure of silver by
the composite wave variational method. Proc. Phys. Soc., London 91, 749.

CHATTERIJEE, S., and SEN, S. K. (1968). Energy band structure of noble metals. Proc.
Phys. Soc., London (Solid Srate Phys.) 1, 759.

Cuaves, C. M, MajLis, N., and Carpona, M. (1966). Electronic energy bands in
GaAs for imaginary crystal momentum. Solid State Commun. 4, 631.

CHo, S. J. (1967). Spin-polarized electronic energy-band structure in EuS. Phys. Rev.
157, 632. APW.

Cuo, S. J. (1969). Antiferromagnetic exchange mechanism in europium chalcogenides.
Phys. Lett. A 29, 129.

CHo. S. J. (1970). Spin-polarized energy bands in Eu-chalcogenides by APW methods.
Phys. Rev. B 1, 4589.



54 John C. Slater

Cuow, P. C., and KLeINMAN, L. (1967). Core rearrangement and Hartree-Fock ioniza-
tion energies. Phys. Rev. 162, 105.

Crow, P. C,, and Liu, L. (1965). Relativistic effects on the electronic band structure of
compound semiconductors. Phys. Rev. A 140, 1817.

CLOGSTON, A. M. (1967). Range of a static spin perturbation in palladium. Phys. Rev.
Lert. 19, 583,

Couten, M. L., and BercstrEsser, T. K. (1966). Band structures and pseudopotential
form factors for fourteen semiconductors of the diamond and zinc-blende structures.
Phys. Rev. 141, 789.

CoHen, M. L., and Hsing, V. (1970). The fitting of pseudopotentials to experimental
data and their subsequent applications. Solid State Phys. 24, 38.

Conen, M. L., Lin, P. J., RogssLEr, D. M., and WaLKer, W. C. (1967). Ultraviolet
optical properties and electronic band structure of magnesium oxide. Phys. Rev.
155, 992.

Coruins, T. C., StukeL, D. J.,and EUWEMA, R. N. (1970). Self-consistent orthogonalized-
plane-wave band calculation on GaAs. Phys. Rev. B 1, 724.

Coruins, T. C., Euwema, R. N., StuksL, D. J., and WEeprer, G. G. (1971). Valence
electron density of states of ZnSe obtained from an energy dependent exchange
approximation. Int. J. Quantum Chem., Symp. 4, 77.

Conpon, E. U., and Opasast, H. (1966). Spin-orbit interaction in self-consistent fields.
In “Quantum Theory of Atoms, Molecules, and the Solid State ” (P.-O. Lowdin,
ed.), p. 185. Academic Press, New York.

ConkLIN, J. B., Jr., and SiLversMITH, D. J. (1968). Energy-band structure and binding
mechanism of TiC. Int. J. Quantum Chem., Symp. 2, 243. APW.

ConkLin, J. B., JrR., JoHnsoNn, L. E., and PratT, G. W., JR. (1965). Energy bands in
PbTe. Phys. Rev. A. 137, 1282. APW,

ConnoLLy, J. W. D. (1967a). A seif-consistent calculation of the energy bands in ferro-
magnetic nickel. Int. J. Quantum Chem., Symp. 1, 615. APW.

ConnoLLy, J. W. D. (1967b) Energy bands in ferromagnetic nickel. Phys. Rev. 159,
415. APW.

ConnNoLLy, J. W. D. (1968). The energy band structure of magretic transition metals.
Int. J. Quantum Chem., Symp. 2, 257.

ConnoLLy, J. W. D. (1970). Excited states in metallic Al. Inz. J. Quantum Chem., Symp.
3, 807. APW,

ConnorLy, J. W. D. (1971a). The comparison between theoretical and ““ experimental”™
band structures. Int. J. Quantum Chem., Symp. 4, 419.

ConnNoLvry, J. W. D. (1971b). A comparison of different computer-oriented methods for
the energy bands of solids. In ** Computational Methods in Band Theory” (P. M.
Marcus, J. F. Janak, and A. R. Williams, eds.), p. 3. Plenum Press, New York.

Coorer, B. R., KrEIGER, E. L., and Secarr, B. (1971). Phase shift parametrization:
Band structure of silver. In ** Computational Methods in Band Theory” (P. M.
Marcus, J. F. Janak, and A. R. Williams, eds.), p. 207. Plenum, New York. KKR.

CorNweLL, J. F., HuMm, D. M., and Wong, K. C. (1968). Density of states in iron.
Phys. Lett. A 26, 3685,

CouLTHARD, M. A. (1967a). Calculation of relativistic effects in many-electron hyperfine
structure. Proc. Phys. Soc., London 90, 615.

CoULTHARD, M, A. (1967b). A relativistic Hartree-Fock atomic field calculation. Proc
Phys. Soc., London 91, 44,



Statistical Exchange in Self-Consistent Field 55

Cowan, R. D. (1967). Atomic self-consistent-field calculations using statistical approxi-
mations for exchange and correlation. Phys. Rev. 163, 54.

Cowan, R. D., Larson, A. C., LiBERMAN, D. A, ManN, J. B, and WABER, J. T. (1966).
Statistical approximation for exchange in self-consistent-field calculations of the
ground state of neutral argon. Phys. Rev. 144, 5.

Cowarp, L. A., and LEg, P. M. (1968). Screening around cores in an electron gas.
Proc. Phys. Soc., London (Solid State Phys.) 1, 56.

CRAVEN, J. E. (1969). Band structure and fermi surface of white tin as derived from de
Haas-van Alphen data. Phys. Rev. 182, 693.

DaHL, J. P. 1965). Correction and extension of Evjen’s method for evaluating crystal
potentials by means of lattice sums. J. Phys. Chem. Solids 26, 33.

DanL, J. P. (1967). The band structure of cuprous oxide. J. Phys. (Paris) Suppl. 5§/6,
C3-31.

DAHL, J. P., and SwITENDICK, A. C. (1966). Energy bands in cuprous oxide. J. Phys.
Chem. Solids 27, 931. APW,

Davrton, N. W. (1971). Approximate KKR band-structure schemes for transition metals.
In * Computational Methods in Band Theory” (P. M. Marcus, J. F. Janak, and
A. R. Williams, eds.), p. 225. Plenum, New York.

DaLTON, N. W., and DEEGAN, R. A. (1969). On structure of transition metals. II.
Computed densities of states. Proc. Phys. Soc., London (Solid State Phys.) 2,
2369. KKR.

DANIEL, E. (1967). Band structure and optical spectra of nonconducting solids. J. Phys.
(Paris) Suppl. 5/6, C3-12-19.

DaANIEL, E., and FRIEDEL, J. (1963). The polarization of the spin of conduction electrons
in ferromagnetic metals. J. Phys. Chem. Solids 24, 1601.

DanNiEL, E., and FrIeDeL, J. (1965). Localized states in dilute alloys. Low Temp. Phys.,
Proc. 9th Int. Conf., Columbus, Ohio, 1964 Part B, p. 933.

Das, A. K., and DE ALBA, E. (1969). Screening of charged impurity in metals in magnetic
field. Proc. Phys. Soc., London (Solid State Phys.) 2, 852.

Davis, H. L. (1968). The hyperfine field in metallic copper appropriate to a Fermi-
surface electron. Phys. Lett. A 28, 85.

Davis, H. L. (1971). Efficient numerical techniques for the calculation of KKR structure
constants. In “ Computational Methods in Band Theory > (P. M. Marcus, J. F.
Janak, and A. R. Williams, eds.), p. 183. Plenum, New York.

Dauvis, H. L., FAULKNER, J. S., and Joy, H. W, (1968). Calculation of the band structure
for copper as a function of lattice spacing. Phys. Rev. 167, 601. KKR.

DE Cicco, P. D. (1967). Self-consistent energy bands and cohesive energy of potassium
chloride. Phys. Rev. 153, 931. APW.

DEe Cicco, P. D. (1971a). Compton scattering of X-rays from solids in the one-electron
model. Int. J. Quantum Chem., Symp. 4, 437.

Dt Cicco, P. D. (1971b). Energy bands by the LCAO cellular method. In “ Computa-
tional Methods in Band Theory ™ (P. M. Marcus, J. F. Janak, and A. R. Williams,
eds.), p. 296. Plenum, New York.

DE Cicco, P. D., and Kirz, A. (1967). Calculation of neutrom and X-ray scattering
amplitudes for bee iron. Phys. Rev. 162, 486.

DEEGAN, R. A. (1968a). Structure dependence of d bands in transition metals. Phys. Rev.
171, 659.

DEeGAN, R. A. (1968b). On the structure of the transition metals. Proc. Phys. Soc.,



56 John C. Slater

London (Solid State Phys.) 1, 763.

DeeGaN, R. A. (196%9a). Total energy of d-band metals: Alkaline-earth and nobie
metals. Phys. Rev. 186, 619.

Deecan, R, A. (1969b). Alternative transition-metal pseudopotential. Phys. Rev. 188,
1170.

DeeGaN, R. A., and Twose, W. D. (1967). Modifications to the orthogonalized-plane-
wave method for use in transition metals: Electronic band structure of niobium.
Phys. Rev. 164, 993,

DE LEENER, M., and BELLEMANS, A. (1965). Ground-state energy of an electron gas in a
lattice of positive ions—cohesive energy of alkali metals and alloys. J. Chem. Phys.
43, 3075. Pseudopotential.

DiaMmonp, J. B. (1971). Computational method for generalized susceptibility. In *“Com-
putational Methods in Band Theory™ (P. M. Marcus, J. F. Janak, and A. R.
Williams, eds.), p. 347. Plenum, New York. ’

Dimmock, J. O. (1965). On the symmetry of spin configurations in magnetic crystals.
Proc. Int. Conf. Magnetism, London p. 489.

Dimmock, J. 0. (1967). Introduction to the theory of exciton states, in semiconductors.
In * Semiconductors and Semimetals” (R. K. Willardson and A. C. Beer, eds.),
Vol. 3. Academic Press, New York.

DmMmock, J. O., and Freeman, A. J. (1964). Band structure and magnetism of gado-
tintum metal. Phys. Rev. Lett. 13, 750. APW.

Dimmock, J. O., and WRIGHT, G. B. (1964). Band edge structure for PbS, PbSe, and
PbTe. Phys. Rev. A 135, 821.

DimMmock, J. O., FREemaN, A. J., and WaTtson, R. E. (1965). Band structure of gado-
linium metal. J. Appl. Phys. 36, 1142.

DisnMan, J. M., and RAYNE, J. A. (1968). Magnetoresistance and Fermi surface topology
of crystalline mercury. Phys. Rev. 166, 728.

DoGGETT, G. (1965a). Excited electronic states of diamond. Proc. Phys. Soc., London
86, 393.

DoGGEeTT, G. (1965b). Calculation of charge densities in some metal-carbon monoxide
systems. Trans. Faraday Soc. 61, 392.

DoGGETT, G. (1966). Spin-Orbit splitting of the valence band in IV-IV and HI-V semi-
conductors. J. Phys. Chem. Solids 27, 99.

DoniacH, S. (1966). Theory of low-temperature resistance anomalies in dilute alloys.
Phys. Rev. 144, 382.

Doniach, S. (1967). Effect of band structure on mass renormalization in palladium.
Phys. Rev. Lett. 18, 554.

DonNiacH, S. (1968a). Kondo problem at low temperatures. Phys. Rev. 173, 599.

DowniacH, S. (1968b). Relation of spin-fluctuation-induced mass renormalization to
nuclear magnetic relaxation in transition metals and alloys. J. Appl. Phys. 39,
483.

DoniacH, S. (1968c). Implications of band-structure studies on the understanding of
magnetic properties of the ferromagnetic transition metals. J. Appl. Phys. 39, 751
(1968).

DoniacH, S. (1971). Single-particle states in many-body systems. In * Computational
Methods in Band Theory™ (P. M. Marcus, J. F. Janak, and A. R. Williams, eds.),
p. 500. Plenum, New York.



Statistical Exchange in Self-Consistent Field 57

DONIACH, S., and ENGELSBERG, S. (1966). Low-temperature properties of nearly ferro-
magnetic Fermi liquids. Phys. Rev. Lett. 17, 750.

DoNiAcH, S., and MARTIN, D. H. (1965). Magneto-optical behavior of ferromagnetic
metals. Low Temp. Phys., Proc. 9th Int. Conf., Columbus, Ohio, 1964 Part B,
p. 908.

DoNIAcH, S., and Murani, A. P. (1966). Spin degeneracy of giant moments in dilute
alloys. Solid State Commun. 4, 525.

DoniacH, S., and WoOHLFARTH, E. P. (1965). Spin waves and the Stoner criterion for
weakly magnetic alloys. Phys. Lerz. 18, 209.

DoONIACH, S., and WoHLFARTH, E. P. (1967). Theory of the magnetic properties of dilute
palladium-iron alloys. Proc. Roy. Soc., Ser. A 296, 442.

DRESSELHAUS, G. (1969). The Fermi surface and optical properties of copper. Solid State
Commun. 7, 419. Fourier expansion.

DRESSELHAUS, G., and DRESSELHAUS, M. S. (1965). Spin-orbit interaction in graphite.
Phys. Rev. 4 140, 401.

DRESSELHAUS, G., and DRESSELHAUS, M. S. (1967a). Fourier expansion for the electronic
energy bands in silicon and germanium. Phys. Rev. 160, 649,

DRrESSELHAUS, G., and DRESSELHAUS, M. S, (1967b). An effective Hamiltonian for the
optical properties of silicon and germanium. Int. J. Quantum Chem., Symp. 1,
595.

DURKAN, J., and MarcH, N. H. (1968). Magnetic field dependent impurity states in
n-type InSb. Proc. Phys. Soc., London (Solid State Phys.) 1, 1118.

DURKAN, J., ELuioTT, R. J., and MaRrcH, N. H. (1968). Localization of electrons in
impure semiconductors by a magnetic field. Rev. Mod. Phys. 40, 812.

EckeLt, P. (1967). Energy band structures of cubic ZnS, ZnSe, ZnTe, and CdTe
(Korringa-Kohn-Rostoker method). Phys. Status Solidi 23, 307.

EckeLT, P., MADELUNG, O., and TreuscH, J. (1967). Band structure of cubic ZnS
(Korringa-Kohn-Rostoker method). Phys. Rev. Lett. 18, 656.

Epwarbs, D. M. (1967a). Spin wave energies in the band theory of ferromagnetism.
Proc. Roy. Soc., Ser. A 300, 373.

Epwarps, D. M. (1967b). Simplified expressions for spin wave energies in the band model
of ferromagnetism. Phys. Lett. A 24, 350.

Epwarps, D. M. (1968). Stability of the ferromagnetic state in the band model. J.
Appl. Phys. 39, 481.

EpwarbDs, D. M. (1969). Spin waves and other magnetic excitations in non-ferromagnetic
metals. Proc. Phys. Soc., London (Selid State Phys.) 2, 84.

EpwarDps, D. M., and Hewson, A. C. (1968). Comment on Hubbard’s theory of the
Mott transition. Rev. Mod. Phys. 40, 810.

EpwarDps, D. M., and Newns, D. M. (1967). Electron interaction in the band theory of
chemisorption. Phys. Lett. A 24, 236.

Epwarps, D. M., and WOHLFARTH, E. P. (1968). Magnetic isotherms in the band model
of ferromagnetism. Proc. Ray. Soc., Ser. A 303, 127.

EDpWARDS, S. F. (1965). The density of states and Boltzmann equation for electrons in
disordered systems. Proc. Phys, Soc., London 85, 1.

EDWARDS, S. F. (1967). Electronic structure of liquid metals. Advan. Phys. 16, 359.

Epwarps, S. F., and HiLLEL, A. J. (1968). Crystallization and magnetic ordering of an
electron gas. Proc. Phys. Soc., London (Solid State Phys.) 1, 61.



58 John C. Slater

Epwarps, S. F., and SHERRINGTON, D. (1967). A new method of expansion in the quan-
tum many-body problem. Proc. Phys. Soc., London 90, 3.

EnreNreicH, H. (1963). The optical properties of metals. IEEE Spectrum 2, 162.

EHRENREICH, H., and HobpGts, L. (1968). Interpolation scheme for the band structure of
transition metals with ferromagnetic and spin-orbit interactions. In ** Methods in
Computational Physics ” (B. Alder, S. Fernbach, and M. Rotenberg, eds.), Vol. 8,
p. 149. Academic Press, New York.

EHReNREICH, H., and PuiLier, H. R. (1964). Band-theoretic view of ferromagnetic
nickel. J. Appl. Phys. 35, 739.

Ecis, D. E. (1968). Application of diophantine integration to Hartree-Fock and con-
figuration interaction calculation. Int. J. Quantum Chem. Symp. 2, 35.

Eruss, D. E., and FreemaN, A. J. (1968). Model calculations for the study of direct and
superexchange interactions. J. Appl. Phys. 39, 424.

Eruss, D, E., and FREEMAN, A J. (1970). Covalency, spin densities, and neutron magnetic
scattering. J. Appl. Phys. 41, 937.

Erus, D. E.. FREeMaN, A. J. and WaTson, R. E. (1965). Covalency and magnetic pro-
perties of 3d ions. Proc. Int. Conf. Magnetism, London p. 335.

Eruis, D. E., FReeman, A. J., and Ros, P. (1967). Open-shell Hartree-Fock molecular
orbital theory of transition metal ion compiexes: KNiF;. J. Appl. Phys. 38, 1051.

Eruis, D. E., FREEMAN, A. J., and Ros, P. (1968). Theory of transition-metal complexes:
Unrestricted Hartree-Fock molecular-orbital method and its application to KNiF; .
Phys. Rer. 176, 688.

ErN, V., and SwITENDICK, A. C. {1965). Electronic band structure of TiC, TiN, and
TiO. Phys. Rev. A 137, 1927.

EuweMa, R. N., and StukkL, D. J. (1970). Orthogonalized-plane-wave convergence of
some tetrahedral semiconductors. Phys. Rev. B 1, 4692.

EuweMma, R. N., and Stuker, D. J. (1971). Relativistic exchange approximation study
for He, Ne, Ar, Kr, and Xe. Int. J. Quantum Chem., Symp. 4, 55.

Euwema, R. N., Coruins, T. C., SHANKLAND, D. G., and DeWITT, J. S. (1967). Con-
vergence study of a self-consistent orthogonalized-plane-wave band calculation for
hexagonal CdS. Phys. Rer. 162, 710.

Euwema, R. N., Stukec, D. J., Corrins, T, C. DEWITT, J. S., and SHANKLAND, D. C.
(1969). Crystalline interpolation with application to Brillouin-zone averages and
energy-band interpolation. Phys. Rev. 178, 1419.

EuweMa, R. N., STUKEL, D. J.. and CoLLins, T. C. (1971). Self-consistent orthogonalized-
plane-wave calculations. In * Computational Methods in Band Theory” (P. M.
Marcus, J. F. Janak, and A. R. Williams, eds.), p. 82. Plenum New York.

Evinson, W. E., and Liu, S. H. (1969). Theory of magnetic ordering in the heavy rare
earths. Phys. Rev. 178, 783.

Evenson, W, E., FLEMING. G. S., and Liu, S. H. (1969). Generalized susceptibilities and
magnetic properties of some bec transition metals. Phys. Rev. 178, 930. APW.
Evenson, W. E., SCHRIEFFER, J, R., and WaNG, S. Q. (1970). New approach to the theory
of itinerant electron ferromagnets with local-moment characteristics. J. Appl.

Phys. 41, 1199.

Fauicov, L. M. (1965). The influence of pressure on the band structure of solids.
Phys. Solids High Pressures, Proc. Ist Int. Conf., Tucson, Ariz. p. 30.

Faticov, L. M., and LIN, P. J. (1966). Band structure and Fermi surface of antimony:
Pseudopotential approach. Phys. Rev. 141, 562.



Statistical Exchange in Self-Consistent Field 59

FaLicov, L. M,, and PenN, D. R. (1967). Concentration dependence of the spin-density-
wave periodicity in antiferromagnetic chromium alloys. Phys. Rev. 158, 476.

FaLicov, L. M., and PenN, D. R. (1968). Concentration dependence of the spin-density-
wave periodicity in antiferromagnetic chromium alloys. J. Appl. Phys. 39, 1103.

Favlicov, L. M., and RuvaLps, J. (1968). Symmetry of the wave functions in the band
theory of ferromagnetic metals. Phys. Rev. 172, 498.

FaLicov, L. M., and StacHOWIAK, H. (1966). Theory of the de Haas-van Alphen effect
in a system of coupled orbits. Application to magnesium. Phys. Rev. 147, 505.
FaLicov, L. M., and ZuckerMmanN, M. I. (1967). Magnetic breakdown, Fermi surface,
and galvanomagnetic properties in antiferromagnetic metals. Phys. Rev. 160,

372.

FaLicov, L. M., PippaRD, A. B, and SIEVERT, P. R. (1966). Theory of the galvano-
magnetic properties of magnesium and zinc. Phys. Rev. 151, 498.

FAULKNER, J. S. (1969). Calculation of constant-energy surfaces for aluminum by the
Korringa-Kohn-Rostoker method. Phys. Rev. 178, 914.

FAULKNER, J. S. (1970a). Electronic states of a liquid metal from the coherent-potential
approximation. Phys. Rev. B 1, 934,

FAULKNER, J. S. (1970b). KKR structure constants for complex crystals. Phys. Lert. A
31, 227.

FAULKNER, J. S., Davis, H. L., and Joy, H. W. (1967). Calculation of constant-energy
surfaces for copper by the Korringa-Kohn-Rostoker method. Phys. -Rev. 161,
656.

FERREIRA, L. G. (1967). Relativistic band structure calculation for bismuth. J. Phys.
Chem. Solids 28, 1891.

FerRreIRa, L. G. (1968). Band structure calculation for bismuth: Comparison with
experiment. J. Phys. Chem. Solids 29, 357.

FerreIra, L. G. (1969). A local approximation for exchange and correlation in band
structure calculations. J. Phys. Chem. Solids 30, 1113.

FERREIRA, L. G., and PARADA, N. l. (1970). Wannier functions and the phases of the
Bloch functions. Phys. Rev. B 2, 1614,

FERRELL, R. A., and PraNGE, R. E. (1966). Resonant screening of foreign atoms in
metals. Phys. Rev. Lett. 17, 163.

FiscHER, K. (1967). Self-consistent treatment of the Kondo effect. Phys. Rev. 158,
613,

FLEMING, G. S., and Liu, S. H. (1970). Effects of hydrostatic pressure on the magnetic
ordering of heavy rare earths. Phys. Rev. B 2, 164,

FLEMING, G. S., and Loucks, T. L. (1968). Energy bands and Fermi surface of scandium.
Phys. Rev. 173, 685. APW.,

FLEMING, G.-S., Liu, S. H., and Loucks, T. L. (1968). Fermi surfaces for dhcp La, Nd,
and Pr: Relationship to magnetic ordering and crystal structure. Phys. Rev. Lett.
21, 1524.

FLEMING, G. S., Ly, S. H., and Loucks, T. L. (1969). Fermi surfaces and generalized
susceptibilities for neodymium and praseodymium. J. Appl. Phys. 40, 1285.

FLETCHER, G. C. (1969). Electronic band structure of face-centered cubic manganese.
Proc. Phys. Soc., London (Solid State Phys.) 2, 1440. APW.

Forranp, N. O. (1967). Self-consistent calculations of the energy band structure of
Mg.Si. Phys. Rev. 158, 992. HF independent particle model.

Fong, C. Y., and CoseN, M. L. (1968). Band structure and ultraviolet optical properties



60 John C. Stater

of sodium chloride. Phys. Rev. Lett. 21, 22.

Fong, C. Y., and CoHEN, M. L. (1970). Energy band structure of copper by the empirical
pseudopotential method. Phys. Rev. Lett. 24, 306.

Fong, C. Y., SasLow, W., and CoHEN, M. L. (1968). Pseudopotential calculation of the
optical constants of MgO from 7-28 ev. Phys. Rev. 168, 992.

FreeMaN, A. J., and ELuis, D. E. (1970). Covalent bonding and the neutron magnetic
form factor of the Mn®* ion. Phys. Rev. Lett. 24, 516.

FreeMan, A. J., and WATsoN, R. E. (1965a). Nonlinear shielding in rare-earth crystal-
field interactions. J. Appl. Phys. 36, 928.

FReEMAN, A. J., and WarsoN, R. E. (1965b). Nonlinear and linear shielding of rare-
earth crystal-field interactions. Phys. Rev. A 139, 1606.

FreemaN, A. J.,and WaTson, R. E. (1965c¢). Hyperfine interactions in magnetic materials,
from Magnetism 2A.

FreeMaN, A, J., DiMMock, J. O., and FURDYNA, A. M. (1966a). Electronic band struc-
ture, Fermi surface and magnetic properties of palladium metal. J. Appl. Phys. 37,
1256. APW.

Freeman, A. J., DiMMOCK, J. O., and WaTson, R. E. (1966b). Fermi surface, magnetic
ordering and electrical properties of rare-earth metals. Phys. Rev. Lett. 16, 94.
FREEMAN, A. J., DiMmock, J. O., and WaTtsoN, R. E. (1966¢). The Augmented plane
wave method and the electronic properties of rare-earth metals. In “ Quantum
Theory of Atoms, Molecules, and the Solid State” (P.-O. Lowdin, ed.), p. 361.

Academic Press, New York.

FreeMAN, A, J., KOELLING, D. D., and MuUteLLER, F. M. (1970a). Knight shifts in transi-
tion metals. J. Appl. Phys. 41, 1228.

FreemaN, A, J., MaLrow, J. V., and Bacus, P. S. (1970b). Hyperfine interactions in the
5d transition series. J. Appl. Phys. 41, 1321.

Fret, V., and VELICKY, B. (1965). On the band structure of CdSb. Czech. J. Phys. 15,
43. Pseudopotential.

FRrRIEDEL, J. (1954). On the electronic structure of primary solid solutions in metals.
Advan. Phys. 3, 446. Thomas Fermi.

FRIEDEL, J. (1955). On the origin of ferromagnetism in the transition metals. J. Phys.
Radium 16, 829.

FriepeL, J. (1963). Point defects in metals. J. Phys. (Paris) 24, 417.

Frieper, J., LEMaN, G., and OuLszewski, S. (1961). On the nature of the magnetic
couplings in transitional metals. J. Appl. Phys. 32, 325.

FrIEDEL, J., GAUTIER, F., GOoMES, A. A., and LENGLART, P, (1966). On the use of phase
shifts for studying impurity effects in narrow bands, with application to the elec-
tronic structure of substitutional alloys of transitional metals. In ‘ Quantum
Theory of Atoms, Molecules, and the Solid State” (P.-O. Lowdin, ed.), p. 445.
Academic Press, New York.

FRIEDEL, J., LANNOO, M., and LeMaN, G. (1967). Jahn-Teller effect for a single vacancy in
diamondlike covalent solids. Phys. Rev. 164, 1056.

FrouLicH, H. (1966). Limits of the band model and transitions to the metallic state.
In “ Quantum Theory of Atoms, Molecules, and the Solid State” (P.-O. Lowdin,
ed.), p. 465. Academic Press, New York.

Froipevaux, C., GauTier, F., and WEisMaN, 1. (1965). Hyperfine fields and electronic
distribution in Pt-Au solid solutions. Proc. Int. Conf. Magnetism, London p. 390.

Froipevaux, C., LauNorts, H., and GauTier, F. (1968a). Strong local susceptibility of
iridium in dilute Pt-Ir alloys. Solid Srate Commun. 6, 261.



Statistical Exchange in Self-Consistent Field 1]

Froipevaux, C., LauNors, H., and GAUTIER, F. (1968b). Electronic structure of plati-
num and palladium alloys. J. Appl. Phys. 39, 557. Rigid band model.

GANDELMAN, G. M. (1965). Transition to metal of solid argon on compression. ZA.
Eksp. Teor. Fiz. 48, 758.

GASPAR, R. (1954). On an approximation to the Hartree-Fock potential by a universal
potential function. Acta Phys. 3, 263.

GaAsPaRr, R, (1965). Universal potential eigenfunctions and eigenvalues for the selenium
atom. Acta Phys. 18, 371.

GasPAR, R. (1969). New foundations for the Thomas-Fermi model. Acta Phys. 27,
441,

GasPaR, R., ERDOS-GYARMATI, G., and Tamassy-LEnTEL, T. (1968). Calculations of
Slater-type one-electron functions. Exchange approximation. Acta Phys. 24, 173.

GasPARIL, G. D., and Das, T. P. (1968). Band structure, Fermi surface, and Knight shift
of indium metal. Phys. Rev. 167, 660. OPW.

GoLp, A. V. (1968). Fermi-surface studies in iron and nickel. J. Appl. Phys. 39, 768.
Comparison of theory and experiment.

GoLisersucH, D. C. (1967). Electron-phonon interaction via the augmented-plane-wave
Method. Phys. Rev. 187, 532.

GoLIN, S. (1965). The electronic band structure of arsenic. II. Self-consistent approach.
Phys. Rev. 140, A993.

GoLIN, S. (1968). Band structure of bismuth: Pseudopotential approach. Phys. Rev. 166,
643.

GoMss, A. A. (1966). Electronic structure of iron based alloys. J. Phys. Chem. Solids 27,
451. LCAO.

Gowmss, A. A., and Campeeerr, 1. A. (1968a). Remarks on the electronic structure of
transition metal alloys. Proc. Phys. Soc., London (Solid State Phys.) 1, 253.

GoMEs, A. A., and CampBeLL, L. A. (1968b). Many-channel scattering by a localized
potential: Total displaced charge. Proc. Phys. Soc., London (Solid State Phys) 1,
1312.

GoODINGS, D. A. (1965). Interpretation of the soft X-ray emission spectrum of lithium
metal. Proc. Phys. Soc., London 86, 75. HF, localized state.

Goobings, D. A. (1968a). Exchange interactions and the spin-wave spectrum of ter-
bium. Proc. Phys, Soc., London (Solid State Phys.) 1, 125.

GooDpINGS, D. A. (1968b). Exchange interactions and the spin-wave spectrum of ter-
bium. J. Appl. Phys. 39, 887. Heisenberg Hamiltonian.

GoobINGs, D. A., and HaRrRis, R. (1969a). Localization of Wannier functions in copper.
Phys. Rev. 178, 1189.

GOODINGS, D. A., and Harris, R. (1969b). Calculation of the X-ray emission bands of
copper using augmented plane wave Bloch functions. Proc. Phys! Soc., London
(Solid State Phys.) 2, 1808.

Gororr, 1., and KLeINMAN, L. (1967). Charge density of diamond. Phys. Rev. 164,
1100. OPW,

Gorzxkowskl, W. (1965). Remark on the generalization of Kane’s model of the band
structure of HgTe. Phys. Status Solidi 11, K131. k - p.

GRAY, D. M., and Brown, E. (1967). Electron energy levels in CuzAu. Phys. Rev. 160,
567. Modified plane wave.

GrAy, D. M., and KARPIEN, R. J. (1971). Some notes on a modified OPW method. In
“ Computational Methods in Band Theory” (P. M. Marcus, J. F. Janak, and A. R.
Williams, eds.), p. 144, Plenum, New York.



62 John. C. Slater

GreeNaway, D. L., and HarBekg, G. (1965). Band structure of bismuth telluride,
bismuth selenide, and their respective alloys. J. Phys. Chem. Solids 26, 1585.
Comparison of theory and experiment.

GuFaN, Y., and DzvyarosHinskl, 1. E. (1967). Nonlocalized spin densities in antiferro-
magnetic substances. Zk. Eksp. Teor. Fiz. 52, 604.

GuPTA, R. P, and Loucks, T. L. (1968). Positron annihilation in yttrium and zirconium.
Phys. Rev. 176, 848.

GurTa, R. P, and Loucks, T. L. (1969). Electronic structure of thorium metal. I.
Relativistic augmented-plane wave calculations. Phys. Lert. 22, 458.

Guperta, R. P, and SinHa, S. K. (1970). Exchange enhanced generalized susceptibility
function for paramagnetic chromium including band structure effects. J. Appl.
Phys. 41, 915.

Hacston, W. E. (1968a). Molecular orbital theory for Cu?* in tetrahedral coordina-
tion. Proc. Phys. Soc., London (Solid State Phys.) 1, 810.

Hacston, W. E. (1968b). A note on vanadium-doped II-VI compounds. Proc. Phys.
Soc., London (Solid State Phys.) 1, 818.

HaLr, G. G. (1966). The size of an exciton in a molecular crystal. Jn “ Quantum Theory
of Atoms, Molecules, and the Solid State” (P.-O. Lowdin, ed.), p. 565. Academic
Press, New York.

Hanus, J., FeiNLEB, J., and ScouLer, W. J. (1967). Low-energy interband transitions
and band structure in nickel. Phys. Rev. Lett. 19, 16. Comparison of theory and
experiment.

Haxwus, J., Femnees, J., and ScouLer, W. J. (1968). Band structure of nickel and low-
energy optical transitions. J. Appl. Phys. 39, 1272.

HaRrBEKE, G. (1968). On the band structure of anisotropic crystals. Phys. Status Solidi
27, 9. Comparison of theory and experiment.

HarMman, T. C., Kueiner, W. H., STrAuss, A. J., WrRiIGHT, G. B., Mavroipss, J. G.,
Honig, J. M., and Dickey, D. H. (1964). Band structure of HgTe and HgTe-CdTe
alloys. Solid State Commun. 2, 305. Model potential.

Harzis, F. E., and MonkHorsT, H. J. (1971). Toward Hartree-Fock calculations for
simple crystals. In “Computational Methods in Band Theory” (P. M. Marcus,
J. F. Janak, and A. R. Williams, eds.), p. 517. Plenum, New York.

HARRIsON, W. A, (1963). Electronic structure and the properties of metals. 1. Formula-
tion. II. Application to zinc. Phys. Rev. 129, 2503, 2512. Pseudopotential.

Harrison, W. A. (1965a). Model pseudopotential and the Kohn effect in lead. Phys.
Rev. A 139, 179.

HarRIsON, W. A. (1965b). Silicon as a free electron metal. Physica (Utrecht) 31, 1692.

HaRrrisON, W. A. (1965c). Influence of pressure on the Fermi surface in metals. Phys.
Solids High Pressures, Proc. ist Int. Conf., Tucson, Ariz. p. 3.

HARRISON, W. A. (1966a). Parallel-band effects in interband optical absorption. Phys.
Rev. 147, 467.

HARRISON, W. A. (1966b). ““Pseudopotentials in the Theory of Metals.” Benjamin,
New York.

Hassan, S.S. A.Z.(1965). The electronic band structure of a model of a sodium chloride
type crystal. Proc. Phys. Soc., London 85, 783. Plane wave method.

Havakawa, H. (1967). Impurity states in ferromagnetic nickel. Progr. Theor. Phys. 37,
213. LCAO.



Statistical Exchange in Self-Consistent Field 63

HEeDIN, L. (1965a). New method for calculating the one-particle Green’s function with
application to the electron-gas problem. Phys. Rev. A 139, 796.

HeDIN, L. (1965b). Effect of electron correlation on band structure of solids. Ark. Fys.
30, 231, 558.

Hepin, L. (1967). Many-body effects in soft X-ray emission in metals. Solid State
Commun. 5, 451.

Hepin, L., and JoHANSSON, A. (1969). Polarization corrections to core levels. Proc.
Phys. Soc., London (At. Mol. Phys.) 3, 1336.

HepIN, L., and LUNDQVIST, S. (1969). Effects of electron-electron and electron-phonon
interaction on the one-electron states of solids. Solid State Phys. 23, 2.

HepIN, L., LuNpQvisT, B. I, and LuNDQvisT, S. (1967). New structure in the single-
particle spectrum of an electron gas. Solid State Commun. 5, 237.

HEeEGER, A. J. (1969). Localized moments and nonmoments in metals: The Kondo
effect. Solid State Phys. 23, 284.

HEEGER, A. J., and JENSEN, M. A. (1967). Ground state of the Kondo many-body scatter-
ing problem. Phys. Rev. Lett. 18, 488.

HEINE, V. (1965). Calculation of band structures and Fermi surfaces. Low Temp. Phys.,
Proc. 9th Int. Conf., Columbus, Ohjo, 1964 Part B, p. 698.

HEINE, V. (1966a). Phase shifts and local charge neutrality in semiconductors. Phys.
Rev. 145, 593.

HEINE, V. (1966b). Dangling bonds and dislocations in semiconductors. Phys. Rev.
146, 568.

HEeing, V. (1966¢). Role of screening in surface ion neutralization. Phys. Rev. 151,
561.

HEINE, V. (1967a). s-d Interaction in transition metals. Phys. Rev. 183, 673.

HEemE, V. (1967b). Calculation of band structures and Fermi surfaces. Usp. Fiz. Nauk
91, 527.

HEINE, V. (1968). Crystal structure of gallium metal. Proc. Phys. Soc., London (Solid
State Phys.) 1, 222.

HEINE, V. (1970). The pseudopotential concept. Solid State Phys. 24, 1.

Heing, V., and Jones, R. O. (1969). Electronic band structure and covalency in diamond-
type semiconductors. Proc. Phys. Soc., London (Solid State Phys.) 2, 719.

HEINE, V., and WEAIRE, D. (1966). Structure of di- and tri-valent metals. Phys. Rev. 152,
603.

HEeIiNg, V., and WEAIRE, D. (1970). Pseudopotential theory of cohesion and structure.
Solid State Phys. 24, 250.

HEIDA, B. (1969). Energy band structure of AIN. Phys. Status Solidi 32, 407. OPW.

HeLLer, W. R. (1967). The cohesion of ionic crystals of alkali metal and noble gas
atoms. Phys. Lett. A 26, 54. Electrostatic theory.

HerMAN, F. (1964). Recent progress in energy band theory. Proc. Int. Conf. Phys.
Semicond., Paris, 1964 p. 3.

HerMAN, F., and SKILLMAN, S. (1963). “Atomic Structure Calculations.” Prentice-Hall,
Englewood Cliffs, New Jersey.

HermMmaN, F., and SpicEr, W. E. (1968). Spectral analysis of photoemissive yields in
GaAs and related crystals. Phys. Rev. 174, 906.

HerMmaN, F., and VAN DYKE, J. P. (1968). New interpretation of the electronic structure
and optical spectrum of amorphous germanium. Phys. Rev. Lett. 21, 1575.



64 John C. Slater

HerMman, F., KorTuM, R. L., KucLIN, C. D., and SHORT, R. A. (1966a). New studies o:
the band structure of the diamond-type crystals. J. Phys. Soc. Jap. 21, Suppl. 7.
OPW.

Herman, F., KorTUM, R. L., KuGLiN, C. D., and SHORT, R. A. (1966b). New studies of
the band structure of silicon, germanium, and gray tin. In “ Quantum Theory of
Atoms, Molecules, and the Solid State "’ (P.-O. Lowdin, ed.), p. 381. Academic Press,
New York.

Herman, F., KorTuM, R. L., and KucLiN, C. D. (1967a). Energy band structure of
diamond, cubic silicon carbide, silicon, and germanium. Int. J. Quantum Chem.,
Symp. 1, 533.

HerMman, F., KorTuM, R. L., KuGLIN, C. D., and SHAY, J. L. (1967b). Energy band
structure and optical spectra of several II-VI compound. In *“Semiconducting
Compounds,” p. 503. Benjamin, New York,

HerMan, F., KorTuMm, R. L., ORTENBURGER, I. B., and VAN Dykg, J. P. (1968a). Relati-
vistic band structure of GeTe, SnTe, PbTe, PbSe, and PbS. J. Phys. (Paris) 29,
4-62-77.

HerMman, F., KorRTUM, R. L., KucLiy, C. D., VaN DYKE, J. P., and SKiLLMAN, S. (1968b).
Electronic structure of tetrahedrally bonded semiconductors: Empirically adjusted
OPW energy band calculations. In* Methods in Computational Physics ”’ (B. Alder,
S. Fernbach, and M. Rotenberg, eds.), Vol. 8, p. 193. Academic Press, New York.

HerMman, F., Van DYk, J. P., and ORTENBURGER, I. B. (1969). Improved statistical
exchange approximations for inhomogeneous many-electron systems. Phys. Rev.
Lett. 22, 807.

HerMaN, F., ORTENBURGER, 1. B., and Van DyKE, J. P. (1970). A method for improving
the physical realism of first-principles band structure calculations. Int. J. Quantum
Chem., Symp. 3, 827.

HerMaNSON, J. (1966). Exciton and impurity states in rare-gas solids. Phys. Rev. 150,
660,

HerMANSON, J. (1967). Existence of hyperbolic excitons. Phys. Rev. Leit. 18, 170.

HerMaNSON, J., and PHiLLips, J. C. (1965). Pseudopotential theory of exciton and impurity
states. Phys. Rev. 150, 652.

Hewson, A. C. (1966). Theory of localized magnetic states in metals. Phys. Rev. 144,
420.

Hicks, T. J., HoLpen, T. M, and Low, G. G. (1968). Distribution of the ferromagnetic
polarization in a PdFe single crystal. Proc. Phys. Soc., London (Solid State Phys.)
1, 528.

HicemnBotaaM, C. W, Porrak, F. H., and Carbona, M. (1967). Optical constants of
germanium and gray tin by the k - p method. Solid State Commun. 8, 513.

Hobaes, L., and EHreNrEICH, H. (1965). Pseudopotential band calculations for ferro-
magnetic nickel, Phys. Lett. 16, 203.

Hobcss, L., and EdrenrEicH, H. (1968). Anisotropy of the magnetic form factor in 3d
ferromagnetic metals. J. Appl. Phys. 39, 1280.

Hobges, L., EHRENREICH, H., and Lang, N. D. (1966a). Interpolation scheme for band
structure of noble and transition metals: Ferromagnetism and neutron diffraction
in Ni. Phys. Rev. 152, 505,

Hobpaes, L., Lang, N. D., EarengreicH, H., and FReeMAN, A. ). (1966b). Magnetic
form factor of nickel. J. Appl. Phys. 37, 1449.



Statistical Exchange in Self-Consistent Field 65

Hobges, L., STONE, D. R., and GoLp, A. V. (1967). Field-induced changes in the band
structure and Fermi surface of nickel. Phys. Rev. Lett. 19, 655.

HOHENBERG, P., and KOHN, W. (1964). Inhomogeneous electron gas. Phys. Rev. B
136, 864.

Honig, J. M. (1968). Nature of the electrical transition in Ti,O3. Rev. Mod. Phys. 40,
748.

Honig, J. M., DiMMocK, J. O., and KLEINER, W. H. (1969). ReO; band structure in the
tight-binding approximation. J. Chem. Phys. 50, 5232.

Horwirz, G. (1968). Onset of local correlation in a narrow s-band model. Rev. Mod.
Phys. 40, 807.

HuBBARD, J. (1963a). Electron correlations in narrow energy bands Proc. Roy. Soc.,
Ser, A276, 238.

HuBBARD, J. (1963b). Electron correlations in narrow energy bands. II. The degenerate
band case. Proc. Roy. Soc., Ser. A 277, 2317.

HuUBBARD, J. (1964a). Electron correlations in narrow energy bands. I1I. An improved
solution. Proc. Roy. Soc., Ser. A 281, 401.

HuBBARD, J. (1964b). Exchange splitting in ferromagnetic nickel. Proc. Phys. Soc.,
London 84, 455.

HuBBARD, J. (1964c). Correlation effects in partly-filled narrow energy bands. In
“Transition Metal Compounds, ™ p. 99. Gordon & Breach, New York.

HusBARD, J. (1965). Electron correlations in narrow energy bands. 1V. The atomic
representation. Proc. Roy. Soc., Ser. A 288, 542.

HuBBARD, J. (1967a). Electron correlations in narrow energy bands. V. A perturbation
expansion about the atomic limit. VI. The connexion with many-body perturbation
theory. Proc. Roy. Soc., Ser. A 296, 82, 100.

Hussarp, J. (1967b). Electron correlations at metallic densities. Phys. Lett. A 25,
709.

HuBBARD, J. (1969). Approximate calculation of electronic band structures III. Proc.
Phys. Soc., London (Solid State Phys.) 2, 1222.

HuBBARD, J., and DALTON, N. W. (1968). The approximate calculation of electronic

- band structures. II. Application to copper and iron. Proc. Phys. Soc., London
(Solid State Phys.) 1, 1637.

HugBARD, J., and JamN, K. P. (1968). Generalized spin-susceptibility in the correlated
narrow-energy-band model. Proc. Phys. Soc., London (Solid State Phys.) 1, 1650.

HuBBARD, J., and MARSHALL, W. (1965). Covalency effects in neutron diffraction from
ferromagnetic and antiferromagnetic salts. Proc. Phys. Soc., London 86, 561,

HugBARD, J., RiMMER, D. E., and HorGoop, F. R. A, (1966). Weak covalency in transi-
tion metal salts. Proc. Phys. Soc., London 88, 13.

HucHEs, A. J. (1968). Wave-function expansion in the Brillouin zone: Silicon. Phys.
Rev. 166, 776.

Huwm, D. M., and Wong, K. C. (1969). Calculation of transition-metal band structure.
Proc. Phys. Soc., London (Solid State Phys.) 2, 833.

HyLAND, G. J. (1968a). On the electronic phase transitions in the lower oxides of
vanadium. Proc. Phys. Soc., London (Solid State Phys.) 1, 189.

HyLanp, G. J. (1968b). Some remarks on electronic phase transitions and on the nature
of the “metallic” state in VO, . Rev. Mod. Phys. 40, 739.



66 John C. Slater

Izuvama, T. (1964). Spin wave interactions between ferromagnetic itinerant electrons.
Phys. Lett. 9, 293.

Izuyama, T. (1965). Thermal properties of the ferromagnetic itinerant electrons at low
temperatures. Prac. Int. Conf. Magnetism, London p. 60.

1zuvama, T. (1968). Phase transition of ferromagnetic Fermi liquid. J. App!l. Phys. 39,
478.

1zuvama, T., and KURIHARA, Y. (1967). Magnetic scattering of neuirons by the itinerant
electron ferromagnets at high temperatures. Int. J. Quantum Chem., Symp. 1,
651.

Jackson, C. (1969). Electronic structure of terbium using the relativistic augmented-
plane-wave method. Phys. Rev. 178, 949.

Jacoss, R. L. (1968a). The theory of transition metal band structures. Proc. Phys.
Soc., London {Solid State Phys.) 1, 492.

Jacoss, R. L. (1968b). The electronic structure of the noble metals. I. The energy bands.
I1. The model Hamiltonian. Proc. Phys. Soc., London (Solid State Phys.) 1, 1296,
1307.

Jacoss, R. L. (1969). Rapidly convergent pseudopotentials for crystalline systems.
Proc. Phys. Soc., London (Solid State Phys.} 2, 1206.

Jacoss, R. L., and Lipton, D. (1971). The calculation of Brillouin zone integrals by
interpolation techniques. Iz ** Computational Methods in Band Theory™ (P. M.
Marcus, J. F. Janak, and A. R. Williams, eds.), p. 340. Plenum, New York.

Jamis, L. W., Van Dykk, J. P, HErMAN, F., and CHaNG, D. M. (1970). Band structure
and high-field transport properties of InP. Phys. Rev. B 1, 3998. OPW.

Janak, J. F. (1971). Gilat-Raubenheimer methods for k-space integration. In * Com-
putational Methods in Band Theory” (P. M. Marcus, J. F. Janak, and A. R.
Williams, eds.), p. 323. Plenum, New York.

Jepsen, D. W., and Marcus, P. M. (1971). The propagation matrix method for the
band problem with a plane boundary. fn * Computational Methods in Band
Theory™ (P. M, Marcus, J. F. Janak, and A. R. Williams, eds.), p. 416. Plenum,
New York.

JoHAaNsEN, G. (1969). The electronic structure of barium by the RAPW method. Solid
State Commun., 7, 731.

JoHanseN, G., and MackinTosH, A. R. (1970). Electronic structure and phase transi-
tions in ytterbium. Solid State Commun. 8, 121.

Jonnson, K. H. (1966a). Relationship between the augmented plane-wave and Korringa-
Kohn-Rostoker methods of band theory. Phys. Rev. 150, 429.

Jounson, K. H. (1966b). Muitiple-scattering modeli for polyatomic motecules. J. Chem.
Phys. 45, 3085.

Jonnson, K. H. (1967). * Multiple scattering ™ (Green’s function) model for polyatomic
molecules. 1. Theory. Int. J. Quantum Chem., Symp. 1, 361.

Jornson, K. H. (1968a). Scattering model for the bound electronic states of an impurity
complex in a crystal. D, J. Quantum Chem., Symp. 2, 233.

Jounson, K. H. (1968b). Extension of the Korringa-Kohn-Rostoker method to the
impurity problem. Phys. Letr. A 27, 138.

Jounson, K. H. (1971). Generalized scattered wave approach to molecular-orbital
theory. Int. J. Quantum Chem., Symp. 4, 153.

Jounson, K. H., and AMaR, H. (1965). Electronic structure of ordered beta brass.
Phys. Rev. A4 139, 760. KKR.



Statistical Exchange in Self-Consistent Field 67

Jounson, K. H., and CoNNoOLLY, J. W. D. (1968). On calculating the localized electronic
states of surface and line defects. Phys. Lett. A 28, 291.

Jonnson, K. H., and ConNoLLY, J. W. D. (1970). The electronic structures of cesium
chloride type intermetallic compounds. I. Preliminary energy bands of 8’AuZn and
B'NiAL Int. J. Quantum Chem., Symp. 3, 813. KKR.

Jonnson, K. H., and SmitH, F. C., Jr. (1970). Cluster wave approach to the electronic
structures of complex molecules and solids. Phys. Rev. Lett. 24, 139.

Jonnson, K. H., and Smrth, F. C., Jr. (1971). Bands, bonds, and boundaries. /n * Com-
putational Methods in Band Theory” (P. M Marcus, J. F. Janak, and A. R.
Williams, eds.), p. 377. Plenum, New York.

Jones, H. (1966a). Electrons in nearly periodic fields. Proc. Roy. Soc., Ser. A 294,
405.

Jones, H. (1966b). Energy bands in periodic and aperiodic fields. In * Quantum Theory
of Atoms, Molecules, and the Solid State” (P.-O. Lowdin, ed.), p. 469. Academic
Press, New York.

Jones, H. (1969a). Electronic states in long-period superlattice alloys. Proc. Phys.
Soc., London (Solid State Phys.) 2, 733.

Jones, H. (1969b). Entropy of disorder in alloy CuAu IL. Proc. Phys. Soc., London (Solid
State Phys.) 2, 760.

KanN, A. H., and LEYENDECKER, A. J. (1964). Electronic energy bands in strontium
titanate. Phys. Rev. A 135, 1321. LCAO.

KaHN, A. H., FREDERIKSE, H. P. R., and BECKER, J. H. (1964). Electron energy bands
in SrTiO; and TiO; (theory and experiment). In * Transition Metal Compounds,
p. 53. Gordon & Breach, New York.

Kamsg, K. (1971). A KKR method for two-dimensional lattices and its application to
band calculation. Iz ¢ Computational Methods in Band Theory” (P. M. Marcus,
J. F. Janak, and A. R. Williams, eds.), p. 409. Plenum, New York.

KANE, E. O. (1966). Band structure of silicon from an adjusted Heine-Abarenkov
calculation. Phys. Rev. 146, 558.

KAPLAN, T. A. (1965). Spin density of s electrons in iron. Phys. Rev. Lett. 14, 499.

KarLaN, T. A., and ARGYRES, P. N. (1970a). Localized one-electron states in perfect
crystals as a consequence of the thermal single-determinant approximation. Phys.
Rev. B 1, 2457.

KarLaN, T. A., and ARGYRES, P. N. (1970b). Some applications of the thermal single-
determinant approximation. Int. J. Quantum Chem., Symp. 3, 851.

KapLaN, T. A., and Bary, R. A. (1970). Theory of localized vs. band magnetic semi-
conductors. J. Appl. Phys. 41, 875.

KarLaN, T. A., and KLEINER, W. H. (1967). Hartree-Fock theory: Slater determinants
of minimum energy. Phys. Rev. 156, 1.

KARLSSON, A., MYERs, H. P., and WALLDEN, 1. (1967). Localized states in AuPd and
AgPd alloys. Solid State Commun. 5, 971.

KARO, A. M., McMurpay, F., and NesBet, R. K. (1968). Limited basis-set analytic
self-consistent-field wave functions for transition-metal atoms. Phys. Rev. 165,
123,

Kasuya, T. (1965). Theory of rare earth metals. Proc. Int. Conf. Magnetism, London
p. 247.

Kasuya, T. (1966). s-d and s-f Interaction and rare earth metals. Magnetism 2B, 215,

Kasuya, T., and YANASE, A. (1968). The localized magnetic moment in metal. J. Phys.



68 John C. Slater

Soc. Jap. 24, 1224.

KaTsuky, A., and WOHLFARTH, E. P. (1966). Spin waves and their stability in metals.
Proc. Roy. Soc., Ser. A 295, 182.

KATSUKI, S., and Tsuit, M. (1965). The band structure and Fermi surface of cadmium.
J. Phys. Soc. Jap. 20, 1136. Pseudopotential.

KEeeton, S. C., and Loucks, T. L. (1966a). Relativistic energy bands for thorium,
actinium, and lutecium, Phys. Rev. 146, 429. APW.

KeeTON, S. C., and Loucks, T. L. (1966b). Electronic structure of mercury. Phys. Rev.
152, 548.

Keeton, S. C., and Loucks, T. L. (1968). Electronic structure of rare-earth metals. 1.
Relativistic augmented-plane-wave calculations. Phys. Rev. 168, 672,

KeMeny, G.. and CaroNn, L. G. (1968). Seif-consistenit pair correlations in narrow
energy bands. Rer. Mod. Phys. 40, 790. Hubbard Hamiltonian.

KeNNEY, J. F. (1964). Energy bands of the aikali metals. I. Lithium and sodium. Quar-
terly Progress Report No. 53. Solid-State and Molecular Theory Group, Mass.
Inst. Technol., Cambridge, Mass., July. Unpublished. APW.

Kenney, J. F. (1967). Energy bands of the alkali metals. 11, Rubidium and cesium.
Quarterly Progress Report No. 66. Solid-State and Molecular Theory Group,
Mass. Inst. Technol., Cambridge, Mass., October. Unpublished. APW.

KreowN, R. {1966). Energy bands in diamond. Phyvs. Rer. 150, 568. APW.

Keown, R. (1968). Energy bands in cubic boron nitride. {1. J. Chem. Phys. 48, 5741.

KM, Y.-K. (1967). Relativistic self-consistent-field theory for closed-shell atoms. Phys.
Rev. 154, 17.

KmsaLt, J. C., and Fauicov, L. M. (1968). Antiferromagnetism in a chromium-like
itinerant-electron model. Phvs. Re.. Leri. 20, 1164,

KimmaLr, J. C.. Stark, R. W., and MuteLLEr, F. M. (1967). The Fermi surface of
magnesium III: Local and nonlocal pseudopotential band structure models for
magnesium. Phys. Rev. 162, 600.

Kitrer, C. (1968). Indirect exchange interaction in metals—a status report. J. Appl.
Phys. 39. 637.

Kirter, C. (1969). Indirect exchange interactions in metals. Solid State Phys. 22. 1.

KIOLLERSTROM, B., Scararino, D. 1., and ScHRIEFFER, J. R. (1966). Energy and specific
heat due to an impurity atom in a dilute alioy. Phys. Rev. 148, 665.

KLEIN, A, P. (1967). Low temperature properties of Kondo spin-compensated impurities
in metals. Phys. Letr. 4 26, 57.

KLEIN, A. P. (1968). New calculation of the magnetic susceptibility for the Takano-
Ogawa theory of Kondo’s effect in dilute alloys. Phys. Ree. 172, 520.

KiLem, A, P, and HeeGeR, A. J. (1966a). Localized impurity states in metals: Dilute
alloys of Ni in Be. Phys. Rer. 144, 458.

Kiein, A. P.. and HeeGer, A. J. (1966b). Localized impurity states in metals: Dilute
solutions of Ni in Be. J. Appl. Phys. 37, 1346.

KLErnmaN, L. (1967). New approximation for screened exchanged and the dielectric
constant of metals. Phys. Rer. 160, 585.

KLEINMAN, L. (1968). Exchange and the dielectric screening function. Phys. Rer. 172,
383.

KremMman, L., and SHURTLEFF, R. (1969). Modified augmented-plane-wave method for
calculating energy bands. Phys. Rev. 188, 1111.

KMeTKO, E. A. (1970). A single parameter free electron exchange approximation in free
atoms. Phys. Rer. A1, 37.



Statistical Exchange in Self-Consistent Field 69

KoeLLING, D. D. (1969). Symmetrized relativistic augmented-plane-wave method:
Gray tin and the warped muffin-tin potential. Phys. Rev. 188, 1049.

Koeruing, D. D, (1970). Alternative augmented-plane-wave technique: Theory and
application to copper. Phys. Rev. B 2, 290. [Also: In ** Computational Methods in
Band Theory” (P. M. Marcus, J. F. Janak, and A. R. Williams, eds.), p. 25.
Plenum, New York, 1971}

KOELLING, D. D., FREEMAN, A. J., and MUELLER, F. M. (1970). Shifts in electronic
band structure of metals due to non-muffin-tin potentials. Phys. Rev. B 1, 1318.
KoHN, W. (1966). A new formulation of the inhomogeneous electron gas problem. In

*“Tokyo Summer Lectures in Theoretical Physics,”” p. 73. Benjamin, New York.

KoHN, W. (1967a). Excitonic phases. Phys. Rev. Lett. 19, 439.

KouN, W. (1967b). Mott and Wigner transitions. Phys. Rev. Lett. 19, 789.

KouN, W., and MaJuMDAR, C. (1965). Continuity between bound and unbound states
in a Fermi gas. Phys. Rev. A 138, 1617.

KonN, W, and SHam, L. J. (1965). Self-consistent equations including exchange and
correlation effects. Phys. Rev. A 140, 1133.

KoIpk, S., and GonNDAIRA, K.-1. (1967). Recent development in the theory of transition
metal ions. Progr. Theor. Phys. Suppl. 40, 160.

Koipg, S., and PeTER, M. (1964). Interaction between magnetic ions and conduction
electrons. Rev. Mod. Phys. 36, 160.

Konpo, J. (1966). Anomalous scattering due to s-d interaction. J. Appl. Phys. 37, 1177.

Konpo, J. (1967a). Ground-state energy shift due to the s-d interaction. Phys. Rev.
154, 644.

Konpo, J. (1967b). Yosida-type singlet bound state associated with a localized spin in
metals. Phys. Rev. 161, 598.

Konpo, J. (1968). Effect of ordinary scattering on exchange scattering from magnetic
impurity in metals. Phys. Rev. 169, 437.

KonbDo, J. (1969). Theory of dilute magnetic alioys. Solid State Phys. 23, 183.

KosTER, G. F., and SLATER, J. C. (1954a). Wave functions for impurity levels. Phys. Rev.
95, 1167.

Koster, G. F., and StaTer, J. C. (1954b). Simplified impurity calculation. Phys. Rev.
96, 1208.

KRAMER, B., and THoMaAs, P. (1968). Relativistic KKR calculations on the band struc-
ture of selenium and tellurium. Phys. Starus Solidi 26, 151.

KRIEGER, J. B. (1967). Some analytic properties of finite-band models in solids. Phys.
Rev. 156, 776.

Kumar, N., and Sinna, K. P. (1967). On the origin of * giant moments ™ in dilute alloys.
Proc. Phys. Soc., London 92, 426.

Kunz, A. B. (1966). Electronic band structure in the sodium iodide crystal. Phys. Rev.
151, 620. Tight binding.

Kunz, A. B. (1967a). Calculations of the spin-orbit parameters for the valence bands of
fce chlorides, bromides, and iodides. Phys. Rev. 159, 738.

Kunz, A. B. (1967b). Three-center corrections to the NaCl valence band. Phys. Rev.
162, 789.

Kunz, A. B. (1968). Application of the orthogonalized-plane-wave method to lithium
chloride, sodium chloride, and potassium chloride. Phys. Rev. 175, 1147.

Kunz, A. B. (1969a). Combined plane-wave tight-binding method for energy-band
calculations with applications to sodium iodide and lithium iodide. Phys. Rev. 180,
934,



70 John C. Slater

Kunz, A. B. (1969b). Localized orbitals in polyatomic systems. Phys. Status Solidi 36,
301. Application to LiH.

Kunz, A. B. (1970). Electron energy bands and the optical properties of potassium
iodide and rubidium iodide, J. Phys. Chem. Solids 31, 265. OPW.,

Kunz, A. B., Mivakawa, T., OvaMa, S. (1969). Electronic energy bands, excitons, and
plasmons in lithium fluoride crystal. Phys. Starus Solidi 34, 581. Mixed Basis Set.

KupraTAKULU, S. (1970). Relativistic electron band structure of gold. Proc. Phys.
Soc., London (Solid State Phys.) 3, 5109.

KUPRATAKULU, S., and FLETCHER, G. S. (1969). Electron band structure of gold. Proc.
Phys. Soc., London (Solid Srate Phys.) 2, 1886. APW.

Labik, J., and ArpiL, K. (1964). Energy band structure of polynucleotides in the
Hiickel approximation. J. Chem. Phys. 40, 2470.

Labpik, J., and Biczo, G. (1965). Energy-band calculations for periodic DNA models
in the Hiickel approximation. J. Chem. Phys. 42, 1658,

Laron, E. E., and Lin, C. C. (1966). Energy band structure of lithium by the tight-
binding method. Phys. Rev. 182, 579.

Laron, E. E., CHANEY, R. C., and Lix, C. C. (1971). Recent developments in applying
and extending the method of tight binding (LCAOQ) to energy-band calculations.
In * Computational Methods in Band Theory” (P. M. Marcus, J. F. Janak, and
A. R. Williams, eds.), p. 284. Plenum, New York.

LanG. N. D., and EHRENREICH, H. (1968). Itinerant-electron theory of pressure effects
on ferromagnetic transition temperatures: Ni and Ni-Cu alloys. Phys. Rev. 168,
605.

Lang, N. D., and Konn, W. (1970). Theory of metal surfaces: Charge density and
surface energy. Phys. Rev. B 1, 4555.

LanGretH, D. C. (1966). Friedel sum rule for Anderson’s model of localized impurity
states. Phvs. Rer. 150, 516.

LArsoN, A. C., and WaBER, J. T. (1968). Self-consistent-field calculations for the trans-
lawrencium elements—Beginning of a 5g transition series. J. Chem. Phys. 48,
5021.

Larson, E. G.. and SmiTH, D. W. (1971). A density matrix analysis of Slater’s hyper-
Hartree-Fock method. Int. J. Quantum Chem., Symp. 4, 87.

Lawrence, M. J.. and Persico, F. (1969). Self-consistency conditions for localized
magnetic moments in free electron gas. Proc. Phys. Soc., London (Solid State Phys.)
2. 1023.

Lee, K. H,, and Liu, S. H. (1967). Green’s function method for antiferromagnetism.
Phys. Rev. 159, 390.

Lee. M. J. G. (1971). APW pseudopotential form factors for the alkali metals. In
* Computational Methods in Band Theory ™ (P. M. Marcus, J. F. Janak, and A. R.
Williams, eds.), p. 63. Plenum, New York.

LEe, P. M. (1964). Electronic structure of magnesium silicide and magnesium germanide.
Phys. Rev. 4 135, 1110. Pseudopotential.

Lee, P. M., and Lewis, P. E. (1969). Band structure effects in silver-palladium alloys.
Proc. Phys. Soc., London (Solid State Phys.) 2, 2089,

Lerner, L. 8., Curr, K. F., and WiLLiams, 1. R. (1968). Energy-band parameters and
relative band-edge motions in the Bi-Sb alloy system near the semimetal-semi-
conductor transition. Rev. Mod. Phys. 40, 770.



Statistical Exchange in Self-Consistent Field 71

LevINE, M., and SuHL, H. (1968). Further investigation of local moments in metals.
Phys. Rev. 171, 567.

Lewis, P. E., and LEg, P. M. (1968). Band structure and electronic properties of silver.
Pkys. Rev. 175, 795. Pseudopotential.

LiBERMAN, D. A, (1967). * Muffin-tin” potential in band calculations. Phys. Rev. 153,
704.

LiBERMAN, D. A. (1968a). Statistical model calculations of atoms embedded in an elec-
tron gas. Proc. Phys. Soc., London (Solid State Phys.) 1, 53.

LiBERMAN, D. A. (1968b). Exchange potential for electrons in atoms and solids. Phys.
Rev. 171, 1.

LiserMaN, D. A. (1969). Self-consistent field calculations of bulk properties of solids.
Proc. Int. Conf. Phys. Prop. Solids Pressure, Grenoble.

LIBERMAN, D. A. (1970). New potential function for atomic and solid-state calculations.
Phys. Rev. B2, 244,

LiBErRMAN, D. A. (1971). A potential function for band structure calculations. In *“ Com-
putational Methods in Band Theory™ (P. M. Marcus, J. F. Janak, and A. R.
Williams, eds.), p. 489. Plenum, New York.

LiBERMAN, D. A., WaBkRr, J. T., and Cromer, D. T. (1965). Self-consistent field Dirac-
Slater wave functions for atoms and ions. I. Comparison with previous calculations.
Phys. Rev. A 137, 27.

LiN, P. J. (1969). Energy-band structures of Cd;As, and Zn;As,. Phys. Rev. 188,
1272.

L, P. J., and Favicov, L. M. (1966). Fermi surface of arsenic. Phys. Rev. 142, 441,

LIN, P. J., and KLEINMAN, L. (1967). Energy bands of PbTe, PbSe, and PbS. Phys. Rev.
142, 478.

LiN, P. J,, and Paiiiies, J. C. (1965). Core shifts and pseudo-potential trajectories.
Advan. Phys. 14, 257.

LN, P. J.,, and Puires, J. C. (1966). Electronic spectrum of crystalline antimony.
Phys. Rev. 147, 469. Pseudopotential.

LiN, P. J., SasLow, W., and CoreN, M. L. (1967). Analysis of the optical properties
and electronic structure of SnTe using the empirical pseudopotential method.
Solid State Commun. §, 893.

LINDERBERG, J. (1965). Energy band structure of graphite. Ark. Fys. 30, 557.

LINDERBERG, J., and MAKILA, K. V. (1967). Correlation effects in the band structure of
graphite. Solid State Commun. 5, 353.

LINDERBERG, J., and OmrN, Y. (1967). Improved decoupling procedure for Green
functions. Chem. Phys. Lett. 1, 295.

LINDGREN, 1. (1965). A note on the Hartree-Fock-Slater approximation. Phys. Lett.
19, 382.

LINDGREN, 1. (1966a). Improved Hartree-Fock-Slater method for atomic structure
calculation. Ark. Fys. 31, 59.

LiNDGREN, L. (1966b). Calculation of electronic binding energies and chemical shifts.
In “Rontgenspektren und chemische Bindung,” p. 182. Phys.-Chem. Inst. der
Karl-Marx-Univ., Leipzig.

LINDGREN, I. (1967). Calculation of electron binding energies. In “ ESCA, Atomic,
Molecular, and Solid State Structure Studied by Means of Electron Spectroscopy
(K. Siegbahn ef al., eds.), p. 63. Almqvist & Wiksell, Stockholm.



7 John C. Slater

Liu, S. H. (1968). Effects of imperfect Fermi surface nesting on properties of itinerant
electron antiferromagnet. Phys. Lett. 21, 602. {Also in J. Appl. Phys. 40, 1291
(1969).]

Liu, T., and Amar, H. (1968). Band-theoretic study of the metallic character of the
atkali-noble metal alloys. Rev. Mod. Phys. 40, 782.

LLoyp, P. (1965). Pseudo-potential modeis in the theory of band structure. Proc.
Phys. Soc., London 86, 825.

LLoYDp, P. (1967). Wave propagation through an assembly of spheres. I1. The density of
single-particle eigenstates. 111, The density of states in a liquid. Proc. Phys. Soc.,
London 90, 207, 217.

Lioyp, P. (1969). Exactly soluble model of electronic states in three-dimensional dis-
ordered Hamiltonian; non-existence of localized states. Proc. Phys. Soc., London
(Solid State Phys.) 2, 1717,

Lioyp, P., and Berry, M. V. (1967). Wave propagation through an assembly of spheres.
IV. Relations between different multiple scattering theories. Proc. Phys. Soc.,
London 91, 678.

Lioyp, P., and SHoLr, C. A. (1968). A structural expansion of the cohesive energy of
simple metals in an effective Hamiltonian approximation. Proc. Phys. Soc., London
(Solid State Phys) 1, 1620.

Locacuev, Y. A., and ABARENKOV, L. V. (1967). Calculation of the binding energy of
ionic crystals by the model potential method. Fiz. Tverd. Tela 9, 10. [Sov. Phys.—
Solid State 9, 6 (1967).]

LoMER, W, M, (1962). Electronic structure of chromium group metals. Proc. Phys. Soc.,
London 80, 489.

f.oMer, W, M. (1965). Electron orbits in antiferromagnetic chromium. Proc. Int. Conf.
Magnetism, London p. 127.

LoMer, W. M. (1969). The electronic structure of pure metals. Part A, Electron theory
of pure metals. Part B, Fermi surfaces and physical properties of some real metals.
Progr. Mater. Sci. 14, 99, 145.

Loucks, T. L. (1965a). Relativistic energy bands for tungsten. Phys. Rev. Lett. 14, 693.
APW.

Loucks, T. L. (1965b). Relativistic energy bands for lead by the relativistic augmented
plane wave method. Phys. Ree. Lert. 14, 1072.

Loucks, T. L. (1965¢). Fermi surfaces of Cr, Mo, and W, by the augmented-plane-wave
method. Phys. Rer. A 139, 1181.

Loucks, T. L. (1965d). Relativistic electronic structure of crystals. I. Theory Phys.
Rev. A 139, 1333,

Loucks, T. L. (1966a). Relativistic electronic structure of crystals. I1. Fermi Surface
of Tungsten. Phys. Rev. 143, 506.

Loucks, T. L. (1966b). Fermi surface and positron annthilation in yttrium. Phys. Rev.
144, 504.

Loucks, T. L. (1967a). ** Augmented Plane Wave Method.” Benjamin, New York.

Loucks, T. L. (1967b). Electronic structure of zirconium. Phys. Rev. 159, 544.

Loucks, T. L. (1967¢). Relativistic electronic structure of crystals. Erratum Phys. Rev.
153, 654.

Loucks, T. L. (1968). Fermi surfaces and periodic moment arrangements. Int. J.
Quantum Chem., Symp. 2, 285.

Low, G. G. (1967). Charge screening in a ferromagnetic metal: Discussion of dilute
iron-based alloys. Proc. Phys. Soc., London 92, 938.



Statistical Exchange in Self-Consistent Field 73

Lowpg, R. D. (1965). Spin waves in metals. Proc. Int. Conf. Magnetism, London
p. 305.

Lowbpg, R. D., and WinDsogr, C. G. (1968). Spin waves, Stoner modes and critical
fluctuations in nickel. Solid State Commun. 6, 189.

Lowpkg, R. D., and WINDSOR, C. G. (1969). Magnetic excitations in nickel. J. Appl.
Phys. 40, 1442.

LowbiN, P.-O. (1966). The projected Hartree-Fock methcd, an extension of the inde-
pendent-particle scheme. In *“Quantum Theorrof Atoms, Molecules, and the
Solid State’* (P.-O. Lowdin, ed.), p. 601. Academic Press, New York,

Lyg, R. G., and LocotHeTis, E. N. (1966). Optical properties and band structure of
titanium carbide. Phys. Rev. 147, 622. LCAO.

MCcCLURE, D. S. (1965). " The Electronic States and Spectra of Ions and Imperfections
in Solids. Phonons in Perfect Lattices and in Lattices with Point Imperfections.”
p. 314, Oliver & Boyd, Edinburgh.

MackinTosH, A. R. (1962a). The electronic structure of the rare-earth metals. Proc.
Conf. 2nd Rare Earth Res., Glenwood Springs, Colo., 1961 p. 272.

MAckINTOSH, A. R. (1962b). Magnetic ordering and the electronic structure of rare-
earth metals. Phys. Rev. Lett. 9, 90.

MackinTOsH, A. R. (1963). Model for the electronic structure of metal tungsten
bronzes. J. Chem. Phys. 38, 1991.

MACKINTOSH, A. R. (1966), Antiferromagnetism in chromium alloys. J. Appl. Phys. 37,
1021.

MackinTosH, A. R. (1967), The Fermi surface. /n ** Theory of Condensed Matter,”
p. 783. Trieste.

MackiNnTosH, A. R. (1968). Energy bands and magnetic ordering in terbium Phys.
Lert. 428, 217. APW.

MackinTosH, A. R., SpaneL, L. E., and Young, R. C. (1963). Magnetoresistance and
Fermi surface topology of thallium. Phys. Rev. Lett. 10, 434,

McNauGHTON, D. J., and Henry, W. G. (1969). A quasi-independent model for
atomic structure calculations. Proc. Phys. Soc., London (At. Mol. Phys.) 2, 1131,

McNauGHTON, D. J, and SMmiTH, V. H., Jr. (1969). The relationship of the quasi-
independent model to the Hartree-Fock model. Proc. Phys. Soc., London (At. Mol.
Phys.) 2, 1138.

McNauGHTON, D. 1., and SmitH, V. H,, Jr. (1970). An investigation of the Kohn-Sham
and Slater approximations to the Hartree-Fock exchange potential. Int. J. Quantum
Chem., Symp. 3, 775.

McWaHaN, D. B., and Ricg, T. M. (1967). Pressure dependence of itinerant antiferro-
magnetism in chromium. Phys. Rev. Lett. 19, 846.

MCWHORTER, A. L., and WaLpoLE, J. N. (1967). Perturbation calculation of band-
structure effects in low-ficld helicon propagation. Phys. Rev. 163, 618.

MADELUNG, O., and TREUSCH, J. (1967). Band structure determination by the Green’s
function method. J. Phys. (Paris) Suppl. 5/6, C3-26-30.

MagranTi, 8. D., and Das, T. P. (1969). Band structure and properties of cesium metal.
Phys. Rec. 183, 674. OPW.

MANCA, P., and MuLa, G. (1969). d-Band structure of iron telluride in the tight-binding
approximation. Solid State Commun. 7, 849. Fe,Te;.

Mann, L. B, (1967). Ionization cross sections of the elements calculated from mean-
square radii of atomic orbitals. J. Chemn. Phys. 46, 1646,

MaNN, J. B. (1967-1968). 1. Hartree-Fock energy results for the elements hydrogen to



74 john C. Slater

jawrencium. 1I. Hartree-Fock wave functions and radial expectation values,
hydrogen to lawrencium. Los Alamos Scientific Laboratory Reports LA-3690
and LA-3691. Unpublished.

ManNN, J. B. (1969). Stability of 8p electrons in superheavy elements. J. Chem. Phys.
51, 841.

MaNoHAR, C. (1969). Spin polarization due to s-d interaction. Proc. Phys. Soc., London
(Solid State Phys.) 2, 1586.

Mansikka, K., and BystranD, F. (1966). Theoretical determination of the cohesive
energy, the lattice parameter and the compressibility of LiF crystals. J. Phys. Chem.
Solids 27, 1073.

MANSIKKA, K., Torstl, J., PETTERSON, G., VALLIN, ], and CaLals, J. L. (1967). Theo-
retical determination of the elastic constants of LiF. Ann. Univ. Turku., Ser. Al
104. LCAO.

MarcH, N. H. (1966). Vacancy formation energy and debye temperature in close
packed metals. Phys. Lert. 20, 231.

MarcH, N. H. (1968), “ Liquid Metals.” Pergamon, Oxford.

MaARrcus, P. M. (1967). Variational methods in the computation of energy bands. Int.
J. Quantum Chem., Symp. 1, 567.

Marcus, P. M., Janak, J. F., and WiLLiams, A. R., eds. (1971). ““ Computational
Methods in Band Theory.” Plenum, New York.

MaTHON, J. (1966). Calculation of the spin-dependent effective mass of the conduction
electron by Green's functions. Czech. J. Phys. 16, 869.

MaTHON, J., and Frartova, D. (1965a). A note on the s-d exchange in metals. Phys.
Status Solidi 8, K37.

MaTHoON, J., and Frarrova, D. (1965b). The spin dependent effective mass of the
conduction electrons in ferromagnetic metals. Phys. Status Solidi 9, 97.

MATHON, J. and WoOHLFARTH, E. P. (1967). The temperature dependence of the spin
wave energy in the itinerant electron model of ferromagnetism. Proc. Raoy. Soc.,
Ser. A 302, 409.

MATHON, J., and WOHLFARTH, E. P. (1968). Temperature dependence of the spin-wave
energy in the itinerant electron model of ferromagnetism. J. Appl. Phys. 39, 475.

MarttHEsss, L. F. (1964a). Energy bands for solid argon. Phys. Rev. 4133, 1399,

MaTtTHEISS, L. F. (1964b). Energy bands for the iron transition series. Phys. Rev. A 134,
1970,

MatTHEISS, L. F. (1965a). Energy bands for V;X compounds. Phys. Rev. A 138, 112,
APW.

MatTHESSS, L. F. (1965b). Fermi surface in tungsten. Phys. Rev. A 139, 1893. APW.

MarTRESs, L. F. (1966). Band structure and Fermi surface for rhenium. Phys. Rev.
151, 450. APW.

MarrHEsss, L. F. (1969). Band structure and Fermi surface of ReO;. Phys. Rev. 181,
987. APW.

MaTTHEISS, L. F. (1970). Electronic structure of niobium and tantalum. Phys. Rev. B1,
373. APW,

Marruesss, L. F. (1971). LCAO interpolation method for nonorthogonal orbitals.
In * Computational Methods in Band Theory” (P. M. Marcus, J. F. Janak, and
A. R. Williams, eds.), p. 355. Plenum, New York.

Mattaeiss L. F., and WaTtson, R. E. (1964). Estimate of the spin-orbit parameter
&s4 in metallic tungsten. Phys. Rev. Lett. 13, 526.



Statistical Exchange in Self-Consistent Field 75

MarttHesss, L. F., Woob, J. H., and Switenpick, A. C. (1968). A procedure for cal-
culating electronic energy bands using symmetrized augmented plane waves. In
*“ Methods in Computational Physics” (B. Alder, S. Fernbach, and M. Rotenberg,
eds.), Vol. 8, p. 64. Academic Press, New York.

Mavers, D. F., and O’Brien, F. (1968). The calculation of atomic wave functions.
Proc. Phys. Soc., London (At. Mol. Phys) 1, 145,

MEeLong, F., and MuLa, G. (1970). Pseudopotential calculation of the band structure
of CdIn,S,4. Phys. Rev. B2, 392.

MELz, P. J. (1966). Effect of high pressure on the Fermi surface of aluminum. Phys. Rev.
152, 540.

MELz, P. J. (1967). A pseudopotential examination of the pressure coefficients of optical
transitions in semiconductors. J. Phys. Chem. Solids 28, 1441.

MEYER, A., and Young, W. H. (1965). Psecudopotential theory of metallic lithium.
Phys. Rev. A 139, 401.

MUNARENDS, P. E. (1969). Determination of the Fermi surface of copper by positron
annihilation. Phys. Rev. 178, 622.

MikosHiBa, N. (1968). Model for the metal-nonmetal transition in impure semicon-
ductors. Rev. Mod. Phys. 40, 833.

MircHELL, D. L., and WaLLis, R. F. (1966). Theoretical energy-band parameters for the
lead salts. Phys. Rev. 151, 581.

MrrcHELL, D. L., PALIK, E. D., and WaALLis, R. F. (1966). The effects of band-population
on interband magneto-optical phenomena. J. Phys. Soc. Jap. 21, Suppl. 197.

Mivakawa, T. (1968). Excitons and plasmons in insulators. J. Phys. Soc. Jap. 24, 768.

Mivakawa, T., and OvaMma, S. (1968). Electronic structure of excitons in KCl. J. Phys.
Soc. Jap. 24, 996.

MgLLER, H. B., and HouMaNN, J. C. G. (1966). Inelastic scattering of neutrons by spin
waves in terbium. Phys. Rev. Lett. 16, 737.

MpoLLER, H. B., TREGO, A. L., and MACKINTOSH, A. R. (1965). Antiferromagnetism in
chromium alloy single crystals. Solid State Commun. 3, 137.

Mook, H. A., NickLow, R. M., THompsoN, E. D., and WiLKINsoN, M. K. (1969).
Spin-wave spectrum of nickel metal. J. Appl. Phys. 40, 1450.

MOoRGAN, D. 1., and GarLLoway, J. A. (1967a). Energy band structure of germanium.
Phys. Status Solidi 22, 491. k - p.

MoORGAN D. J., and GALLOWAY, J. A. (1967b). Sum rules for effective masses in energy
band theory. Phys. Status Solidi 23, 97.

MOoRGAN, G. J., and ZIMAN, J. M. (1967). Wave propagation through an assembly of
spheres. V. The vibrations of a loaded elastic continuum. Proc. Phys. Soc., London
91, 689.

Morris, M. 1. (1969). Correlation theory of ferromagnetism in narrow energy band.
Phys. Proc., Soc., London (Solid State Phys.) 2, 512,

MoRrRris, M. J., and CorRNWELL, J. F. (1968). The stability and thermodynamic behavior
of spin-density waves. Proc. Phys. Soc., London (Solid State Phys.) 1, 1145, 1155.

Morizukl, K., SHIBATANI, A., and NaGamiya, T. (1968). Spin-density wave in chro-
mium and its alloys. J. Appl. Phys. 39, 1098,

Mortr, N. F. (1965a). The theory of magnetism in transition metals. Proc. Int. Conf.
Magnetism, London p. 67.

Mort, N. F. (1965b). An outline of the theory of transport properties. In “ Liquids:
Structure, Properties, Solid Interactions,” p. 152. Elsevier, Amsterdam.



76 John C. Slater

Mortr, N.F. (1966a). The electrical properties of liquid mercury. Phil. Mag. 13, 989.

Mortt, N, F. (1966b). Amorphous semiconductors. Conf. Electron. Processes Low
Mobility Solids, Sheffield p. 1.

Mortr, N. F. (1967). Transition from metal to insulator. Endeavour 26, 155.

MoTtT, N. F. (1968a). Conduction in non-crystalline systems. I. Localized electronic
states in disordered systems. If. The metal-insulator transition in a random array
of centers. Phil. Mag. 17, 1259, 1269.

MortT, N. F. (1968b). The metal-insulator transition. Rev. Mod. Phys. 40, 677.

MortT, N. F., and ArLGaier, R. S. (1967). Localized states in disordered lattices. Phys.
Status Solidi 21, 343.

MuteLLER, F. M. (1966). New inversion scheme for obtaining Fermi-Surface radii from
de Haas-van Alphen areas. Phys. Rev. 148, 636.

MueLLer, F. M. (1967). Combined interpolation scheme for transition and Nobie
metals. Phys. Rev. 153, 659.

MueLLEr, F. M. (1971). Interpolation and k-space integrations: A review. In *“Com-
putational Methods in Band Theory.” (P. M. Marcus, J. F. Janak, and A. R.
Williams, eds.), p. 305. Plenum, New York.

MUELLER, F. M., and PriLuies, J. C. (1967). Electronic spectrum of crystalline copper.
Phys. Rev. 157, 600.

MutLLER, F. M., and PriesTLEY, M. G. (1966). Inversion of cubic de Haas-van Alphen
data, with an application to palladium. Phys. Rev. 148, 638.

MueLLer, F. M., FREEMAN, A. J., DiMMock, J. O., and FurDYNA, A. M. (1970a).
Electronic structure of paliadium. Phys. Rev. B 1, 4617.

MukLLER, F. M., FReeMaN, A, J., and KoEeLLING, D. D. (1970b). Anisotropic g factors
of nickel, palladium, and platinum. J. Appl. Phys. 41, 1229.

Myron, H. W., and Liu, S. H. (1970). Energy bands for fcc lanthanum and praseo-
dymium. Phys. Rev. B 1, 2414. RAPW.

NAGaL, S. (1965). Cohesive energy of MnO crystal. J. Phys. Soc. Jap. 20,1366, LCAO.

NaGal, S. (1967). Total energy and 20O~ ~ ion wave function of MnO crystal. J. Phys.
Soc. Jap. 22, 457.

Nacamiva, T. (1968). Development of the theory of helical spin ordering. J. Appl. Phys.
39, 373.

NaGamiva, T., MoTizuki, K., and Yamasaki, K. (1965). A model for the spin density
wave in chromium. Proc. Int. Conf. Magnetism, London p. 195.

Nacamiva, T., SAIT0, S., SHIMOMURA, Y., and UcHiDa, E. (1966). Magnetic structure
of CoO. J. Phys. Soc. Jap. 20, 1285.

NAGAOKA, Y. (1965). Self-consistent treatment of Kondo’s effect in dilute alloys.
Phys. Rev. A 138, 1112.

NaGAoKa, Y. (1966a). Anomalous scattering of conduction electrons in dilute alloys
with a moderate concentration of paramagnetic impurities. J. Phys, Chem. Solids
27, 1139,

NAGAOKA, Y. (1966b). Ferromagnetism in a narrow, almost haif-filled s band. Phys.
Rev. 147, 392.

NaGaoka, Y. (1967). Self-consistent theory of low-temperature anomalies due to s-d
exchange interaction. Progr. Theor. Phys. 37, 13.

NAGAOKA, Y. (1968). Effect of the potential scattering on the low-temperature anomalies
due to the s-d interaction. Progr. Theor. Phys. 39, 533.

Nakavama, M. (1965). Effects of homogeneous deformation on band structure of semi-
conductors. J. Phys. Soc. Jap. 20, 56. Scaling method, k - p.



Statistical Exchange in Self-Consistent Field 77

NEsBeT, R. K. (1967a). Atomic Bethe-Goldstone equations. I. The Be atom. II. The Ne
atom. Phys. Rev. 155, 51, 56.

NEsBET, R. K. (1967b). Transition metal atoms in cubic configurations. Int. J. Quantum
Chem., Symp. 1, 633.

NEesBeT, R. K., and GraNnT, P. M. (1967). Nondirect processes and optical properties
of metals. Phys. Rev. Lett. 19, 222.

Norwoop, T. E., and Fry, J. L. (1970). Energy bands of VO. Phys. Rev. B 2, 472.

NussBaUM, A. (1966). Crystal symmetry, group theory, and band structure calculations.
Solid State Phys. 18, 165.

Okazakl, M., INoUE, M., Tovozawa, Y., Inul, T., and HANAMURA, E. (1967). Coexis-
tence of local and band characters in the absorption spectra of solids. II. Calcula-
tions for the simple cubic lattice. J. Phys. Soc. Jap. 22, 1349.

O’KeerE, P. M., and Gopbparp, W. A., III (1969). Lithium energy-band structure
calculations using ab initio pseudopotentials. Phys. Rev. 180, 747.

Ok, A. (1966). Bound state due to the s-d exchange interaction. Progr. Theor. Phys.
36, 712.

OLECHNA, D. 1., and Knox, R. S. (1965). Energy-band structure of selenium chains.
Phys. Rev. A 140, 986. LCAO.

ONODERA, Y. (1968). Energy bands in Csl. J. Phys. Soc. Jap. 28, 469. KKR.

ONODERA, Y., and Toyozawa, Y. (1967). Excitons in alkali halides. J. Phys. Soc. Jap.
22, 833.

ONODERA, Y., and Toyozawa, Y. (1968). Persistence and amalgamation types in the
electronic structure of mixed crystals. J. Phys. Soc. Jap. 24, 341.

ONODERA, Y., OkazAKI, M., and INui, T. (1966a). Relativistic energy bands of KI.
J. Phys. Soc. Jap. 21, 816. KKR.

ONODERA, Y., OkazAKI, M., and Inur, T. (1966b). Relativistic electronic structure of
KI crystal. J. Phys. Soc. Jap. 21, 2229,

ORTENBURGER, 1. B., and HERMAN, F. (1971). Some remarks on exchange inhomogeneity
corrections in many-electron systems. In *Computational Methods in Band
Theory.” (P. M. Marcus, J. F. Janak, and A. R. Williams, eds.), p. 469. Plenum,
New York.

OVERHAUSER, A. W. (1956). Multiplet structure of excitons in ionic crystals. Phys. Rev.
101, 1702.

OVERHAUSER, A. W. (1959). New mechanism of antiferromagnetism. Phys. Rev. Lett. 3,
414,

OVERHAUSER, A. W. (1960a). Mechanism of antiferromagnetism in dilute alloys. J.
Phys. Chem. Solids 13, 71.

OVERHAUSER, A. W. (1960b). Giant spin density waves. Phys. Rev. Lett. 4, 462.

OVERHAUSER, A. W. (1962a). Spin density waves in an electron gas. Phys. Rev. 128, 1437.

OVERHAUSER, A. W. (1962b). Note on the magnetic structure of AuMn. Proc. Phys. Soc.,
London 80, 797.

OVERHAUSER, A. W. (1963). Spin-density-wave mechanism of antiferromagnetism.
J. Appl. Phys. 34, 1019.

OVERHAUSER, A. W. (1964). Spin-density-wave antiferromagnetism in potassium. Phys.
Rev. Lett. 13, 190.

OVERHAUSER, A. W. (1965). Note on the band theory of magnetism. Physics (Long
Island City, N.Y.) 1, 307.

OVERHAUSER, A. W. (1967). Collective effects in interband optical absorption. Phys.
Rev. 156, 844,



78 John C. Slater

OVERHAUSER, A, W. (1968). Exchange and correlation instabilities of simple metals.
Phys. Rev. 167, 691.

OVERHAUSER, A. W. (1970). Exchange potentials in a nonuniform electron gas. Phys.
Rev. B2,874,

OVERHAUSER, A. W., and ArRrorT, A. (1960). Mechanism of antiferromagnetism in
chromium. Phys. Rev. Lett. 4, 226.

OVERHAUSER, A. W., and DE GRaAF, A. M. (1969). g Shift of conduction electrons in
lithium. Phys. Rev. Lett. 22, 127.

OVERBAUSER, A W., and RoprIGUEZ, S. (1966). Helicon propagation in metals near
the cyclotron edge. Phys. Rev. 141, 431.

OVERHAUSER, A. W., and STEARNsS, M. B. (1964). Spin susceptibility of conduction
electrons in iron. Phys. Rev. Lett. 13, 316.

OverHoF, H. (1971). Band structure calculations for semi-conductors and insulators
using the KKR method. In “ Computational Methods in Band Theory” (P. M.
Marcus, J. F. Janak, and A. R. Williams, eds.), p. 218. Plenum, New York,

OvaMa, S., and Mivakawa, T. (1965). Conduction band structure of KCl. J. Phys. Soc.
Jap. 20, 624.

OvaMa, S., and Mivakawa, T. (1966). Conduction band structure of KCl. J. Phys, Soc.
Jap. 21, 868.

Pace, L. J., and HycgH, E. H. (1970). Calculation of Energy bands in alkali halides.
Phys. Rev. B 1, 3472. APW.

PAINTER, G. S., and ErLis, D. E. (1970a). Electronic band structure and optical properties
of graphite from a variational approach. Phys. Rev. B 1,4747. LCAO.

PAINTER, G. S., and ELLis, D. E. (1970b). A direct numerical method for the energy
band problem: preliminary results for Li. Int.J. Quantum Chem., Symp. 3, 801,

PamNTER, G. S., and Eiruis, D. E. (1971). Discrete variational method for the energy
band problem with LCAO basis and non-spherical local potential. In * Computa-
tional Methods in Band Theory " (P. M. Marcus, J. F. Janak, and A. R. Williams,
eds.), p. 276. Plenum, New York.

PanT, M. M., and JosHi, S. K. (1969a). Electronic band structure of a «-brass. Phys.
Rev. 184, 635. KKR.

PANT, M. M., and JosHui, S. K. (1969b). Crystal potentials in energy-band calculations
of noble metals. Phys. Rev. 184, 639.

ParADA, N. J., and PraTT, G. W., JR. (1969). New model for vacancy states in PbTe.
Phys. Rev. Lett. 22, 180.

PeNDRY, J. B. (1968). Analytic properties of pseudopotentials. Proc. Phys. Soc., London
(Solid State Phys.) 1, 1065.

PENDRY, J. B, (1969). Application of pseudopotentials to low-energy electron diffraction.
1, I1, IT1. Proc. Phys. Soc., London (Solid State Phys.) 2, 1215, 2273, 2283.

PenDRY, J. B., and CaPArT, G. (1969). Choice of muffin-tin pseudopotential. Proc.
Phys. Soc., London (Solid State Phys.) 2, 841.

PenN, D. R. (1966). Stability theory of the magnetic phases for a simple model of the
transition metals. Phys. Rev. 142, 350.

PeNN, D. R. (1967). Mass renormalization in palladium. Phys.Lett. A 24, 681.

PENN, D. R. (1968). Antiferromagnetism in narrow band materials. Phys. Left. A 26,
509.

PenN, D. R., and ConeN, M. H. (1967). Antiferromagnetism in simple metals, Phys.
Rev, 158, 468.



Statistical Exchange in Self-Consistent Field 79

PETTERSSON, G., VALLIN, J., CaLAIs, J. L., and MaNsIkKA, K. (1967). Experimental and
theoretical determination of the elastic constants of NaCl. Ark. Fys. 34, 371.

PeTTIFOR, D. G. (1969). An energy-independent method of band-structure calculation
for transition metals. Proc. Phys. Soc., London (Solid State Phys.) 2, 1051.

PuiLLps, J. C. (1963). Exciton-induced images of phonon spectra in ultraviolet reflec-
tance edges. Phys. Rev. Lett. 10, 329,

Purcuips, J. C. (1964). Interband exciton and scattering structure in the ultraviolet
spectra of alkali halides and solid rare gases. Phys. Rev. Lett. 12, 142.

PuiLLIps, J. C. (1965). Hybrid excitons in diamond. Phys. Rev. A 139, 1291.

PuiLLIPS, J. C. (1966a). Excitons. In *““ The Optical Properties of Solids ”” (J. Tauc, ed.),
p. 155. Academic Press, New York.

PuiLLips, J. C. (1966b). Photo-emission. In *“ The Optical Properties of Solids.” (J. Tauc,
ed.), p. 323. Academic Press, New York.

PurLuips, J. C. (1966¢). The fundamental optical spectra of solids. Solid State Phys.
18, 56.

PuiLiips, J. C. (1966d). Electronic structure of covalent crystals. J. Phys. Soc. Jap. 21,
Suppi. 3.

PuaLiips, J. C. (1967). Partial sum rules for transition and noble metals. Phys. Rev.
153, 669.

PuiLrips, J. C. (1968a). Covalent bond in crystals. 1. Elements of a structural theory.
Phys. Rev. 166, 832,

PriLLips, J. C. (1968b). Covalent bond in crystals. II. Partially ionic binding. III.
Anisotropy and quadrupole moments. IV. Lattice deformation energies. Phys. Rev.
168, 905, 912, 917.

PHiLLIPS, J. C. (1968¢). Dielectric definition of electronegativity. Phys. Rev. Lett. 20, 550.

PurLLips, J. C. (1968d). Optical spectra of transition and noble metals. J. Appl. Phys.
39, 755.

Puruips, J. C. (1968e). Energy bands in cubic boron nitride. J. Chem. Phys. 48, 5740.
Pseudopotential.

Puirips, J. C., and MUELLER, F. M. (1967). Approximate quantum numbers for d-band
states in transition metals. Phys. Rev. 1558, 594.

PaiLries, J. C., and SANDROCK, R. (1968). Interpolation schemes and model Hamil-
tonians in band theory. In “Methods in Computational Physics” (B. Alder, S.
Fernbach, and M. Rotenberg, eds.), Vol. 8, p. 21. Academic Press, New York.

PaiLuips, J. C., and SERAPHIN, B. O. (1965). Optical-field effect on thresholds, saddle-
point edges, and saddle-point excitons. Phys. Rev. Lett. 15, 107.

PicarDp, M., and HULIN, M. (1967). A pseudopotential approach to the electron band
structure of tellurium. Phys. Status Solidi 23, 563.

Prper, T. S., BRowN, J. P., and McCLURE, D. S. (1967). fd and f*3d Configurations in a
crystal field, and the spectrum of Yb* * in cubic crystals. J. Chem. Phys. 46, 1353,

PoLLak, F. H., and CarRDONA, M. (1966). Energy band structure of germanium and
gallium arsenide: the k - p method. J. Phys. Chem. Solids 27, 423.

PoLLAk, F. H., HIGGINBOTHAM, C. W., and CARDONA, M. (1966). Band structure of
GaAs, GaP, InP and AlSb: the k - p method. J. Phys. Soc. Jap. 21, Suppl. 20.

PoLLAK, F. H., CARDONA, M., HIGGINBOTHAM, C. W., HERMAN, F., and VAN DYKE,J. P.
(1970). Energy-band structure and optical spectrum of grey tin, Phys. Rev. B 2, 352.

PosHUSTA, R. D., and KRaMLING, R. W. (1968). Spin-free self-consistent-field theory.
Phys. Rev. 167, 139.



80 John C. Slater

Pra1T, G. W., JR., and Caron, L. G. (1968). Correlation and magnetic effects in narrow
energy bands. J. Appl. Phys. 39, 485.

Pratt, G. W, JR., and FErRRERA, L. G. (1964). Relativistic effects and k - p analysis of
the band structure of PbTe. Proc. Int. Conf. Phys. Semicond., (Paris).

Pra1T, G. W., JR., and PArRADA, N. J. (1967). Interband momentum matrix elements
and a k ' p interpolation method applied to PbTe. Int. J. Quantum Chem., Symp.
1, 589.

PraTT, G. W, IR, L1, E. K., and ARLINGHAUS, F. J. (1971). k : p Interpolation and the
calculation of vacancy states in PbTe. In “Computational Methods in Band
Theory ™’ (P. M. Marcus, N. F. Janak, and A. R. Williams, eds.), p. 400. Plenum,
New York.

PriesTLEY, M. G., WiNDMILLER, L. R., KETTERSON, J. B., and EcksTEIN, Y. (1967).
De Haas-van Alphen effect and Fermi surface in arsenic. Phys. Rev. 154, 671.
Comparison of theory and experiment.

RaB1, S. (1968). Investigation of energy-band structures and electronic properties of
PbS and PbSe. Phys. Rev. 167, 801, APW.

Rani, S. (1969). Energy band structure and electronic properties of SnTe. Phys. Rev.
182, 821. APW.

RaccaH, P. M., and GOODENOUGH, J, B. (1967). First-order localized-electron collective
electron transition in LaCoO;. Phys. Rev. 155, 932.

Raccal, P. M., and GOODENOUGH, J. B. (1968). A localized-electron to collective-
electron transition in the system (La, Sr)CoQOj. J. Appl. Phys. 39, 1209. -

Raccan, P. M., and HENRICH, V. E. (1969). Absolute experimental X-ray form factor
of aluminum. Phys. Rev. 184, 607.

RaccaH, P. M,, and HenricH, V. E. (1970). Experimental comparison of Hartree-Fock
and Slater exchange potentials in aluminum from the charge density point of view.
Int. J. Quantum Chem., Symp. 3, 797,

Raccad, P. M., EuweMa, R. N, StukeL, D. J., and Coriins, T. C. (1970). Comparison
of theoretical and experimental charge densities for C, Si, Ge, and ZnSe. Phys. Rev.
B 1, 756.

RaicH, J. C., and BaTeL, L. C. (1967). Comment on the insulator-metal transition of
iodine under pressure. J. Phys. Chem. Solids 28, 1079.

RaIcH, J. C., and Goob, R. H., Jr. (1965). Theory of metallic binding. J. Phys. Chem.
Solids 26, 1061.

RajacoraL, A. K. (1965). Collective excitations in spin-density-wave systems. Phys.
Rev. A4 137, 1429,

Rasacorat, A. K. (1966). Spin waves in an interacting electron gas. Phys. Rev. 142 152.

RaAJaGoPAL, A. K. (1967). Perturbation theory of the self-consistent field. Nuovo Cimento
Suppl. §, 794.

RalacopraL, A. K., and Brooks, H. (1965). Itinerant electron ferromagnetism. Proc.
Int. Conf. Magnetism, London p. S5.

RajacopraL, A. K., and Brooks, H. (1967a). Magnetic properties of itinerant electrons:
Ferromagnetism. Nuovo Cimento Suppl. S, 807.

Rajacoral, A. K., and Brooks, H. (1967b). Lidiard’s theory of itinerant electron anti-
ferromagnetism. Phys. Rev. 158, 552.

RajaGoraL, A. K., and JosHi, S. K. (1967). Phonons in a model ferromagnetic metal.
Phys. Lert, A 24, 95.

RajacoraL, A. K., and MaAHANTI, S. D. (1967). Ferromagnetism of an electron gas.
Phys. Rev. 158, 353.



Statistical Exchange in Self-Consistent Field 8

RaMIRez, R., and FaLicov, L. M. (1970). Band structure of cubic and hexagonal argon.
Phys. Rev. B 1, 3464, Pseudopotential.

Ramquist, L., HAMRIN, K., JOHANSSON, G., FAHLMAN, A., and NorRDLING, C. (1969a).
Charge transfer in transition metal carbides and related compounds studied by
ESCA. J. Phys. Chem. Solids 30, 1835.

Ramquist, L., EKSTIG, B., KALINE, E., and NoreLanD, E. (1969b). X-Ray study of
inner level shifts and band structure of TiC and related compounds. J. Phys. Chem.
Solids 30, 1849.

RartT0, C. F., and BLANDIN, A. (1967). Correlation effects and superconductivity in
dilute alloys with localized states. Phys. Rev. 156, 513.

REeD, W. A. (1969). Band structure and Fermi surface of gallium by the pseudopotential
method. Phys. Rev. 188, 1184,

ReawaLp, W. (1967). Band structure of spinel-type semiconductors. Phys. Rev. 158,
861. Model potential, CdIn,S,.

ReiLy, M. H. (1967). Band structure, deformation potentials, and exciton states in
solid xenon. J. Phys. Chem. Solids 28, 2067.

Rice, T. M. (1965a). The effects of electron-electron interaction on the properties of
metals. Ann. Phys. (New York) 31, 100.

Rice, T. M. (1965b). Many-body effects at metallic densities. Low Temp. Phys., Proc.
9th Int. Conf., Columbus, Ohio, 1964 Part A, p. 108.

Ricg, T. M., BARKER, A. S., JrR., HALPERIN, B. 1., and McWHAN, D. B. (1969). Anti-
ferromagnetism in chromium and its alloys. J. Appl. Phys. 40, 1337.

RICHMOND, F., and RICKAYZEN, G. (1969). Ferromagnetism in narrow non-degenerate
energy bands—variation principle. Proc. Phys. Soc., London (Solid State Phys.) 2,
528.

ROBERTS, R. A., and WALKER, C. W. (1967). Optical study of the electronic structure of
diamond. Phys. Rev. 161, 730.

RoEessLEr, D. M. (1965a). Kramers-Kronig analysis of reflection data. Brit. J. Appl.
Phys. 16, 1119. i

ROESSLER, D. M. (1965b). Kramers-Kronig analysis of non-normal incidence reflection.
Brit. J. Appl. Phys. 16, 1359.

ROESSLER, D. M. (1966). Kramers-Kronig analysis of reflectance data. III. Approxima-
tions, with reference to sodium iodide. Brit. J. Appl. Phys. 17, 1313.

ROESSLER, D. M., and Lempka, H. J. (1966). Ultraviolet optical properties of potassium
fluoride. Brit. J. Appl. Phys. 17, 1553,

RoEssLER, D. M., and WALKER, W. C. (1967a). Electronic spectrum and ultraviolet
optical properties of crystalline MgO. Phys. Rev. 159, 733.

RoOESSLER, D. M., and WALKER, W. C. (1967b). Exciton structure in the ultraviolet
spectra of KI and Rbl. J. Opt. Soc. Amer. 57, 677.

ROESSLER, D. M., and WALKER, W. C. (1967c). Optical constants of magnesium oxide
and lithium fiuoride in the far ultraviolet. J. Opt. Soc. Amer. 57, 835.

RoEssLEr, D. M., and WALKER, W. C. (1967d). Electronic spectrum of crystalline
lithium fluoride. J. Phys. Chem. Solids 28, 1507.

RoEssiER, D. M., and WALKER, W. C. (1968a). Electronic spectra of crystalline NaCl
and KCI. Phys. Rev. 166, 599.

Roessier, D. M., and WaLker, W. C. (1968b). Optical constants of sodium chloride
and potassium chloride in the far ultraviolet. J. Opt. Soc. Amer. 58, 279.

ROsEN, A., and LINDGREN, 1. (1968). Relativistic calculations of electronic binding
energies by a modified Hartree-Fock-Slater methed. Phys. Rev. 176, 114.



82 john C, Slater

Ross, M. (1969). Pressure calculations and the virial theorem for modified Hartree-Fock
solids and atoms. Phys. Rev. 179, 612.

RoTtH, L. M. (1966a). Semiclassical theory of magnetic energy levels and magnetic
susceptibility of Bloch electrons. Phys. Rev. 145, 434,

RotH, L. M. (1966b). Simple narrow-band model of ferromagnetism due to intra-
atomic exchange. Phys. Rev. 149, 306.

RotH, L. M. (1967a). Spin-wave stability of the ferromagnetic state for a narrow s band.
J. Phys. Chem. Solids 28, 1549.

RoTH, L. M. (1967b). Note on spin-wave operators. J. Appl. Phys. 38, 1063.

RoTH, L. M. (1967¢). Simple narrow-band model of ferromagnetism due to intra-atomic
exchange. J. Appl. Phys. 38, 1065.

RotH, L. M. (1967d). Spin wave stability of the ferromagnetic state for a narrow s band.
Int. J. Quantum Chem., Symp. 1, 649.

RotH, L. M. (1968). Spin waves in narrow bands. J. Appl. Phys. 39, 474.

RotH, L. M., ZriGer, H. J., and KapLaN, T. A. (1966). Generalization of the Ruderman-
Kittel-Kasuya-Yoshida interaction for nonspherical Fermi surfaces. Phys. Rev.
149, 519.

Rowe, J. E., CARDONA, M., and PorLak, F. H. (1968). Valence band symmetry and
deformation potentials of ZnO. Solid State Commun. 6, 239.

Rusio, J., and Garcia-MoLINER, F. (1967). Formal theory of equivalent potentials in
solids: Stationary-state approach and the orthogonalized plane wave pseudo-
potentials. Proc. Phys. Soc., London 91, 739,

RubpGe, W. E. (1969a). Generalized Ewald potential problem. Phys. Rev. 181, 1020.

RUDGE, W. E. (1969b). Self-consistent augmented-plane-wave methcd. Phys. Rev. 181,
1024.

RupGe, W. E. (1969¢). Variation of lattice constant in APW energy-band calculation
for lithium. Phys. Rev. 181, 1033.

RumMmer, D. E. (1969). Superexchange in KNiF;. Proc. Phys. Soc.,London (Solid State
Phys.) 2, 329.

SANDROCK, R. (1968). Eiectronic spectrum of trigonal selenium. Phys. Rev. 169, 642,

SANDROCK, R., and TreuscH, T. (1964). Determination of the energy band structures
of crystals with the chalcopyrites structure by k - p perturbation theory. Z. Natur-
Jforsch. A 19, 844,

Saravia, L. R., and Brust, D. (1968). Band structure and interband optical absorption
in diamond. Phys. Rev. 170, 683. Comparison of theory and experiment,

Sastow, W., BERGSTRESSER, T. K., and CoHeN, M. L. (1966). Band structure and optical
properties of diamond. Phys. Rev. Lert. 16, 354.

Sastow, W., BErGsTRESSER, T. K., Fong, C. Y., CoHen, M. L., and Brust, D. (1967).
Pseudopotential calculation of ¢, for the zincblende structure: GaAs. Solid State
Commun. S, 667.

Sato, H., TotH, R. S., and Honjo, G. (1967). Long period stacking order in close packed
structures of metals. J. Phys. Chem. Solids 28, 137.

ScHirser, J. E., and Van Dyke, J. P. (1971). Pressure-induced *‘electron transition”
in As. Phys. Rev. Lett. 26, 246.

ScHLOSSER, H. (1970). Nonrelativistic energy-band structure of Au. Phys. Rev. B 1, 491.

ScHOEN, J. M. (1969). Augmented-plane-wave virtual-crystal approximation. Phys. Rev.
184, 858.



Statistical Exchange in Self-Consistent Field 83

ScHOEN, J. M., and DENKER, S. P. (1969). Band structure, physical properties, and
stability of TiO by the augmented-plane-wave virtual-crystal approximation.
Phys. Rev. 184, 864.

SCHRIEFFER, J. R. (1966). Breakdown of the quasi-particle approximation in metals.
In “ Tokyo Summer Lectures in Theoretical Physics,” p, 98. Benjamin, New York.

SCHRIEFFER, J. R. (1967a). The Kondo-effect—the link between magnetic and non-
magnetic impurities in metals? J. Appl. Phys. 38, 1143.

SCHRIEFFER, J. R. (1967b). Influence of band structure and interatomic exchange on
spin fluctuations in metals. Phys. Rev. Lett. 19, 644,

SCHRIEFFER, J. R. (1968). Effect of virtual spin waves on the properties of strongly
paramagnetic metals. J. Appl. Phys. 39, 642.

SCHRIFFFER, J. R., and Berk, N. F, (1967). On the description of nearly ferromagnetic
fermion systems, Phys. Lett. A 24, 604,

SCHRIEFFER, J. R., and WoLFF, P. A. (1966). Relation between the Anderson and Kondo
Hamiltonians. Phys. Rev. 149, 491.

ScHWARZ, K., WEINBERGER, P., and NECKEL, A. (1969). Calculation of the band structure
of ScC and ScN. Theor. Chim. Acta 15, 149. APW.

Scop, P. M. (1965). Band structure of silver chloride and silver bromide. Phys. Rev. A
139, 934. APW,

SeEGALL, B. (1966). Optical absorption edge in CdTe: theoretical. Phys. Rev. 150, 734.

SEGALL, B. (1967). Intrinsic absorption ‘“‘edge” in II-VI semiconducting compounds
with the wurtzite structure. Phys. Rev. 163, 769.

SeGALL, B. (1971). Calculations with “non-muffin-tin” potentials by the Green’s
function method. In * Computational Methods in Band Theory” (P. M. Marcus,
J. F. Janak, and A. R. Williams, eds.), p. 200. Plenum, New York.

SEGALL, B., and Ham, F. S. (1968). The Green’s function method of Korringa, Kohn,
and Rostoker for the calculation of the electronic band structure of solids. In
“ Methods in Computational Physics” (B. Alder, S. Fernbach, and M. Rotenberg,
eds.), Vol. 8, p. 251. Academic Press, New York.

SENGUPTA, S., and MUKHERII, A. (1968). Self-consistent calculation of van der Waals
force constant. Phys. Rev. 166, 36.

SuaM, L. J. (1970). Local exchange approximation and the virial theorem. Phys. Rev.
A1, 169,

SuaM, L. J. (1971). Approximations of the exchange and correlation potentials. In
“ Computational Methods in Band Theory” (P. M. Marcus, J. F. Janak, and
A. R. Williams, eds.), p. 458. Plenum, New York.

SuaM, L. J., and KonN, W. (1966). One-particle properties of an inhomogeneous inter-
acting electron gas. Phys. Rev. 145, 561.

SHANKLAND, D. G. (1971). Interpolation in k-space with functions of arbitrary smooth-
ness. In *“ Computational Methods in Band Theory” (P. M. Marcus, J. F. Janak,
and A. R. Williams, eds.), p. 362. Plenum, New York.

SuArRMA, R. R. (1968a). Binding energy of the excitonic molecule. Phys. Rev. 170, 770.

SHARMA, R. R. (1968b). Binding energy of the positronium molecule. Phys. Rev. 171, 36.

SHARMA, R. R., and RODRIGUEZ, S. (1967). Exciton-donor complexes in semiconductors.
Phys. Rev. 159, 649.

SHarMA, R, R., Das, T. P., and OrRBAcH, R. (1966). Zero-field splitting of S-state
ions. I. Point~-multipole model. Phys. Rev. 149, 257.



84 john C. Slater

SHARMA, R. R, Das, T. P., and OrBacH, R. (1967). Zero-field splitting of S-state ions.
I1. Overlap and covalency models. Phys. Rev. 155, 338.

SHARMA, R. R, Das, T. P., and OrBACH, R. (1968). Zero-field splitting of S-state ions.
L. Corrections to parts I and II and application to distorted cubic crystals. Phys.
Rev. 171, 378.

SHaw, R. W., Jr. (1969a). Application of optimized model potential to calculation of
energy-wave-number characteristics for simple metals. Proc. Phys. Soc., London
(Solid State Phys.) 2, 2335.

Suaw, R. W., Jr. (1969b). Effective mass and perturbation theory in theory of simple
metals. Proc. Phys. Soc., London (Solid State Phys.) 2, 2350.

SHaw, R. W., Jr., and HARRISON, W. A, (1967). Reformulation of the screened Heine-
Abarenkov model potential. Phys. Rev. 163, 604.

SHaw, R. W., Jr.,, and PynN, R. (1969). Optimized model potential: Exchange and
correlation corrections and calculation of magnesium phonon spectrum. Proc.
Phys. Soc., London (Solid State Phys.) 2, 2071.

SHERRINGTON, D., and KouN, W. (1968). Speculations about gray tin. Rev. Mod. Phys.
490, 767.

SumMizu, M. (1965). On the conditions of ferromagnetism by the band model. II. Proc.
Phys. Soc., London 86, 147.

SHiMizU, M. (1968). Magnetic properties of sinusoidal spin-density waves by the band
model. J. Appl. Phys. 39, 1101.

Sumizu, M., and KATsuki, A. (1965). The condition for ferromagnetism in the band
model and its application to iron metal. Proc. Int. Conf. Magnetism, London p. 182.

Sumizu, M., and TakaHasHI, 1. (1970). Local stability, dielectric constant, and spin
susceptibility of ferromagnetic itinerant electrons. J. Appl. Phys. 41, 913.

SuiMizu, M., and Terao, K. (1967). Calculation of electronic specific heat for iron and
nickel metals by the band model. J. Phys. Soc. Jap. 23, 771.

SaINDO, K., MORITA, A., and KaMIMURA, H. (1965). Spin-orbit coupling in ionic crystals
with zincblende and wurtzite structures. J. Phys. Soc. Jap. 20, 2054,

Sumbo, T. (1965). Quantum theory of the valence band structure of germanium in
external electric and magnetic fields. J. Phys. Chem. Solids 26, 1431.

SauiLMAN, R. G. (1966). A semiempirical method for calculating LCAO-MO matrix
elements of transition metal complexes. Physics (Long Island City, N.Y.) 2, 217.
SHYu, W. M., and Gaspari, G. D. (1967). Modified interionic potential for the alkali

metals. Phys. Rev. 163, 667.

Sxyu, W. M., and Gaspari, G. D. (1968). Screened interionic potential of the simple
metals. Phys. Rev. 170, 687.

SHYU, W. M. Gasparl, G. D., and Das, T. P. (1966a). Core-polarization contribution
to the Knight shift in beryllium metal. Phys. Rev. 141, 603.

SHyu, W. M., Das, T. P., and Gaspari, G. D. (1966b). Direct and core-polarization
contributions to the Knight shift in metallic aluminum. Phys. Rev. 152, 270.

Suyu, W. M., Brust, D., and Fumi, F. G. (1967). Relaxation effects around vacancies
in sodium metal. J. Phys. Chem. Solids 28, 717.

SteGBAHN, K., et al., eds. (1967). *“ ESCA, Atomic, Molecular, and Solid State Structure
Studied by Means of Electron Spectroscopy.” Almqvist & Wiksell, Stockholm.

SILVERSTEIN, S. D., and Ricg, M. 1. (1970). Comments on the magnatization and neutron
scattering in local moment-ferromagnetic alloys. J. Appl. Phys. 41, 919.

SLATER, J. C. (1936). The ferromagnetism of nickel. Phys. Rev. 49, 537.



Statistical Exchange in Self-Consistent Field 85

SLATER, J. C. (1937). The theory of ferromagnetism: Lowest energy levels. Phys. Rev.
52, 198.

SLATER, J. C. (1939). “Introduction to Chemical Physics,” Ch. V. McGraw-Hill,
New York. (Dover, New York, 1970).

SLATER, J. C. (1949). Electrons in perturbed periodic lattices. Phys. Rev. 76, 1592.

SLATER, J. C. (1951a). A simplification of the Hartree-Fock method. Phys. Rev. 81, 385.

SLATER, J. C. (1951b). Magnetic effects and the Hartree-Fock equation. Phys. Rev. 82,
538.

SLATER, J. C. (1955). One-electron energies of atoms, molecules, and solids. Phys. Rev.
98, 1039.

SLATER, J. C. (1960). “Quantum Theory of Atomic Structure,” Sects. 14.2 and 17.7.
McGraw-Hill, New York.

SLATER, J. C. (1964). Energy band calculations by the augmented plane wave method.
Advan. Quantum Chem. 1, 35.

SLATER, J. C. (1965a). * Quantum Theory of Molecules and Solids,” Vol. 2: Symmetry
and Energy Bands in Crystals.” McGraw-Hill, New York.

SLATER, J. C. (1965b). Suggestions from solid-state theory regarding molecular calcula-
tions. J. Chem. Phys. 43, S228.

SLATER, J. C. (1967a). “ Quantum Theory of Molecules and Solids,” Vol. 3: Insulators,
Semiconductors, and Metals. McGraw-Hill, New York.

SLATER, J. C. (1967b). Energy bands and Fermi surfaces. Int. J. Quantum Chem.,
Symp. 1, 523.

SLATER, J. C. (1968a). Average energy of states of given multiplicities in atoms. Phys.
Rev. 165, 655.

SLATER, J. C. (1968b). Exchange in spin-polarized energy bands. Phys. Rev. 165, 658.

SLATER, J. C. (1968¢). Energy-band theory of magnetism. J. Appl. Phys. 39, 761.

SLATER, J. C. (1968d). Energy bands and the theory of solids. In * Methods in Computa-
tional Physics.” (B. Alder, S. Fernbach, and M. Rotenberg, eds.), Vol. 8, p. 1.
Academic Press, New York.

SLATER, J. C. (1970). The self-consistent field for crystals. Int. J. Quantum Chem.,
Symp. 3, 727.

SLATER, J. C. (1971). The self-consistent field method for crystals. In ““ Computational
Methods in Band Theory® (P. M. Marcus, J. F. Janak, and A. R. Williams, eds.),
p. 447. Plenum, New York.

SLATER, J. C., and KosTER, G. F. (1954). Simplified LCAO method for the periodic
potential problem. Phys. Rev. 94, 1498,

SLATER, J. C., and Woob, J. H. (1971). Statistical exchange and the total energy of a
crystal. Int. J. Quantum Chem., Symp. 4, 3.

SLATER, J. C., WiLsoN, T. M., and Woop, J. H. (1969a). Comparison of several ex-
change potentials for electrons in the Cu* ion. Phys. Rev.179, 28.

SLATER, J. C., MANN, J. B., WiLsoN, T. M., and Woop, J. H. (1969b). Nonintegral
occupation numbers in transition atoms in crystals. Phys. Rev. 184, 672.

SMART, J. S. (1963a). Exchange interactions in magnetic compounds. J. Appl. Phys.
34, 1013,

SMaARrT, J. S. (1963b). Evaluation of exchange interactions from experimental data.
Magnetism 3, 63.

SMART, J. S. (1966). “Effective Field Theories of Magnetism.” Saunders, Philadelphia,
Pennsylvania.



86 John C. Slater

SmitH, D. A. (1968). A model for electron correlation in hybrid bands. Proc. Phys.
Soc., London (Solid State Phys.) 1, 1263.

Smith, F. C., Jr., and Jounson, K. H. (1969). Scattering model of molecular electronic
structure. Phys. Rev, Lett. 22, 1168.

Swmith, F. C., Jr., and Jounson, W. R. (1967). Relativistic self-consistent fields with
exchange. Phys. Rer. 160, 136.

Snow, E. C. (1967). Seif-consistent band structure of aluminum by an APW method.
Phys. Rer. 188, 683.

Snow, E. C. (1968a). Self-consistent energy bands of metallic copper by the APW
method. 1. Phys. Rev. 171, 785.

Snow, E. C. (1968b). Self-consistent energy bands of silver by an APW method. Phys.
Rer. 172, 708.

Snow, E. C., and WaBgeR, J. T. (1967). Self-consistent energy bands of metallic copper
by the APW method. Phys. Rev. 157, 570.

Snow, E. C.,and WaBER, J. T. (1969). The APW energy bands for the body centered and
face centered cubic modifications of the 3d transition metals. Acta Met. 17, 623.

Sxow, E. C.. CaNFIELD, J. M., and WaBER, J. T. (1964). Total energies from numerical
self-consistent field calculations. Phys. Rer. A 135, 969. APW.
Snow, E. C., Waster, J. T., and SWITENDICK, A. C. (1966). Effect of assumed electronic
configuration on the electronic band structure of nickel. J. Appl. Phys. 37, 1342,
SokoLOFE, J. B. (1967). Electronic structure of magnetic impurities in copper. Phys. Ret.
161, 540. LCAO.

SokOLOFF, J. B. (1968). Polar spin waves in ferromagnetic metals. Phys. Rev. 173, 617.

SokoLorFF, J. B. (1969). Theory of longitudinal spin fluctuations and the antiferromag-
netic phase transition in chromium metal. Phys. Rev. 187, 584.

SokoLoFr, J. B. (1970a). Antiferromagnetism in narrow-band solids. Phys. Rev. B 1,
1144,

SoxkoLofFF, J. B. (1970b). Free-spin magnetic behavior of the one-dimensional near-
neighbor Hubbard-Model electron system. Phys. Rev. B2,779.

SokoOLOFF, J. B. (1970c). Antiferromagnetism in narrow band solids. J. Appl. Phys. 41,
873,

SommeRrs, C. B., and AMar, H. (1969). Relativistic band structure of gold. Phys. Rev.
188, 1117. KKR.

Sonc, K.-8. (1967a). Encrgy band structure of cuprous halides: CuCl, CuBr, and Cul.
J. Phys. Chem. Solids 28, 2003. LCAO-OPW.

Sona, K.-S. (1967b). Energy band structure of cuprous chloride. J. Phys. (Paris) 28,
195.

SonaG, K.-S. (1967¢). Electronic structure of copper chloride. J. Phys. (Paris) Suppl.
5/6, C3-43-7.

Stark, R. W (1967). Fermi surface of magnesium. II, The de Haas-van Alphen effect
Phys. Rev. 162, 589, Pseudopotential.

Stark, R. W, and Faricov, L. M. (1967). Band structure and Fermi surface of zinc
and cadmium. Phys. Rev. Lerr. 19, 795.

Starx, R. W. and Tsul, D. C. (1968). The de Haas-van Alphen effect in ferromagnetic.
nickel. J. Appl. Phys. 39, 1056.

SterN. E. A, (1967a). Rigid-band model of alloys. Phys. Rer. 157, 544.

SterN, E. A (1967b). Electron states near boundaries. Phys. Rev. 162, 565.

STERN, E. A.(1968). Electron states in dilute disordered alloys. Phys. Rev. 168, 730,



Statistical Exchange in Self-Consistent Field 87

STERN, F. (1967). Friedel phase-shift sum rule for semiconductors. Phys. Rev. 158, 697.

STODDART, J. C., and MarcH, N. H. (1967). Exact Thomas-Fermi method in perturba-
tion theory. Proc. Roy. Soc., Ser.A 299, 279,

StopDART, J. C., HiLTON, D., and MARcH, N, H. (1968). Tight-binding method for
pseudoatoms based on the Bloch density matrix. Proc. Roy. Soc., Ser. A 304, 103.

STODDART, J. C., BEATTIE, A. M., and March, N. H. (1971). One-body potentials
including electron interactions, and electron densities in crystals. Int. J. Quantum
Chem., Symp. 4, 35.

StorT, M. J,, and MaRrcH, N. H. (1966). Soft X-ray emission and momentum eigen-
function of metallic lithium. Phys. Lert. 23, 408.

STREET, R., MunDAY, B. C., Winpow, B., and WiLLiaMs, I, R. (1968). Spin-Density-
wave distributions in chromium and chromium alloys. J. Appl. Phys. 39, 1050,
STuARrT, R. N., and MARSHALL, W. (1966). Theory of super-exchange. Proc. Phys. Soc.,

London 87, 749,

StuarT, R. N,, and SCHWARTZ, J. L. (1967). Finite-temperature thermodynamics for
the modified Hartree-Fock electron gas. Nuovo Cimento B 48, 127.

StukeL, D. J. (1970a). Electronic structure and optical spectrum of boron arsenide.
Phys. Rev. B 1, 3458.

STukeL, D. J. (1970b). Self-consistent energy bands and related properties of boron
phosphide, Phys. Rev. B1, 4791.

STUkEL, D. J. (1970c). Energy-band structure of BeS, BeSe, and BeTe. Phys. Rev. B 2,
1852.

Stuker, D. J., and EuweMa, R. N. (1969a). Electronic band structure and related
properties of cubic AIP. Phys. Rev. 186, 754.

StukeL, D. J., and Euwema, R. N. (1969b). Energy-band structure of aluminum
arsenide. Phys. Rev. 188, 1193,

STUKEL, D. J., and EuwemMa, R. N. (1970). Self-consistent orthogonalized-plane-wave
energy-band study of silicon. Phys. Rev. B 1, 1635.

StukeL, D. J., EUweMa, R. N, CorLins, T. C., HERMAN, F., and KorTUM, R. L. (1969).
Self-consistent OPW and empirically refined OPW energy-band models for cubic
ZnS, ZnSe, CdS, and CdSe. Phys. Rev. 179, 740.

Stukel, D. J.,, EuweMa, R. N, and CoLuins, T. C. (1970a). Comparison of various
exchange potentials in self-consistent OPW energy band calculations for cubic
ZnS and ZnSe. Int. J. Quantum Chem., Symp. 3, 789.

STUKEL, D. J., EUWEMA, R. N, CoLLins, T. C., and SmiTH, V. H., Jr. (1970b). Exchange
study of atomic krypton and tetrahedral semiconductors. Phys. Rev. B 1, 779.

SuGANoO, S., and TANABE, Y. (1965). Covalency in ionic crystals: KNiF;. J. Phys. Soc.
Jap. 20, 1155.

SunL, H. (1965). Paramagnetic impurities in metals at finite temperatures. Physics
(Long Island City, N.Y.) 2, 39.

SunL, H. (1966a). Exact solution of the one-particle model of exchange scattering in
solids. Phys. Rev. 141, 483,

SunL, H. (1966b). Question of singlet states of paramagnetic impurities in metals.
Phys. Rev. Lett. 17, 1140,

SunL, H. (1967). Formation of local magnetic moments in metals. Phys. Rev. Lett.
19, 442,

SWITENDICK, A. C. (1966). Self-consistent energy band calculations for chremium. 1
charge and spin densities. J. Appl. Phys. 37, 1022. APW,



88 john C. Slater

SwitenDICK, A. C., and NaraTH, A. (1969). Band structure and '°’Au nuclear-
magnetic-resonance studies in AuAl,, AuGa,, and Auln,. Phys. Rev. Lett. 22,
1423,

Tacuiki, M., and Srousek, Z. (1968). Covalency contribution to polarizabilities of
ionic crystals. J. Chem. Phys. 48, 2383.

TAKENO, S. (1966). Exciton impurity states in molecular crystals. J. Chem. Phys. 44, 853.

Tavc, J. (1965). Optical properties of semiconductors in the visible and ultraviolet
bands. Progr. Semicond. 9, 87.

Tauc, J. (1966). Optical properties of semiconductors. In “The Optical Properties of
Solids.” (J. Tauc, ed.), p. 63. Academic Press, New York.

Tauc, J., and ABRAHAM, A. (1965). Optical properties and band structure of CdSb.
Czech. J. Phys. 15, 730.

TeRRELL, J. H. (1964). The Fermi surface of beryllium. Phys. Letz. 8, 149.

TerrerL, J. H. (1966). Band structure of Be by the augmented-plane-wave method.
Phys. Rev. 149, 526.

TroMPSON, E. D. (1965a). Intrinsic lifetime of spin waves in a ideal metal. J. Appl. Phys.
36, 1133,

THomPsON, E. D. (1965b). Unified model of ferromagnetism. Advan. Phys. 14, 213.

TrompsoN, E. D. (1967). Spin wave dispersion and energy bands in fcc metals. Inz.
J. Quantum Chem., Symp. 1, 619.

TrompsoN, E. D. (1969). Density of states and the electronic specific heat: Palladium.
J. Phys. Chem. Solids 30, 1181.

TrompsoN, E. D, and Mook, H. A. (1970). Energy bands, Stoner modes, and spin
waves in iron. J. Appl. Phys. 41, 1227.

TrornLEY, J. H. M. (1966). Covalency in octahedrally coordinated Yb3*. Proc. Phys.
Soc., London 88, 325.

TrORNLEY, J. H. M., WiNDsoOR, C. G., and OweN, J. (1965). Concerning the magnetic
properties of covalent octahedral cobalt complexes. Proc. Roy. Soc., Ser. A 284,
252.

THORNLEY, J. H. M., Lustig, C. D., and OweN, J. (1968). The magnetic properties of
(IrXe)?2~ complexes. Proc. Phys. Soc., London (Solid State Phys.) 1, 1024,

Tong, B. Y. (1971). Kohn-Sham self-consistent scheme applied to the calculation of
atomic systems and metallic sodium. In ** Computational Methods in Band Theory.”
(P. M. Marcus, J. F. Janak, and A. R. Williams, eds.), p. 476. Plenum, New York.

ToNng, B. Y., and SHaM, L. J. (1966). Application of a self-consistent scheme including
exchange and correlation effects to atoms. Phys. Rev. 144, 1.

Tovozawa, Y., INoug, M., INu1, T., Okazaki, M., and HANAMURA, E. (1966). Local
and band structures in the fundamental absorption spectra of solids. J. Phys. Soc.
Japan. 21, 208.

Tovyozawa, Y., INoug, M., Inul, T., Okazaki, M., and HaANAMURA, E. (1967). Co-
existence of local and band characters in the absorption spectra of solids. I. Formu-
lation. J. Phys. Soc. Jap. 22, 1337.

Trickey, S. B., and ConkrLiN, J. B., Jr. (1970). Self-consistent, non-“muffin-tin ”
k - p-APW methods. Phys. Lert. A 32, 481.

Tripp, J. H., GorDON, W. L., EVEreTT, P. M., and STARK, R. W, (1967). A non-local
pseudopotential model for the Fermi surface of beryllium. Phys. Lett. 4 26, 98.
Triep, J. H., EVERETT, P. M., GorDON, W. L., and STARK, R. W. (1969). Fermi surface

of beryllium and its pressure dependence. Phys. Rev. 180, 669.



Statistical Exchange in Self-Consistent Field 89

Tsuy, D. C. (1967). De Haas-van Alphen effect and electronic band structure of nickel.
Phys. Rev. 164, 669.

TUCKER, J. W., JoNEs, W., and MARrcH, N, H. (1965). Charge, spin and momentum
densities in iron. Phys. Lett. 19, 366.

TunG, Y. W, and CoreN, M. L. (1969). Relativistic band structure and electronic
properties of SnTe, GeTe and PbTe. Phys. Rev. 180, 823.

TurHasl, S., and CHEN, I (1967). Optical properties and band structure of trigonal
selenium. Phys. Rev. 158, 623.

TYLER, J. M., and Fry, J. L. (1970). Energy bands of hexagonal NiS. Phys. Rev. B1,4604.

TYLER, J. M., Norwoob, T. E., and Fry, J. L. (1970). Tight-binding calculations for d
bands. Phys. Rev. B 1, 297.

VALLIN, J., PETTERSON, G., CaLals, J. L., and Mansikka, K. (1967). Calculation of
elastic constants of NaF. Ark. Fys. 34, 199,

VAN DyYKE, J. P., and HerMaN, F. (1970). Relativistic energy-band structure of Mg, Pb.
Phys. Rev. B2, 1644,

VAN DYKE, J. P., MCCLURE, J. W., and Doar, J. F. (1970). Theory of magnetic break-
down, g factor, and energy-band structure of zinc. Phys. Rev. B1, 2511.

VAN VLECK, J. H. (1966). Some elementary thoughts on the Slater intra-atomic
exchange model for ferromagnetism. In *‘ Quantum Theory of Atoms, Molecules,
and the Solid State” (P.-O. Léwdin, ed.), p. 475. Academic Press, New York.

VAN ZANDT, L. L. (1967). Spin waves in paramagnetic Fermi gases. Phys. Rev. 162, 399.

Vasvarl, B. (1968). Energy band and Fermi surface of divalent metals under pressure.
Rev. Mod. Phys. 40, 776.

Vasvarl, B., and HEINE, V. (1967). The resistivity of calcium, strontium and barium
under pressure. Phil. Mag. 18, 731.

VAsVARI, B., ANIMALU, A. O. E., and HeNg, V. (1967). Electronic structure of Ca, Sr,
and Ba under pressure. Phys. Rev. 154, 535. Pseudopotential.

Vonsovsky, S. V., and Svirsky, M. S. (1968). Effect of magnetic-ions multiplicity on
exchange interaction in crystals. J. Appl. Phys. 39, 649.

Vosko, S. H. (1967). Effective charge associated with a displaced ion in the OPW
formalism. Phys. Rev. 153, 683.

WAKOH, S. (1965). Band structure of metallic copper and nickel by a self-consistent
Procedure. J. Phys. Soc. Jap. 20, 1894,

WAKOH, S. (1970). Generalization of Hubbard’s model Hamiltonian method: applica-
tion to hep cobalt, Phys, Lett. 31, A31, 333.

WAKOH, S., and Yamashita, J. (1964). Fermi surface of Ni. J. Phys. Soc. Jap. 19, 1342,

WAKOH, S., and YaMasHITA, J. (1966). Band structure of ferromagnetic iron by a self-
consistent procedure. J, Phys. Soc. Jap. 21, 1712,

WAKOH, S., and YAMASHITA J. (1968). Internal field and isomer shift of metallic iron
and nickel. J. Phys. Soc. Jap. 25, 1272.

WAKOH, S., and YAMASHITA, J. (1970). Band structure of cobalt by a self-consistent
procedure. J, Phys. Soc. Jap. 28, 1151.

WaTtsoN, R. E., and EHRENREICH, H. (1970). Renormalized atoms and the band structure
of transition metals. Phys. Rev. Lett. 24, 829.

WatsoN, R. E., and FreeMaN, A. J. (1968a). Exchange coupling and conduction-
electron polarization in metals. I1. Phys. Rev. 178, 725.

WaTtson, R. E., and FreemaNn, A. J. (1968b). Local-moment-conduction-electron
exchange coupling and RKXKY spin densities in Metals. J. Appl. Phys. 39, 1100.



9 John C. Slater

Watson, R. E., FREEMAN, A. J., and KoiDg, S. (1969). Role of interband mixing in
exchange coupling and conduction-electron polarization in metals. Phys. Rev.
186, 625.

WEAIRE, D. (1967). Band effective masses for nineteen elements. Proc. Phys. Soc.,
London 92, 956.

WEisz, G. (1966). Band structure and Fermi surface of white tin. Phys. Rev. 149, 504.

WEPFER, G. G., CoLLins, T. C., Euwema, R. N, and StukeL, D. J. (1971). Symmetriza-
tion techniques in relativistic OPW energy band calculations. In “ Computational
Methods in Band Theory ” (P. M. Marcus, J. F. Janak, and A. R. Williams, eds.),
p. 124. Plenum, New York.

Wirr, D. R,, and KrowN, R. (1967). Energy bands in cubic boron nitride. J. Chem.
Phys. 47, 3113. APW.

WiLLiams, A. R. (1970). Non-muffin-tin energy bands for silicon by the Korringa-Kohn-
Rostoker method. Phys. Rev. B 1, 3417,

WirLiams, A, R., Hu,, S. M., and JepseN, D. W. (1971). Recent developments in KKR
theory. In * Computational Methods in Band Theory” (P. M. Marcus, J. F.
Janak, and A. R. Williams, eds.), p. 157. Plenum, New York.

WiLLiaMs, R. W., and MackintosH, A. R. (1968). Electronic structure of rare-earth
metals. II. Positron annihilation. Phys. Rev. 168, 679.

WiLLiams, R. W, Loucks, T. L., and MACKINTOSH, A. R. (1966). Positron annihilation
and the electronic structure of rare-earth metals. Phys. Rev. Lett. 16, 168.

WILsoN, A, R., DRESSELHAUS, G., and YOUNG, C. Y. (1971). Optical properties of the
alkalis using the KKR-Z method. In * Computational Methods in Band Theory”
(P. M. Marcus, J. F. Janak, and A. R. Williams, eds.), p. 260. Plenum, New York.

WiLsoN, T. M. (1968). Spin polarized energy bands in the antiferromagnetic MnO.
Int. J. Quantum Chem., Symp. 2, 269.

WiLsoN, T. M. (1969). Spin-polarized energy-band structure of antiferromagnetic
MnO. J. Appl. Phys. 40, 1588.

WiLson, T. M. (1970). A study of the electronic structure of the first-row transition-
metal complexes. Int. J. Quantum Chem., Symp. 3, 7157.

WiLson, T. M., Woop, J. H., and StATER, J. C. (1970). Studies of the statistical exchange
approximation in the first transition row atoms and ions: The Mn*? ion. Phys.
Rev. A 2, 620.

WOHLFARTH, E. P. (1965). The effective molecular field splitting in metallic nickel
and iron. Proc. Int. Conf. Magnetism, London p. 51,

WORLFARTH, E. P. (1966). Some aspects of the theory of spin waves in metals and alloys.
In “ Quantum Theory of Atoms, Molecules, and the Solid State.” (P.-O. Léwdin,
eds.), p. 485. Academic Press, New York.

WoHLFARTH, E. P. (1967). Temperature dependent Stoner enhancement for nickel above
the Curie temperature. Phys. Lett. A 24, 666.

WoHLFARTH, E. P. (1968a). Band model and ferromagnetism. J. Inst. Math. Its Appl.
4, 359.

WoHLFARTH, E. P. (1968b). Very weak itinerant ferromagnets: application to ZrZn, .
J. Appl. Phys. 39, 1061.

WOHLFARTH, E. P, (1969). Forced magnetostriction in the band model of magnetism.
Proc. Phys. Soc., London (Solid State Phys.) 2, 68.

WOoHLFARTH, E. P. (1970). Itinerant electron ferromagnetism of hexagonal cobalt.
J. Appl. Phys. 41, 1205.



Statistical Exchange in Self-Consistent Field 91

- WorrraM, T. (1969). Impurity excitations in magnetic metals. J. Appl. Phys. 40, 1110,

WoLFRAM, T., and HaLL, W. (1966). Thermal properties of spin-wave impurity states.
Phys. Rev. 143, 284.

Woo, J. W. F. (1971). Dielectric function of uniform electron gas. In “ Computational
Methods in Band Theory ” (P. M. Marcus, J. F. Janak, and A. R. Williams, eds.),
p. 473. Plenum, New York.

Woop, J. H. (1966). Gallium energy bands and Fermi surface via the augmented-plane-
wave method. Phys. Rev. 146, 432.

Woob, J. H. (1970). Atomic SCF calculations for the first transition series. Inter. J.
Quantum Chem., Symp. 3, 747.

Woop, J. H. (1971). Gradients of E(k) from the APW determinant. In *“ Computational
Methods in Band Theory.” (P. M. Marcus, J. F. Janak, and A. R. Williams, eds.),
p. 59. Plenum, New York.

Woob, R. F., and GILBERT, R. L. (1967). Electronic structure of the U-center. I1. Force
constant changes and local modes. Phys. Rev. 162, 746.

Woop, R. F., and Opik, U. (1967). Electronic structure of the U-center: Optical absorp-
tion and lattice relaxation. Phys. Rev. 162, 736.

Yarer, Y. (1968). The splitting of Jocalized impurity d states in noble metals. Phys.
Lett. A 26, 481.

Yamapa, H., and SumMizu, M. (1967). Theory of spin waves in ferromagnetic metals
with Multiple bands. J. Phys. Soc.Jap. 22, 1404,

YAMASHITA, J., and AsaNo, S. (1967a). Band structure of KCl by Green’s function
method. Int. J. Quantum Chem., Symp. 1, 611.

Y AMASHITA, J., and AsaNo, S. (1967b). Band structure of antiferromagnetic chromium
Int. J. Quantum Chem., Symp. 1, 627.

YamasHITA, J., Wakow, S., and AsaNo, S. (1966a). Band structure of transition metals
calculated by the Green’s function method. Ir “ Quantum Theory of Atoms,
Molecules, and the Solid State.” (P.-O. Lowdin, ed.), Academic Press, p. 497.
Academic Press, New York.

YAMASHITA, J., WAKOH, S., and AsaNoO, S. (1966b). Band theory of superlattice CoFe.
J. Phys. Soc. Jap. 21, 53. KKR, APW.

YAMASHITA, J., AsaNo, S., and WakoH, S. (1968a). Band theory and metallic anti-
ferromagnetism. J. Appl. Phys. 39,1274,

YAMASHITA, J., NamBa, H., and Asano, S. (1968b). Stabiltiy of non-magnetic state in
3d transition metals. Progr. Theor. Phys. 39, 1091,

YAMASHITA, J., WAKOH, S., and AsANO, S. (1969). Band structure of metals under high
pressure. I. Fermi surface of Na and K. J. Phys. Soc. Jap. 27, 1153.

YoSHIMORI, A. (1968). Closed-form solution for the collective bound state due to the s-d
interaction. Phys. Rev. 168, 493.

YosHIMORI, A., and YosIDA, K. (1968). Singlet ground state of a localized spin in metals.
Progr. Theor. Phys. 39, 1413.

Yosma, K. (1967). Remarks on the singlet bound state due to a localized spin in metals.
Phys. Rev. 164, 879.

Yosipa, K., and Miwa, H. (1966). Free-energy shift of conduction electrons due to the
s-d exchange interaction. Phys. Rev. 144, 375.

Yosipa, K., and Miwa, H. (1969). Free energy shift of conduction electrons due to the
s-d exchange interaction. Progr. Theor. Phys. 41, 1416,

Yosmoa, K., and YosHIMORI, A. (1969). Local electron distribution in the singlet ground



92 John C. Siater

state due to the s-d exchange interaction. Progr. Theor. Phys. 42, 753.

Yosipa, K., Okui, A., and CHIKAzUMI, S. (1965). Magnetic anisotropy of localized
state in metals. Progr. Theor. Phys. 33, 559.

ZHANG, H. L., and CaLLaway, J. (1969). Energy-band structure and optical properties
of GaSb. Phys. Rev. 181, 1163.

ZIMAN, J. M. (1965). The T matrix, the K matrix, D bands and /-dependent pseudopo-
tentials in the theory of metals. Proc. Phys. Soc., London 86, 337.

ZIMAN, J. M. (1966). Wave propagation through an assembly of spheres. I. The Greenian
method of the theory of metals. Proc. Phys. Soc., London 88, 387.

ZIMAN, J. M. (1967). Some non-structural aspects of the theory of metals. Proc. Phys.
Soc., London 91, 701.

ZmaN, J. M. (1968). The localization of electrons in ordered and disordered systems. 1.
Percolation of classical particles. Proc. Phys. Soc., London (Solid State Phys.) 1,
1532.

ZiMAN, J. M. (1969). The localization of elections in ordered and disordered systems.
II. Bound bands. III. Quantum-mechanical particles in **free” bands. Proc. Phys.
Soc., London (Solid State Phys.) 2, 1230, 1704,

ZorNBERG, E. 1. (1970). Band structure and Fermi surface of ferromagnetic nickel,
Phys. Rev. B 1, 244, Combined interpolation scheme.

ZORNBERG, E. 1., and MUELLER, F. M. (1966). Fermi surface of copper. Phys. Rev, 151,
557.



II.

1IL.

Iv.

VL

Aspects of the Localizability of Electrons
in Atoms and Molecules:
Loge Theory and Related Methods

CLAUDE ASLANGUL
RAYMOND CONSTANCIEL
RAYMOND DAUDEL

and PHILEMON KOTTIS

Sorbonne and Centre de Mécanique Ondulatoire Appliquée du C.N.R.S.
Paris, France

Introduction . . . . . . . . . 94
. Origin of the Concept of Loge . . . 95
Rigorous Definition of the Best Partition mto Loges Slmple Appllcatlons 98
From a Wave Function to the Corresponding Best Division into Loges . 105
Using Monoelectronic Localized Functions . . 105
Using a Division into Loges as a Starting Point to Calculate Elaborate Wave
Functions . . . . . . . 115§
A. The Formalism of the Loge Functlons . 115
B. The Atomic Case. Geminals and Completely Localxzed Loge Functlons 117
C. Representation of Cores and Lone Pairs . . . . . . 118
D. Representation of Localized Bonds . . . 119
E. Representation of n-Electron Bonds and Delocahzed Bonds . . 119
F. Improvement of Loge Function Formalism . . . . . 120
. Applications . . 124
A. A Criterion to Dlstmgmsh between Covalent and Datlve Bonds . 124
B. General Theory of Molecular Additivity Rules . . . 126
Localized Excitons and Loges in Large Molecules or in Molecular
Aggregates . . . . . . . . . . 129
A. Introductory Remarks . " . . . .o 129
B. Properties of the Collective Excntatlon States . . . . . 131
C. The Excited States of an Aggregate in a Thermal Bath . . . 132
D. Coherent Coupling States . . . . . . . 134
E. Incoherent Coupling States . . . . . . . . 138

References . . . . . . . . . . . 139

93



94 C. Aslangul, R. Constanciel, R. Daudel, and P. Kottis

introduction

When the principle of the indistinguishability of electrons is taken into
account, it is not possible to associate particular electrons with atomic
cores or molecular bonds. Therefore, it is necessary to establish a new
bridge between chemical intuition and the pictures of atoms and molecules
that result from wave-mechanical calculations.

If the wave function is computed by using simple techniques (e.g., self-
consistent field functions made of molecular orbitals linear combinations of
atomic orbitals (SCFLCAOMO) and extended on a minimal basis set) it
is customary to associate * the most localized orbitals ™ with atomic cores
and localized bonds.

But, since now it is possible to compute much more elaborate wave
functions, there is a need for well-defined equivalent concepts for any kind
of wave functions. The loge theory satisfies this need.

A loge is a part of the space (associated with an atom or a molecule) in
which there is a high probability of finding a given number # of electrons
(but not always the same) with a certain organization of their spins. The
best decomposition of the space in loges is that one which gives the mini-
mum amount of indetermination about the atom or the molecule.

In principle any kind of wave function (even a purely numerical one)
makes it possible to calculate such a decomposition. It is automatically
found that some loges represent the cores of the atoms and other loges
correspond to localized or delocalized bonds. Therefore, the loge theory
provides a mathematical bridge between chemical intuition and wave mech-
anics, which may be considered as a theoretical justification of the main
chemical ideas.

This paper is concerned with the loge theory. 1t is divided into six sec-
tions. The origin of the concept is analyzed in the first. The mathematical
definitions are given in the second section. Information theory is the start-
ing point of that section. Simple examples of applications are immediately
given.

As usual in wave mechanics, exact calculations are not possible. In
Section III various methods are proposed to obtain an approximation of
the best decomposition in loges, starting from wave functions in which the
localizability of electrons is not introduced a priori. Relations with local-
ized orbitals are discussed.

On the contrary, Section IV is written to show that the loge theory can
be used to build new kinds of wave functions, or to improve approximate
wave functions. Relations between loge functions and group functions are
analyzed.
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Section V is concerned with various applications of the loge theory for
stationary states. It is shown that this theory leads to a criterion which
make it possible to distinguish, from a mathematical viewpoint, between
covalent and dative bonds. Furthermore, a theoretical justification of em-
pirical molecular additivity is given. A very simple procedure to establish
general relations between isomerization energies is derived. Section VI
deals with the possibility of extending the localization concept to electronic
excitation. It will be shown that under certain conditions the excitation
energy may be localized in loges. More generally, excited-state properties
may be expressed as contributions from loges.

I. Origin of the Concept of Loge

Following the discovery of the electron many attempts were made to
build an electronic theory of the chemical bond, and the famous paper of
Lewis (1916) was the best starting point. By taking account of the Perrin—
Rutherford-Bohr planetary model it became customary to assume that the
electrons of an atom follow various orbits and to speak of K, L, M, N, ...
electrons. This model is a projection on the microcosm of an astronomical
structure, The extension of this theory to molecules led to the distinction of
two kinds of electrons (core electrons and valence electrons) and, further-
more, to associate particular electrons with the various bonds of a
molecule.

Wave mechanics gives a completely different picture of atoms and mole-
cules, since it is not possible to know the trajectories (if they exist) of the
electrons. It is only possible to calculate the probability of finding an elec-
tron at a given time in a small volume dv surrounding a given point.

Furthermore, the principle of indistinguishability of the electrons and
the Pauli principle lead to the conclusion that the average value of any
property associated with an electron in an atom or a molecule is the same
for all the electrons of the system. For example, the mean value of the dis-
tance r of an electron from the nucleus of an atom does not depend on the
electron considered. Therefore, it is forbidden to distinguish between K and
L electrons. For the same reason, all the electrons of a molecule participate
simultaneously in the interaction between two particular nuclei of the mole-
cule and thus contribute the same amount of energy to the corresponding
bond. It is not possible to distinguish now between core and valence elec-
trons. It is not possible to associate particular electrons with a given bond.

We must add that in the framework of wave mechanics the notion of
bond vanishes. In fact, the electrons of a given molecule participate in the



9 C. Aslangul, R. Constanciel, R. Daudel, and P. Kottis

interaction between any pair of nuclei. It is not possible to distinguish
between bonded atoms and nonbonded atoms.

Finally, a large gap appeared between the old electronic theory of the
chemical bond and the new one based on a purely wave-mechanical treat-
ment, and it became difficult to establish a rigorous bridge between chemi-
cal intyition, based on a considerable amount of empirical observation,
which leads to a partially localized picture of a molecule and wave mecha-
nics which gives a complete blurred description of that same molecule.

The concept of orbital provided the first approach to build such a bridge.
When the true independent electron model is used, i.e., when a system is
represented by a product of orbitals, it is possible to associate an electron
to each orbital and therefore to reintroduce a distinction between the elec-
trons.

This is due to the fact that the corresponding wave function does not
satisfy the Pauli principle. When antisymmetrization is introduced, a strong
correlation between the electrons is also introduced and this possibility
disappears. Let us consider, for example, the wave function

1 2

WM, w1, My, ;) = 27V g (M)ou( M) — o (Mo (M) a(w,)a(ws)

associated with the first triplet state of the helium atom. The probability of
finding electron 1 in a volume dv,, surrounding point M, is

dp = dvy, fdw, dw, J [W]2 dby,,

= HI‘PK(M1)IZ + l(pL(Ml)izl

The probability of finding electron 2 in the same volume has exactly the
same expression.

The probability of finding a given electron in dv depends on the value at
point M, of both orbitals ¢ and ¢, . In this model it is allowed to distin-
guish between the K and the L orbitals, but contrary to the usual bad
language, it remains impossible to distinguish between K and L electrons.
Furthermore, it is well known that if we consider the functions y, and yx,
which obey the relations

= Z Tijo,,
J
where T is a unitary transform. the same function ¥ may be written as

WM, w,, M, w,) =2_”2{X1(Mx)kz(M2) = 12(M)) 1} (M)] aw,) 2(w).
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There are an infinite number of equivalent basis sets of orbitals to represent
a given system. This is why, without change in the values of the total wave
function, we can represent a molecule containing /ocalized bonds with local-
ized or delocalized orbitals. Therefore there is a certain arbitrariness in
associating orbitals with bonds. Various criteria have been proposed to
select the most localized orbitals among an infinity of equivalent basis sets
or orbitals. In simple cases such criteria are helpful in associating localized
orbitals with localized bonds.

But, with the development of electronic computers, it became possible
to obtain very elaborate wave functions. When a large configuration inter-
action is introduced the correspondence between orbitals and bonds van-
ishes. This is also the case if the James and Coolidge wave function is used,
since there is no orbital at all in such a wave function. It will also be the
case when it becomes possible to compute purely numerical wave functions,
and we are not far from this possibility.

Therefore, there is a need for a new concept which makes it possible to
establish a bridge between chemical intuition and wave mechanics. More
precisely, we need a concept which can be used for any kind of wave func-
tion. The concept of loge satisfies such a requirement (Daudel, 1953). Let
us go back to our helium atom in its first triplet state. Let ¥ be any good
space wave function associated with this state. Let us consider a sphere S
of radius r (this value being absolutely arbitrary) with its center at the nucle-
us. The probability P of finding one electron, and one only, in this sphere
is given by the expression

P=2‘[ de;J‘ |"P(M1sM2)|2dUMz
s R3-§

if R? denotes the three-dimensional space. When r is very small, this prob-
ability is also very small because now the sphere is generally empty. When r
is very large, P again is very small because now the sphere generally con-
tains two electrons (and not only one). Thus, intuitively, we must anticipate
that P will possess at least 2 maximum for a certain value of r. Figure 1
shows the result of the calculation when an Hylleraas wave function is used
(Daudel et al., 1955). The maximum is large as it corresponds to P= 0.93.
The corresponding radius is 1.7 a,. We shall say that the best division of
the atomic space of the helium atom in its first triplet state corresponds to
this sphere.

To establish a bridge between this result and the chemical language, we
shall say that the sphere of radius 1.74, is the K loge and the remaining
part of the space the L loge. Thus, when a helium atom is in its first triplet
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Fig. 1. P as a function of r.

state, there is a high probability (93 %) of finding simultaneously one elec-
tron in the K loge and one electron in the L loge. It is important to point
out that now there is no contradiction with respect to the principle of the
indistinguishability of the electrons, because we do not distinguish between
electrons, but only between certain parts of the space which are visited by
the electrons.

I1. Rigorous Definition of the Best Partition into Loges.
Simple Applications

Loge theory has been formulated (Daudel, 1953, 1956; Daudel et al.,
1955; Odiot, 1957a, b) in the ¢ representation of quantum mechanics in the
Schrodinger picture. The purpose for such a representation is to give a
quantal extension to traditional and useful chemical concepts without refer-
ring to any approximation; indeed, loge theory demands no more than the
postulates of nonrelativistic quantum mechanics.

Let a pure ensemble be prepared in the eigenstate represented by |¥).
For an n-fermion system, such a tensor belongs to a generalized Hilbert
space (Guelfand and Vilenkin, 1967; Rosenbaum, 1969) &,, which is built
as the tensorial product of n monoelectronic spaces, &i”

&, = e ®£(2)® e ® AON

Each space ¢ is itself the product of a *“ continuous * space e (generated
by |g)> when g ranges over all R*) by a two-dimensional space ¢ (a basis of
which is {|@>}ye(—1/2, +1/2)); in the former, ¢ denotes the three spatial
coordinates of the point within the subspace pertaining to a fermion, in
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exists a macroscopic direction in the R® physical space. Relative to the
basis {]g,0:> ® g2 02> @ * - ® |g,w,>}, the state tensor can be written

=2 ) T | X | 10100 es oy 001055 -+, 4,0, ¥

q1 @2 Jq2 On Jan

x dq,dq, -+ dq,

= (wZ, @ {432 gl ) ¥ d{g}as

where {q}, is used for q,,4;, ..., 4., {q}.| ¥ = P({q},) is the ““ wave func-
tion,” which is antisymmetric with respect to any odd permutation of the
symmetric group &, . If one is interested only in the *“ spatial part” of the
wave function (Matsen, 1959), denoted as |®), one can write

|¢>=j J j 19142 - 4.€9192 *** 4,1 0D dq,dq, - - dq,,
a1 J4q2 In

- f{ 1@< dia

where {q}, generates the ‘“orbital” space E, when g, ranges over all R3".
Now, ®({¢},) no longer has in general the antisymmetric property; in other
words, ®({g},) will not transform according to the one-dimensional anti-
symmetric representation of &, , unless either n = 2 [then ® is symmetric
(resp. antisymmetric) for S=0 (resp. S=1)] or, if 1> 2, S=5,,, =
[4n(3n + 1)]Y/%h, then ® is antisymmetric.

The principal aim of loge theory is to infer maximum information about
the spatial distribution of the n fermions in physical space, when the total
spin state is known. Indeed, one tries to define a partition of this space and
calculates the probabilities of the resulting series of events with the hope
that they will be particularly suitable for interpretation of the physical
properties of the microsystem.

Let us define a partition of the physical space R* in v volumes ¥V, (Ioges)
the intersections of those having zero measure

= )‘Ul V;' > mes( Vl N V;'l) = -}5“:[11168( Vz) + meS( VAI)].

What are the different events resulting from that partition? In a physical
way, we can see that analogy with the permutation modes in Bose-Einstein
statistics: we have n fermions which must be distributed in v Joges, and the
number of arrangements is of course equal to (n + v — D/nl(v - D! =
I(n, v); in a more abstract manner, we can say that the partition in R? (the
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order of which is v) induces a partition in the orbital space E,;, the order of
which is I(n, v).

In any case, the probability of the event: finding n, fermions in the loge
V. Vie{l,vleNis

P({n,‘«e VA}}«e[l, v]) = Z J~V {dq}nljv {dq}nz e J‘V {dq}nv mal{q}n><{q}n|q)>y

where m, is one of the permutations belonging to the ensemble which is the
complement in &, of the subgroup &, x &, x --- x &, . (If ®({g},) has
the simple permutation property mentioned above, all integrals are equal
and the factor n! T[}-, (n,!) takes the place of the summation Y ).

To summarize, we started with an infinite nondenumerable ensembie of
events representing the presence of the n-fermion system at a point in the
configuration space R®", (the probability of such an event being given by
the square of the modulus of the projection of |®) on a certain direction
in E,) and we arrived at a finite ensemble of events related to the presence
of groups of fermions in definite volumes in the R> physical space. Clearly,
we have transformed the information potentially contained in the state
tensor in order to single out significant events.

Now the question is: How shall we make a choice among the different
partitions of R*? Our problem is then to find a criterion that establishes a
hierarchy of partitions; indeed, we must introduce a mathematical function
whose numerical values will be representative of these partitions.

A first intuitive possibility is to focus our interest on one of the events
and to characterize the partition by the probability of this event. Such a
procedure appears incomplete for at least two reasons; first, the value of
{®|®) reduced to a subspace of E, does not imply a definite value for
{®|$,,| @) taken in the same subspace, and we could lose our way to our
aim; second, we would be unable to distinguish between two partitions
corresponding to the same probability for that event, but differing for other
probabilities.

We thus require a function which takes explicit account of the probabi-
lities of all the events resulting from the partition of R3. If now we recall
the essential pursued aim, we realize that a function has existed for a long
time that possesses the desirable properties: This is the “ missing informa-
tion function,” or *“a priori indetermination function,” I, defined in infor-
mation theory (Hartley, 1928; Shannon, 1948; Wiener, 1948; Brillouin,
1959) as

:
P)= ) P;log, P!,
i=1
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where # = {P;}; (1, nen is a probability distribution for a series of events.
Among other remarkable properties of this function, we have

0<I(?) <log, !
and
I(#)=0«3iye[l,]Vie[l,]] P;=4, ;,
KP) =log, I<=Vie[l, 1], P, =1/l

These two last propositions fully satisfy our intuition. According to the
first one, there will always exist a partition which will give I its absolute
lowest value, i.e., I = 0. This is the trivial partition arising from doing. ..
nothing; since this does not lead to any progress, it is not considered further.
In fact, we cannot hope to obtain a zero indetermination for a nontrivial
partition 2, because strict localization in any finite domain can only occur
if there exists infinitely high potential barriers, which is never the case in an
atom or a molecule; but we may expect that the function I will possess
minima and we conventionally define the best loges partitioning as the one
which gives the lowest nonzero value, if it exists, to the missing information
function.

It is important to realize the quite absolute meaning of the function /;
this is clearly shown by considering its upper bound, log, /, where / is the
length of the series of probabilities: when there exists an equiprobability,
the indetermination must increase if the number of events does. Such a
feature is essential for a valuable comparison of partitions that depend either
continuously or discretely of the loge parameters, or of partitions that do
not introduce the same number of events.

We can now summarize the general procedure for obtaining the best
partition into loges. Given an n-electron system, we consider all the divisions
in v volumes; v being fixed, one examines all the physically relevant parti-
tions and, for each of them, calculates the I function. Once v has ranged
over its whole domain, we pick out the partition which gives rise to the
lowest nonzero value for I.

Let us now consider two simple examples, related to the helium atom.
For that atom, the only meaningful partitions will be achieved by planes
containing the nucleus or by spheres centered at this nucleus. For a two-
electron system, a partition into two loges introduces three events shown in
Fig. 2. First, let us consider the terms 1 *P and | 'P; the approximate cor-
responding spatial wave functions are obtained by symmetrization or anti-
symmetrization of a simple product of orbitals with screening constants.
The probabilities for the partition by the plane are shown in Table 1. For
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Fig. 2. Electronic events in helium.

TABLE 1
S P2 P;? P;? 12
0480 0260 0260 1.519
1 0.520 0.240 0.240 1.479

the partition by the sphere, and in this approximation, the probabilities are
independent of the total spin eigenvalue, because of a vanishing cross term.
The variations of I' and P, with the parameter R/a, are plotted in Fig. 3
and summarized in Table II. We can thus conclude that, whatever the spin
state, the best partition is defined by a sphere of radius 1.754,, centered at
the nucleus.

Let us now take the terms designated as 2°P and 2!'P. Analogous cal-
culations lead to the results of Tables III and IV and Fig. 4. For the singlet
state, we see that the best partition does not exist; the partition by a plane
introduces a greater indetermination than any spherical partition. So the
lowest nonzero value cannot be associated with the planar division; we
must now look at the best division among the partitions by the sphere; but
in that case the lowest value for [ is zero and corresponds to the trivial solu-
tion. For the triplet state, the indetermination given by the planar partition

TABLE I
Pll le PSl lla
R =1.75a, 0920 0.052 0028 0478

7 I minimum.
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He (1s)(2p)
IR®= $(R) U[IR3-S(R)]

0.920

0478

7
170 175 R/aq

Fig. 3. The missing information function /.

is equal to 0.976 and we can conclude that the best partition in this state is
given by a plane containing the nucleus.

With this simple example, we can realize how the I function seems suit-
able for characterizing a division into loges. In particular we see that, when
the localization is ““ good,” 7 possesses a minimum; if it is “ bad ” this func-
tion has none; but the qualification ““ good or bad ” is now replaced by a
mathematical condition, which gives an actual objective feature to our
criterion; the answer is now: yes or no, and no more “perhaps.” Another
advantage of such a criterion stands in the bridge it establishes between two
theories, quantum theory and information theory; drawing such a parallel
can appear fruitful in the conceptual ground as well as in the technical one;
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TABLE 1

S P2 P,? P;? 1?

0 0.219 03905 03905 1.536
1 0.781  0.1095 0.1095 0.976

TABLE IV

Pl‘ le P31 Ild

R = 3.204a, 0.52f 0244 0235 1477

2 I maximum.

He (2s){2p)
1477 3 5
1R®=S(R) U [IR3-S(R)]
— I'®
——== PR
LOOO
|
|
52
il
0/ i \\
! / I \\
! // | \
', } \\
/ | AN
// | \\
' \
/ ™
~~
/
/) \\\\
e -
1.00 3167 N3.20 R/a

Fig. 4. The function 7 for He(2s5)(2p).
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for instance, one can see (Aslangul, 1971) that the usual loge notion is the
realization in wave mechanics of a much more general concept, and we
foresee applications of information theory to some fundamental problems
of quantum mechanics. Lastly, our point of view (considering all the events
resulting from the spatial partition), leads naturally to a new form of ap-
proximate wave function that could bring an improvement with regard to
the group function method. This will be described in detail in Section 1V.

lil. From a Wave Function to the
Corresponding Best Division into Loges

In Section 11, the definition of the best division into loges has been
given. In principle it is possible to determine that division for an atom or a
molecule when a wave function is known, Obviously the division obtained
will not depend on the way the wave function is written. It depends only on
the total wave function. If, for example the wave function is built on a
basis set made of orbitals, the best division into loges will be an invariant
with respect to a unitary transform of the orbitals.

But, in wave mechanics, it is only possible to solve a problem rigorously
for very small atoms and molecules. Therefore, it is not possible to deter-
mine rigorously the best division into loges for a large atom or a large
molecule. Approximate approaches are needed. Some of them are described
in this section.

Using Monoelectronic Localized Functions

A set of normalized functions f; defined on a given space is localized with
a precision ¢ in an ensemble of volumes V; whose intersection has zero
measure if':

Silfovez1—e
In other words, the normalized functions f; are localized with precision ¢ if,
KV, Vi s Vis oo s Vb mes V;nV; =0, i J,
Vi, filfowzl-s

Let us assume that the space part of a wave function for a two-electron
system is expressed as

= 2_1/2[‘P1(M)(P2(Ml) — (M)p,(M")]

@, and @, being, respectively, localized in V; and V, with precision &.
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The probability P,, of finding electron 1 in ¥V, and electron 2 in V, is

P, =j doy [ 1917 dvy,
V2 Va

= 50110 v @21 020v, + 302 100v (0|0 )y,
- <<P1]<P2>V,<(P1|(P2>VZ,

But since

(o119 =0, <oiledy, = —<0i|0Dv,;

therefore

Py = Koo K02 00v, + 02100y o110y, + 1@ | @)y, |?

The last two terms are positive. Then

P, 2 Ko looy  oaledy, .
Since

(Prloy, 21-¢ and (p2l@2dy, =1 —¢,

P,, = 3(1 — &) and the probability P of finding simultaneously one elec-
tron in V| and one electron in V, obeys the relation

P=P12+P212(1—£)2.

It appears from what has been said in Section I that if ¢ is small, the volumes
V, and V', will correspond approximately to the best division into loges.

When a wave function is expressed in terms of localized functions it is
easy to obtain at least a good division in loges.

Let us apply this statement to atoms. It has been shown (Daudel, 1956;
Odiot, 1957a, b) that the usual atomic orbitals corresponding to various
shells are localized with good precision in various volumes of the atomic
space limited by spheres centered at the nucleus. For example, if we consider
the hydrogen atom

R ac
f (1s)*r? dr > 0.92, J (25)*r? dr 2 0.92,
0 R

if R=1.67A.

Moreover, it has been observed empirically (Odiot, 1957a, b) that the
radii of spheres between which the Hartree-Fock atomic orbitals are local-
ized correspond approximately to the minima of the radial density. There-
fore to obtain an approximation of the best division in loges of an atom for
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which a self-consistent-field wave function is known we can use the radii
corresponding to the minima of the corresponding radial density. As an
example, let us take the F~ ion in its ground state. The Hartree-Fock radial
density has only one minimum for R = 0.375q, . Furthermore,

0.375 o
f (15)*r? dr > 0.94, f (25)*r* dr = 0.94,

0 0.375

j (2p)*r* dr = 0.94.
0.375

Since the corresponding configuration is (15)? (25)* (2p)?, it must be antici-
pated that the sphere with radius R = 0.375a, corresponds to a good division
in loges of the atom, and that therefore there is a high probability of finding
two electrons (with opposite spins) and fwo only in the sphere, the eight
others being outside. The calculation shows that this probability is 0.81.

Table V shows the values of the radii corresponding to K, L, M, and N

TABLE V

Aromic LoGes Rapii (Atomic UNiTs)

Elements Be F- AL3+ Ca?+ Rb* Hg
Ry 1.12 0.37 0.22 0.13 0.06 0.025
Ry 0.64 0.26 0.10
Ry 1 0.28
Ry 0.93

loges calculated by following this procedure from SCF Hartree-Fock
atomic wave functions.! If the volume of an atomic loge is divided by the
number of electrons which are found in it with a high probability a certain
volume v is obtained which gives an idea of the “space occupied” by an
electron going through this loge. Now it is also possible to calculate the
mean value p of the electric potential which acts on an electron when it is
in the loge. The following relation is obtained:

pPPv=C,
where C is a constant, the same for all loges and all atoms. There is a kind

of Boyle-Mariotte law between the space which an electron tends to occupy

' G. Sperber (Int. J. Quantum Chem. 5, 189, 1971) has recently calculated ana-
logous radii in other atoms.
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in a loge and the mean * electric pressure” acting on the electron (Odiot and
Daudel, 1954).

The most probable configuration of the electrons of an atom is the set of
points M, M,, M5, ..., M, which give to the modulus of the wave func-
tion |W(M,, M,, M, ..., M,)| its largest maximum. Figure 5 shows the

. . . @ ‘ ¢ |.09°28’

Be (*P) Be {‘p) c (%)

Fig. 5. Most probable electronic configurations.

most probable configuration of the electrons in Be (*P), B (*P), and C (°S)
with the trace of the sphere limiting the K loge (Linnet and Poe, 1951). It
is seen that for that most probable configurations, there are two electrons
with opposite spins in the K loges and, respectively, two, three, and four
electrons with the same spin in the L loges. The angles formed by the elec-
trons in the L loges with the nucleus are as large as possible: 180°, 120° and
109°28’, respectively.

The use of localized functions to obtain good divisions into loges of
molecules is not so easy because the usual molecular orbitals are not so
well localized. The molecular orbitals that diagonalize Roothaan matrices
are usually built in such a way that they form a basis for irreducible repre-
sentations of any group of operators which commute with the Hamiltonian
{Roothaan, 1951). Let us consider a molecular orbital corresponding to a
nondegenerate level (space viewpoint). It will be an eigenfunction of any
symmetry operator of the molecule. If the molecule possesses, for example,
a symmetry center and the orbital has a significant value at a point M near
one end of the molecule it will have the same important value? at a point
M’ near the symmetrical end. Therefore that molecular orbital will be very
delocalized. There is no relation between loges and the usual molecular
orbitals.

To prepare a deeper discussion it is useful to present some good divi-
sions in loges for small molecules. Let us take the Li, molecule described

2 Only the sign can be different.
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with the Coulson and Duncanson wave function. Consider the division
into loges formed by the two spheres of equal radius R, one concentric
about each nucleus. The value of R corresponding to the highest probability
of finding two electrons (with opposite spins) and two only in one of these
spheres can be easily calculated. We find R = 1.53g, (Brion et al., 1954).
For that radius, the probability is 0.95. The probability for finding two
electrons (with opposite spins) and two only outside of the two spheres is
0.90. The division into loges suggested in Fig. 6 is therefore very near to the
best division into loges of the lithium molecules. Furthermore, it is observed
that the two spheres are approximately identical with the K loge in a free
lithium atom. They will be called the core loge; the remaining part of the
space being the bonding loge.

It can be considered that electrons of the Li, molecule most frequently
‘““ occupy ”* positions conforming to Fig. 6; i.e., one electron of each spin in

o

Fig. 6. Loges in Li,.

each core loge and one of each spin in the bonding loge. This image derived
by wave mechanics is the modern translation of Lewis ideas.

Another useful notion that gives information on the nature of the chem-
ical bond is the density difference function given by the equation

M) = pM) — p'(M)

where p(M) is the actual electronic density at a given point M of a molecule,
and p’/(M) the electronic density which would occur at this point if the
density in the molecule were the simple sum of the density in the free atoms.
Therefore, at any point where 6(M) is positive, an increase of electronic
density results from the binding. On the other hand, in any region where
(M) is negative, the binding has led to a decrease in the electronic density.
Figure 7 shows the variation of (M) along the line of the nuclei of the
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8
. ]
0.3}~ .
02 -

e/(ao)’

0.l :/ \

H H
Fig. 7. The density difference function in H..

hydrogen molecule H, when a James and Coolidge wave function is used
(Roux et al., 1956). It is seen that the chemical binding produces a signifi-
cant increase in the electronic density along that line between the nuclei.
Figure 8 corresponds to the O, molecules (Bratos et al., 1960). There is
no increase of electronic density between the nuclei but an annular region

D

D,

Fig. 8. The density difference function in O;.
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centered on the axis of the molecule where 8(M) is positive. The fact that
there is no increase of electronic density along the nuclear axis is probably
due to the presence of four electrons (two of each spin) in this vicinity. The
strong repulsion between electrons possessing the same spin tends to place
them outside the small space surrounding the bond axis. Therefore, we can
anticipate that between the cores of two small atoms near the bond axis there
is only room for two electrons with opposite spins.

Consider a molecule for which the number of electrons M found with a
high probability outside of the core loges is exactly twice the number of
pairs p of adjacent cores. It must be anticipated that a good division in
loges will contain a two-electron loge between each pair of adjacent cores.
Such a loge will be called a two-electron localized bonding loge. 1t corres-
ponds mathematically to the classical chemical idea of single bond.

Methane is such a molecule. We can anticipate that Fig. 9 schematizes

Fig. 9. Loges in methane.

a good division into loges. It contains a carbon K loge in which there is a
high probability of finding two electrons. Eight electrons must be found out-
side.

Since the molecule contains four hydrogen nuclei adjacent to the carbon
core loge, we can anticipate the presence of four two-electrons localized
bonding loges, each of them surrounding one hydrogen nucleus and the
core. Let us consider an SCF wave function associated with that molecule.
Following Coulson (1950) a satisfactory approximate SCF function can be
written

@ =Ndetls(l) 1s@) s 3)s@) 1, (5) 1,(6) 1,() ,8) 1. (9) 1,(10)
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where the s’s and the #’s are symmetry orbitals:

s=2s+Ma+b+c+4d),
tx=2px+1u(a+b_c"d)5
t,=2p,+u(—a+b+c—d,
t,=2p,+pu{—a+b—c+d).
The notation is the following: a, b, ¢, d denote the various ls hydrogen
atomic orbitals; 1s, 2s, 2p,, 2p,, and 2p, the carbon atomic orbitals; A and
u some coefficients. As predicted, the molecular symmetry orbitals are com-
pletely delocalized over the carbon and the four hydrogen atoms.

But, as well known, if a new sets of orbitals f; is derived from the sym-
metry orbitals with the help of a unitary transform the function:

® = Ndetlf; (1) f; @) 2 3) 2@ f5(5) F(6) fs () fs 8) f5 (9) f5 (10)

is identical to the previous one.
We can select the unitary transform that leads to the equivalent orbitals,

A=s+t,—t,—t,
B=s+t,+1,+1,,
C=s5s—t,+t,—1t,
D=s—t,+1t,+1,.

The methane wave function ® will be written
@ =det 15 1s 44 BB CC DD

It is always the same function written in another way. Let us look more
closely at the function B. We have

B=2s+2p. +2p,+2p, + (A +3wb+ (A - wla+c+ad).

When the Roothaan equations are solved, it is found that (A — u) is much
smaller than A + 3. Since the first four terms in B represent the tetrahedral
hybrid, te, pointing in the direction of the nucleus b, the equivalent orbital B
may be written as

B~te+ (A 4+ 3u)b.

Therefore it is localized between the carbon core loge and one hydrogen
nucleus. The other equivalent orbitals are, respectively, localized between
the core and another hydrogen nucleus.
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We can conclude that if there is no relation between molecular sym-
metry orbitals and the loges, there is a fair agreement between the loges and
the equivalent orbitals. Therefore, an approximate way of finding a good
division into loges of a molecule must be to search for the most localized
orbitals. From the loge viewpoint the most appropriate criterion to define
the most localized orbitals will be to minimize the product of the various
| £il]l f;]> because it is possible to show that if all <|£;|[|f;|> are small

(Daudel, 1956).

Unfortunately, this criterion has not been used. Brion and Daudel (1953)
suggested minimization of the exchange energy, a criterion commonly ap-
plied [see, e.g., Edmiston and Ruedenberg, (1963)]. Foster and Boys
(1960) proposed maximization of the distances between the gravity
centers of the various orbitals. An example of application of this criterion
is given in Section V.

But it is easy to predict that it is not possible to divide the bonding region
of all molecules into only two-electron localized loges. This fact appears
particularly when n # 2p.

It is easy to see that in certain cases it is not possible to localize, between
only two cores, a region where three is a high probability of finding n
electrons with a precise organization of spins. This is the case with diborane
B,H, . This molecule contains 16 electrons. Four of them can be associated
with the two K loges of boron. Twelve electrons remain for binding pur-
poses. Diborane consists of eight pairs of neighboring cores. Therefore, it is
not possible to associate a two-electron localized bond with each pair of
neighboring cores. From the experimental viewpoint the four outer B-H
bonds have the same behavior as normal localized two-electron bonds.
Then, we are led to try a division into loges similar to the one described in
Fig. 10a, since only four electrons remain for the four central pairs of
neighboring cores. But obviously, Fig. 10b corresponds to another situa-
tion, which for symmetry reasons possesses the same probability as the one
shewn in Fig. 10a. Therefore, the probability of the electronic configur-
ation being symbolized by one of these two figures cannot be higher than
one-half, which does not correspond to a good division into loges.

If now, the space of the central B-H is divided between two three-center
loges, as in Fig. 11, this difficulty disappears. There are no a priori reasons to
exclude the possibility of finding such good loges. Since they are now ex-
tended over more than two cores, we shall say that they correspond to
delocalized bonds; more precisely to two-electron bonds delocalized over
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{a)

(b)

Fig. 10. Decompositions in loges of diborane.

three centers. In conclusion, when it is not possible to find a good loge
between two cores, the loge will be extended over a greater number of cores
and an n-electron bond delocalized over p centers will be considered.

Finally, Fig. 12 shows a division into loges where all main kinds of loges
are present. Between the two core loges A and B there is a two-electron loge.
It corresponds to a localized single bond. Surrounding the three core loges
B, C, and D, a four-electron loge delocalized over those three centers is
found. It corresponds to a delocalized bond. In the bonding region there is
a two-electron loge adjacent to only one core (the core A). It corresponds to
a lone pair.
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2o

Fig. lI. Loges in diborane.

Fig. 12. A typical division into loges.

IV. Using a Division into Loges as a Starting Point to Calculate
Elaborate Wave Functions

A. The Formalism of the Loge Functions

Section III has been devoted to showing how the concept of loge can be
used to extract from a wave function some information about the localiza-
bility of the electrons of a given system. The concept of loge was used as a
procedure of analysis of a wave function already known. It has been proved
that the main interest in the loge concept from this viewpoint is to lead to
the best division of the system space into loges that give a rigorous mathe-
matical definition of core, localized, delocalized bonds, lone pairs, and so on.
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All these concepts, which were present in chemical intuition in a rather
vague manner, have now a very precise definition in the framework of
wave mechanics. Furthermore, the new mathematical concepts are defined
in a unique way for all kinds of wave functions. The expansion of the wave
function in terms of orbitals is not a necessary condition to obtain the
loges.

A purely numerical function, a James and Coolidge one, or an Hylleraas
wave function can be used. If the wave function is expanded in terms of
orbitals, the loges are invariant with respect to a unitary transform of the
orbitals.

But these very important results are not the only ones. The concept of
loge can be used to build wave functions. This fact is, a priori, rather sur-
prising. This section is devoted to showing how it is possible to proceed.

Let us assume that for any reason we already have an idea about the
topology of a good division into loges of an atom or a molecule. Such
information may result from the knowledge of an approximate wave func-
tion already computed. Also such a topology can be anticipated for a large
molecule by analogy, taking account of previous results concerning smaller
molecules of the same family.

Furthermore, many experimental measurements can be interpreted in
terms of loges. For example, some interatomic distances can be associated
with the presence of a simple localized bond, i.e., of a two-electron localized
loge.

Let us assume, for example, that the expected topology of a good divi-
sion into loges of a molecule is that one represented by the last figure
{Fig. 12). It is not necessary to know the actual limit of the loges but only a
rough idea of their topology. The figure suggests associating with the mole-
cule the following generating function if all the cores are two electron loges:

Y = A(1, 2) B3, 4) C(5,6) D(7,8) P(9, 10) L (11, 12) Lyep(13, 14,15, 16).

The various functions 4, B, ..., Lare called loge functions because they are
assumed to be at least partially localized in loges.

If o is the spin function that represents the state of the molecule under
consideration, the wave function will be written as

¥ =Y (-~ 1)PPYo,
P

and the loge functions will be computed following a classical variational
procedure,
(VY |H - E|¥)=0.

This is the formalism of the loge functions proposed by Daudel (1956).
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Obviously, when all loges are two electron loges, this formalism reduces
to the geminal one if the total spin function & is conveniently introduced
(Fock, 1950; Hurley et al., 1953; Kapuy, 1958). If no additional require-
ment is introduced, the geminals are said to be free geminals (Bopp, 1959;
Kroner, 1960; McWeeny and Sutcliffe, 1963). Usually the geminals are
calculated in order to satisfy the usual orthogonality condition, such as,

J‘Gk(l, 2)Gk'(1, 2) dvl dvz = 0
or a strong orthogonality condition,
JG,,(I, 2)G(1,3) dv, =0.

The strong orthogonality condition may follow well the spirit of the loge
theory because very often the corresponding geminals are more or less
localized in the various loges of the atom or the molecule considered. For
this reason, the corresponding procedure is often called the separated pair
model.

From the practical viewpoint, it is useful to expand the various loge
functions in terms of monoelectronic functions, y (as atomic orbitals or
Gaussian functions). In this way we shall write, for example,

Lpep = Z Z ; zl: Ciju x(13)x j(14)Xk(15)Xz(16),

and the variational procedure will furnish the ¢’s. Many more specific meth-
ods have been proposed to solve those problems that can be considered
particular cases of the loge theory.

B. The Atomic Case. Geminals and Completely Localized Loge Functions

Consider the beryllium atom in its ground-state. The best division into
loges is made of two-electron K loge and the remaining part of the space,
a two-electron L loge. The corresponding wave function is

¥ =Y (-1)PPK(1,2) L(3, 4).

This kind of wave function has been used to compute the energy of the
ground state of beryllium. It is found to be —14.6575 (a.u.) (experimental,
14.6673) (Miller and Ruedenberg, 1965).

The K and L geminals are rather well localized in two loges. But the
localization is not complete. Only an important part of the norm of the
function is found in the corresponding loge. This is normal because there is,
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for example, a small probability of finding the four electrons in the K loge.
However, since that probability is small, it can be neglected in a first
approximation. This is why Ludeiia and Amzel (1970) have introduced the
new concept of completely localized loge functions [See also Ludefia (1971)].
Let V, the volume in which the loge function £, is completely localized.
The Ludena and Amzel hypothesis may be written as

Wy, ..., V., ...,V e R, V,aV,.=0, r#r,
VM¢V,=>L(-M--)=0.

The authors have applied that formalism to the ground state of beryl-
lium. The K loge has been chosen as a sphere centered at the nucleus. Its
radius has been calculated from a Hartree-Fock wave function. The loge
localized functions used correspond to a projected single Slater determi-
nant. In comparison to a Hartree-Fock wave function leading to an energy
of —14.56, the corresponding completely localized loge function leads to
—14.58. This result shows that completely localized loge functions can be
considered as a better starting point than the SCF wave function from the
energy viewpoint. It turns out that when completely localized loge functions
are used, spin localized properties appear. For example, the first triplet
state of beryllium atom appears to be made of a singlet K loge and a triplet
L loge. That is to say that in the central sphere corresponding to the K loge
the density of the probability of finding two electrons at the same point is
not zero. But this probability is zero at any point outside of that sphere
( Daudel and Sandorfy 1971).

C. Representation of Cores and Lone Pairs

We saw that it is easy to obtain a good idea of the topology of the best
division into loges of atoms. Therefore there is no problem in writing the
part of the generating function associated with the cores of a molecule.
A K loge is usually represented by a geminal. In some rough wave function
we can replace the geminal by the first term in the expansion in terms of
monoelectronic functions. The loge function reduces to

K(1,2) =1s(1) Ls(2).
A lone pair is also usually represented by a geminal. If we want to take
into account only the first term of its expansion we must use hybrid orbitals.

If, for example, the NH; molecule is considered, the loge function P
associated with the lone pair can be approximated as

P=te(l) te(2)
if te represents the appropriate tetrahedral hybrid.
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D. Representation of Localized Bonds

A two-electron localized bond loge is usually represented by a geminal.
Therefore molecules for which a good division into loges is made of K loges,
two-electron localized bond loges and lone pair loges are conveniently re-
presented by a wave function built on orthogonalized geminals. This is why
Ahlrichs and Kutzelnigg (1968, 1969) have used such a procedure to study
LiH, BeH,, BH;, and CH,. In the case of LiH the results are highly
accurate. In the other cases the results are not so spectacular, but the
method does appear to offer a significant improvement over the independent-
particle model, at little extra cost in item and effort, both as an end in itself,
and as a starting point for more accurate calculations.

From the loge theory viewpoint, the McWeeny group functions method
(1959, 1960) is a nice particular procedure to calculate loge functions. The
geminals are usually expressed by following a particular way to ensure their
localization. Let us consider the case of methane, a loge function associated
with the CH two-electron loge will be written as

Ley=1{ah (1) hQ)+b(te (1) h(2) + h (1) te () + cte (1) te 2)).

This is a selection of the terms which appear in the expansion of the loge
function on an atomic orbitals basis. Here te is a tetrahedral hybrid pointing
in the direction of the hydrogen nucleus and # is the corresponding 1s
hydrogen orbital. The variational calculation leads to an energy of —53.48
eV (Klessinger and McWeeny, 1965). The procedure is faster than the cor-
responding SCF calculation which leads to —53.44 e¢V. In some rough pro-
cedures the two-electron bond loge function expansion is reduced to one
term,

L(1, 2) = b(1) b(2).

In such a case b is called a bond orbital.

With Misses Valdemoro and Le Guen we have written a program which
result from the fusion of a McWeeny group function program with
IBM QL program. The program makes it possible to calculate a wave func-
tion for a molecule for which a good division in two-electron loges is
convenient. With an IBM 360-75 electronic computer the time required
to compute the methane wave function is less than one minute.

E. Representation of n-Electron Bonds and Delocalized Bonds

We are extending the program to include n-electron loge functions
(with n > 2). There is no difficulty in principle. The loge function has to be
extended over all the gaussian functions which may be important in the
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corresponding loge. The four-electron delocalized bond loge of butadiene,
for example, can be represented by
Liicreses = . Ciju2pz;i (1) 2pz;(2) 2pz, (3) 2pz, (4).

ijki

It corresponds to a complete n configuration interaction.

F. Improvement of Loge Function Formalism

The loge functions that have been considered as of now correspond to
the most probable event associated with the best partition into loges. More
elaborate wave functions can be built if the other events are taken into
account. Consider the first triplet states of the helium atom. We know
that the best partition of the space into loges correspond to a certain sphere
centered at the nucleus; the part of the space inside the sphere is called the
K loge and the other part the L loge. There is a high probability to find one
electron in the K loge and the other in the L loge. This event suggests the
function Ly(1) L;{2). But there is also a certain probability of finding the
two electrons in the K loge suggesting the function L¢'(1, 2). Finally, there
is a probability of finding the two electrons in the L loge which suggests to
consider the function L;'(1, 2).

Therefore we are led to approximate the total wave function with an
expression like

W =3 (= )PPlaLg(1) Li(2) + bL'(1, 2) + cL{(1, 2)]o, )

wherea, b. ¢, L, L', L, L, are, respectively, variational coefficients and
variational functions. Their values and shapes will be determined by solv-
ing the usual equation

SC¥|H — E|W) =0.

For practical reasons, the L's will usually be expanded on a basis of mono-
electronic functions (gaussian functions, Slater functions, ...). The pro-
cedure has many similarities with the multiconfigurational method. That
general procedure can be applied by following different techniques.

A first one is to start from an approximate wave function (e,g., Hartree-
Fock) to calculate a good partition into loges; we know empirically (Odiot,
1957a, b) that only small fluctuations can occur if we take a better wave
function, with regard to the exact best partition. The square root of the
probabilities P; of the various events can be chosen as a good approach
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of the coefficients a, b, ¢, and one can take for the functions L trial strictly
localized functions and minimizes the mean value of the exact Hamiltonian.
This procedure seems advantageous for several reasons: The strong ortho-
gonality condition has no obscure meaning when considering strictly local-
ized functions; on the contrary, it corresponds to a clear physical situation.
The wave function can be written as

l(n, v

¥=2

)
8i(Pi)l/2Fi

1
if
Fl = ALK(l)LL(Z)Ga F2 = ALKI(la 2)07 F3 = ALL,(l’ 2)“:

with ¢; = +1, A being the antisymmetrizer. Therefore the mean value of
any observable Q will have the simple expression

{Qup> = (P [ Q| ¥,
I(n,v

(n,v)
S PCF | Q4| Fo.

i=1

I

Furthermore, the antisymmetrization between two loge functions in the
same E, is no longer necessary (since there is no special overlap between
them) and there results a considerable simplification in the formalism, as
we can realize on consideration of {Q,,>. Finally, the interloge correlation
is taken into account, at least partly.

From the point of view of the loge theory the perturbative configuration
interaction using localized orbitals (PCILO) technique may be considered
as another procedure to obtain a wave function like that given in Eq. (1).
The main idea in this technique is to start from a function suggested by
“chemical intuition,” which corresponds here to the most probable event,
and to introduce the least-probable events by following a perturbation
method. This is why the technique is described as a perturbative configur-
ation interaction using localized orbitals (Claverie et al., 1967 ; Diner et al.,
1969a, b; Malrieu et al., 1969 ; Jordan et al., 1969). Usually the various space
loge functions are approximated by a simple product of orbitals; e.g., a
two-electron localized bond loge is represented with a product of two bond
orbitals. These orbitals are usually expressed as a linear combination of
hybrid orbitals associated with the two atoms,

b=/{t1+ﬂt2.

In the zero-order function (or leading configuration) the bond loge functions
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are simple products of bonding bond orbitals. If, for example, a two two-
electron localized-bond loge is considered (two interacting hydrogen mole-
cules) the zero-order function is written as

W = AL, 2) Ly3, 4)o

with L,(1, 2) = b,(1)b,(2) and L,(3, 4) = b,(3)b,(4)if b, and b, are bonding
orbitals. But to improve the representation of the most-probable event,
configurations are introduced in which antibonding orbitals &,* anx b,*
are used, like those corresponding to

L,*(1,2) L,(3,4), L,(1,2)L,*3, 4), and L,**(1,2)L,(3,4),...
if L*=b,b* L,*=b,b,* and L,** = b *b*.
Now to take account of the least-probable events, functions like
¥Y'=A4L,"(1,2,3) L,)4)o,
¥ =AL,(1) L,"2, 3, 4)0,
with
L, (1) =b,(1), L,"(1,2,3)=b,(1) b, (2) b;*(3),
b,'(4) = b,(4). L,"(2, 3, 4) = b,(2) b,(3) b,*(4),

and so on are introduced. The effective calculation is made following the
Rayleigh-Schrodinger perturbation expansion, but the partition of the
Hamiltonian between unperturbed and perturbed parts is made by fol-
lowing the Epstein (1926) and Nesbet (1955) proposals. Introduced in a
semiempirical framework this algorithm is very powerful. B. Pullman (1971)
by following this way determined the most stable conformations of a great
number of biomolecules.

When only geminals arc concerned, the improvement of loge function
formalism can be achieved by using the natural orbitals introduced by
L.éwdin (1955). Scarzafara (1969) has used the separated pair model to
determine the electronic wave function associated with the ground state
of the water molecule. Then a configuration interaction calculation is made,
employing the natural orbitals of the separated-pair wave function as a
basis with that separated-pair wave function as the leading configuration.
The corresponding configuration energy is partitioned into various intra-
geminal and intergeminal components. From this analysis this author con-
cludes that for the water molecule the separated-pair model yields approxi-
mately 509/ of the correlation energy.

The use of natural geminals (Lowdin, 1955) in the separated-pair model
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may also lead to a description in the schema of the theory of loges, where
one obtains a series of two-electron loges.

Let us take a four-electron system for which a good partition into two
loges Vy, V,, is supposed known, and consider two geminals L, and L,
which are well localized in V; and V,, respectively. Such functions can be
written as previously; indeed,

L= bl(l)bl(z)’ L, = b2(3) b,(4),

and are easily shown to be eigenfunctions of the two-body density operator,
P2, the kernel of which being p,(1, 2; 1’, 2),

pa(1,2; 1, 2) = [4(4 — 1))2] ﬂ (1,2, 3, ¥, 2, 3, 4) dr, dr,,

¥ being the wave function built from L, and L, as before, Other eigenfunc-
tions for p, are

Ly=27"21b,(1) b,(2) £ b,(2) b,(D],

and we realize that each L refers to an event of our reduced two-body
problem: L;(je {1, 2}) describes the situation where two electrons are ex-
pected to be inside the loge V;, L; is related to the event defined by the
presence of one electron in each loge V; and V,. Finally, the total energy
Eis E = Tr Kp,, where K is the two-body Hamiltonian

K(1, 2) =§[H,(1) + H,(2)]+ H,(1,2),

since L; (i €{l, 2, 3}) is an eigenfunction of p,, E =)  L;| K| L;>; and the
total energy appears as the sum of contributions associated which some
events of the reduced problem.

Such a procedure can be improved by a configuration interaction. For
this, we develop W on a basis of functions ¥,,, each of them being built
from a set of natural geminals L, ;

‘P =ZCM‘{’M'
M

The total energy is now
E = Z Z CM CN*TI‘ KpglN,
M N

where

o N1,2,1,2)=6 J]“PMI, 2,3, HW\* (1, 2, 3, 4) dr, dry,
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and appears to be the sum of intra- ((Ly ;| K| Ly, ;>) and intergeminal
({ Ly, ;| K| Ly, ;>) contributions.

The configuration interaction procedure gives an improvement in two
different ways; first, it introduces contributions related to events which
were neglected before (for instance, three electrons in the same loge V) and
which are now directly connected with the four-body problem. Secondly, it
provides a better description of events yet considered in the first step.

V. Applications

A. A Criterion to Distinguish between Covalent and Dative Bonds

The classical criterion that permits one to distinguish between a cova-
lent and a dative bond is related to a possible mechanism of the formation
of the bond. It is said, for example, that a two-electron bond is dative when
it results from a lone pair shared by two atoms. Such a mechanism may be
normally assumed in the case of borazene:

H;3B + :NH; ——— H;3;B < NH;.

But in some cases several mechanisms may be admitted for the same bond
that lead to different conclusions concerning the nature of the bond. Fur-
thermore, the relation between the nature of a bond and the mechanism of
its formation Is not necessarily direct, because a certain reorganization of
the electronic density can follow the establishment of the bond. It is not
sure that a bond possesses a good rememberance of its history.

Consider the NH, " ion. Let us write the equation

H+ 4+ :NH; ———— [H < NH;]+.

This equation suggests that one of the four bonds of NH,"* is dative, the
others being covalent. This is certainly not true, because NH,* has tetra-
hedral symmetry. An electronic reorganization must occur during the form-
ation of the fourth bond.

For all these reasons it is better to search for a criterion based directly
on the structure of the molecules. The concept of loge has been used by
Daudel and Veillard (1970) to propose such a criterion.

This criterion is based on the notion of most-probable charge of a loge,
which is the total charge contained in the loge (including electrons and
nuclei) when there is in it the number of electrons which is found with a high
probability.

A two-electron bond loge is a covalent bond if it is established between
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two groups of loges having the same most probable charge +e. The loge is a
dative bond if it is established between a group. of loges with a most probable
charge + 2e and another one having a null most probable charge. It is easy to
see (Fig. 13) that from that viewpoint the BN loge in borazane is dative, the
BN loge in the hypothetical molecule H,BNH, being covalent.?

RIS
B LR

Fig. 13. Loges in borazane and in H,BHN,.

Aslangul et al. (1971) have determined good divisions into loges for
these by calculating SCF wave functions and searching for the best local-
ized orbitals. They found that the actual charges of the groups surrounding

3 To simplify the discussion the delocalization of the nitrogen lone pair is neglected.
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the BN loge are very similar to their most probable charges. More pre-
cisely, if in H;BNH, the BN loge is taken out, the charge of the remain-
ing H;B group is —0.le and the charge of the remaining H,N group
is +2.1e In H,B NH, the corresponding charges are 0.8¢ and 1.2e. This re-
sult shows that the criterion proposed is not artificial.

Furthermore, the gravity center of the electronic density in the two BN
bond loges have been calculated. In the two cases it is between the middle
of the bond and the nitrogen nucleus. The dipole moment associated with
the bond may be written as :B — N. Therefore, there is no relation between
the polarity of a dative bond and its classical notation B « N which, as we
said, only refers to a possible mechanism. The distance between the gravity
center of the loge and the nitrogen has been found to be smaller in the
borazane molecule than in the aminoborane. This result is satisfactory be-
cause, if in the two molecules the fact that the nitrogen core is more positive
than the boron one introduces a certain polarity in the bond, this polarity is
enhanced in the borazane because, as we saw, the BN loge lies between two
groups of loges which do not have the same charge, the NH; group being
the more positive one.

B. General Theory of Molecular Additivity Rules

The loge theory provides an elegant framework for understanding the
origin of molecular additivity rules. Using completely localized loge func-
tions is an approximation appropriate for such an analysis. If %, denotes
the function localized in the volume V;, it is readily seen that the wave
function reduces to

Y= HZ(“I)PP“giUi’
i P

=H‘?Ti5

gTi=Z(—1)PP$iGi
P

is a normalized function, and g, is an appropriate spin function.
Consider the mean value A of a certain molecular property represented
by the operator A4

A= ¥4 =<I;[-?T).IA”_“_I grul>-
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Let us assume that the operator is a sum of mono- and bielectronic oper-
ators:

A=ZA’C+%ZAHC"
k kk’
k+k"

It is easy to see that
Z <H gTAlAkln yTu> = Z 11<gm|Akﬂ$n>,
k A " A
= ; ll<$Tl|At4 |$T1>

+;IA Z LrilAEN L D
"

#2

if /, is the number of electrons found in volume ¥, , k, refer to a point in this
volume, A}, refer to an operator acting in V; but connected with V,, for
example, the potential operator due to a nucleus in ¥, . Furthermore, for
analogous reasons

ka<I;I L1l Akk"l;[ gru> = ; M3 L 1) Axgpa\ L a0

+ Y m & LrulAiw |\ LraLrw-

A¥pu

where m;,,, is related to /, and /,, k; and k;’ to pointsin £y, , k, and £, to
points in Zy; and Ly,
Therefore, if we write

= ll<$Tl‘AI;c';_|$Tﬂ.> + m Lo A | Lrads
Vag =Ml L2 L Ay | L1 L) + LE Al AL L)
+ 1L r | AN L),

we obtain
A=Y 7+ ) Viu-
2 A<pu

The mean value of the molecular property appears to be the sum of the
moduli associated with each loge plus the sum of terms representing inter-
action between the loges. In the case of a monoelectronic operator the mean
value reduces to the sum of the loge moduli. If the modulus associated with a
given kind of loge remains approximately constant in a family of molecules,
an additivity rule is found. This is why Daudel et al. (1967) were able to
* explain the additive properties of the Faraday effect in terms of the loge
theory
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For a bielectronic operator the situation is more involved. The additi-
vity can appear when the loges have similar surroundings. This is why it has
been possible to derive additive bond energies. However, for a bielectronic
property, as the energy, the additivity must be only approximate. The in-
teracting terms Y <, ¥,, yield deviations to the additivity.

This term has been used (Daudel, 1970) to calculate the isomerization
energies of satured hydrocarbons by using a very simple semiempirical
procedure. Let us consider a normal molecule and its isoderivative. To
evaluate the isomerization energy AE it is sufficient to consider the two
parts of the paraffins which differ, i.e.,

(@]
-
o

5

[»]

.

s

To simplify the discussion we shall only take into account the interacting
terms between the two electron loges starting from the same core loge.
Therefore no calculations are necessary; it is only necessary to look at the
structure of the molecule to find

AE = [3ycc, cc + 3¥en cn + 6¥ce, enl = [2vcc, cc + 2ven, cn + 8vcc, culs
= Y¢c,cc T You, cn — 2¥cc,cu -

In the same way it is readily found that the isomerization energy AFE’
between a normal molecule and its 2,2-dimethyl derivative

H
Py g n—
e—p—f-t=c -e—g=c
H H H H—(F'—H
H

is AE" = 3(Yec. cc + Yee, cn — 2¥ec, cn) = 3AE. The experimental findings
support this result as

AE = 1.7 kcal/mole and AE’ = 4.7 kcal/mole.

These results were previously obtained (Brown, 1953). But the method used
was a rough LCBO method based on monoelectronic orbitals and on the
simplified picture in which the total energy is obtained as the sum of the
orbital energies.

The interest of the new derivation is that it is much more directly con-
cerned with the localization of the electrons and therefore with the topo-
logy of the molecule. It is established with polyelectronic loge functions,
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and therefore intraloge correlation is taken into account. It is valid not
only for single-bond but for all kinds of loges (core loges, localized-bond
loges, delocalized bond loges, lone-pair loges). In particular, the lone pairs
must not be forgotten. It couls be objected that completely localized func-
tions have been introduced. This is certainly an approximation. But it may
be anticipated that the same kind of formalism remains valid for a good
division into loges. Compensations must occur between some new terms
which appear, and other terms can be included in the empirical parameters
associated with the loges and with the interaction among them.

Vl. Localized Excitons and Loges in Large Molecules or in
Molecular Aggregates

A. Introductory Remarks

In this section we want to indicate tentatively how localized excitons
may also be described as loges when we consider the states of a large mole-
cule or a molecular aggregate coupled to a thermal bath and to the radi-
ation field.

The aggregates are formed by van der Waals force couplings W;; and
by resonance force couplings U,; which appear between the identical sub-
systems (the molecules) in the excited states of the aggregate. The couplings
W;; and U;; between the subsystems M; and M are called coherent coup-
lings; their couplings to the thermal bath A; and A; are called incoherent
couplings. According to the respective importance of U;; and A;, A;, the
observed excited states will be stationary states of the aggregate or non-
stationary states of the subsystems M;, M; (Kottis, 1970b). Let us consider
the first case, where the coupling of the aggregate to the radiation field leads
to one of its electronic excited stationary states }i), the thermal bath being
ignored for the moment. Two situations may occur concerning the reorgan-
ization of the electronic distribution |¥|2: (1) the topology of the best
decomposition in loges of that excited stationary state |i) is the same as the
one associated with the ground state |0). (2) The topology in the state |i)>
is different. We shall analyze case (1) because it is of practical importance
for the use of the loge theory. This situation often occurs; we will cite two
examples: (a) the aggregate made of weakly interacting molecules (The
system is a supermolecule and the part of physical space associated with
each molecule are very good loges for certain excited states.) (b) in a mole-
cule, like the 6,3-dihydropentacene for instance, when properties of de-
localized n-systems are considered. In such a molecule, there are two separ-
ated ten-electron delocalized bonds, one in each double aromatic ring. In
the first excited state, the interaction between the aromatic double-rings is
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very small (Lemaistre, 1970). They correspond to two ten-electron loges
which possess approximately the same geometry for the ground state and
for the low-lying excited states.

We shall consider a two-electron loges problem: a supermolecule A-B.
Let ¥, and V; be the two loges which, in such a case, correspond to spaces
associated with each molecule, a specific case being that of two interacting
hydrogen molecules H,~H,. The spin independent Hamiltonian for the
system will be denoted as

H = H* + H? + HA%, @

with H* and H® describing the intraloge interactions and H*® describing
the interloges interactions (see Section V).

The completely localized loge functions are appropriate to describe such
a system in its ground singlet state. If #,° and #° are the ground state
loge functions, the ground state of A-B can be written as

Yo(l, 2,3,4) = £,°1, 2)6,°(1 ,2)25°(3, Ha5°(3, 4) 2)
As seen in Section V, the energy of the state (2) is,
Eo=ES +Eg® + E}y 3)
with
ES =(LLHMNEZ,%), E® = (L% | HP | ",
B =KL L H?|2,°5%). “)

To describe the excited states of A—B, we use perturbation methods. Let us
consider the isolated molecules A and B and assume that their first excited
electronic levels E,* and Eg* have about the same energy, their other excited
electronic levels being very distant. If A and B were alone, they would be
represented in that state with functions ¢, * and ¢*. If the overlap between
the two molecules is negligible, ¢,* and @g* (the isolated molecules func-
tions) are, respectively, almost completely localized in V, and Vj (the loges
in the A-B system) and can be used as excited loge functions, i.e.,

La* = oa*. Zy* = op*.

Therefore. the resonance, or quasi resonance (a # b), excited state is given
by

Wi 23,4 = S[a®,* D + b0, °Dy*], (5)
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where ®, and ®,* are spin electronic molecular eigenfunctions, and is
expressed in loge and excited loge functions as

Y,2,3,4= d[a.?;A -Q(T)'B + b.‘Z"}A -7;5], ()

following the notation of Section V for £;, and £ . & is an anti-
symmetrizer which generates, from a®,*®g° + »®,°®5*, the proper
antisymmetrized function with regards to the full permutation group. The
operator &/ may be ignored when the functions ®,* and ®p* are com-
pletely localized, cf. Section V. The coefficients a and b are easily calculated
from the 2 x 2 secular system.

B. Properties of the Collective Excitation States

Let us consider an assembly of identical molecules in thermal equili-
brium, which might show resonance, coherent, and incoherent phenomena,
i.e., collective excitation states and excitation transfer between such states.

A localization of the excitation of the assembly in certain loges, coin-
ciding with individual molecule volumes, is not a physical description of
the excitation. Indeed, the indistinguishability for interacting electrons im-
plies that of the excitation in one loge, i.e., we cannot observe localized
excitation states for interacting molecules forming aggregates, as it is seen
in (6).

The same restriction holds in the exciton theory (Davydov, 1962) where
a localized exciton or a running excitation wave is not considered to repre-
sent an excitation state of the crystal at very low temperature (Craig, and
Walmsley, 1968) or of an aggregate (Kottis, 1969a, 1970b), i.e., a localized
exciton cannot be physically observed.*

In effect, in an assembly of interacting molecules collective excitation
(CE) stationary states® show up in which, from the quantum point of view
the individual molecules participating in these states are not distinguish-
able. This means that the probability that a measure reveals an observable
of an individual molecule is strictly zero. The classical example put for-
ward in order to describe this situation is that of a system of two identical

4 Note, however, that a phase destroying perturbation or a coherent preparation of
an excitation packet may create quasi localized excitons (hopping excitons) or an
excitation coherent waves, respectively (Kottis, 1970b, 1972).

5 Excited stationary states do not exist. By stationary we mean that this state has a
long life time so that we can measure the spectroscopic properties characterizing this
state. We use here the name “ collective excitation states” in order to emphasize the
fact that many molecules are involved in this excitation, although none of them is in
one of its eigenstates as would suggest the independent particle model.
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coupled oscillators. In none of the two modes states can we isolate the
properties (time dependent or not) of one of the components.

To make these concepts clear, we study excited states of a system of
identical molecules—say two naphthalene molecules A and B—in which the
concept of localized exciton representation might be linked to that of loges,
when considering electronic transitions and excited states properties: elec-
tronic reorganization following an electronic transition, energies, spin den-
sities, and spin polarizations.

It would be of practical importance to be able to express the observables
of a CE state W(2n) in terms of weighted localized exciton properties. In the
language of loges, this means to express, as contributions from loges V, and
Vg, the properties of CE state W(2n), n being the number of electrons
associated with each molecule. In this way, we join the chemical intuition
of localizations, although we know from theory that no physical experi-
ment will allow us to ‘“see” these localizations, as we anticipated just
above. In the last sub-section, we introduce a phase destroying process—
the perturbation of the two-molecule system by a thermal bath—and show
that loges become experimental observables.

C. The Excited States of an Aggregate in a Thermal Bath

We consider the excited states of a dimer embedded in a solvent, which
corresponds to the weak-coupling limit (Witkowski and Moffitt, 1960) and
which is characterized by weak local interactions between the solvent and
the monomers A and B. These two local interactions are time dependent®
and uncorrelated. The latter allows us to introduce a perturbation process
which gradually, with increasing temperature T, destroys the phase between
the two subsystems A and B. Thus, we can go from a CE state to a state to
two distinguishable subsystems in thermal equilibrium. The incoherent
couplings to the bath A, and Ay are compared to the coherent coupling
U,g between A and B, ie.,

Upp = (AL, L1, | HP\ A L2, L7, (M

It is this coherent coupling that ensures the indistinguishability of the
exciton and the stationary character of the excited dimer state. The com-
parison between A and U, will show us up to which limit we can describe

¢ In order to calculate macroscopic properties of the dimers, the properties of the
cell. the dimer plus the environment, are averaged over the sample. In thermal equi-
librium, the phases of the cells state 1. are randomly distributed, and the averages over
the sample are time independent.
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the excited dimer with stationary states. Beyond this limit, the dimer excita-
tion will be described by two loges ¥V, and V into which the excitation
stochastically relaxes under the perturbation of the thermal bath (thermal
fluctuations). The theory of the temperature-induced localization of the
triplet exciton in aggregates and of its stochastic transfer rates, was recently
given by one of us (Kottis, 1969a, 1970b; Lemaistre and Kottis 1971). We will
summarize this theory here, insisting on the localizability aspects—explicit
(observable) and implicit (nonobservable)—of the excitation.

The time dependent Hamiltonian HP for a dimer coupled to the solvent
will be written explicitly as follows

HD(t) — HA(qA’ QA, (,OA) + HB(qB, QB, (DB) + HAB(qA,qB, LAB)
+ HSA(t) + H3(2) (8)

with H(q*, Q*, ™) = H(g*, 0*) + H(q*, v*). H(g*, Q*)is the electronic—
nuclear Hamiltonian of subsystem 4. H(¢*, w*) denotes the electron spin
interactions operator. A spin-Hamiltonian for the phosphorescent state is
derived by first order perturbation theory.

<\yl l H(qA’ wA) + H(qna wB)| ‘}’1>q

where ¥, is the phosphorescent state of the spinless Hamiltonian in (8).
The spin—Hamiltonian contains the Zeeman interaction and the anisotropic
dipolar interaction. The latter is expressed with a tensor T whose principle
values are the so-called zero-field splittings (zfs), i.e., X, Y and Z. H*® is
the operator for the coulombic time-independent interactions between A
and B. In the usual approximation H*® depends only on the electronic
variables ¢g* and ¢® and on the distance I*B. HA(r) is the adiabatic local
interaction between the molecule A and the bath, i.e., H%*(¢) randomly
modulates the energies of A, but does not induce intramolecular transitions.
The same holds for H%¥(r). The Hamiltonian of the dimer, (8), will be
written as usual in terms of a secular (time-independent) part H® and a
perturbing (time-dependent) part H f(t) which induces transitions, if any,
among the states of H°

HP(t) = H® + H¥(t). 9)
The secular and perturbing parts take the forms, respectively,
HO = (HD(t)>,o = HA+ H® + (A £ A5 4+ %8, (10)
with
HA® =(H*%), B =(H)),,  H® = CH®1),,
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and

H(t) = H°(1) —H°, (11)
with {(HF(1)),, = 0. In what follows, we contract

HS(t) = H5(t) + H%().

1, is the minimum time necessary to make a measure of the dimer in a CE
state; 1, is the coherent period of the exciton and is of the order of Uy
(Holstein, 1959).

If we define a coherence time 1 in the coupling H5A(t), t is of the order of
A;! and may be the lifetime of a local vibration in a solid solvent or the
time between two phase-destroying collisions in a liquid solvent (Sewell,
1963; Kottis, 1970b) we will have a completely different description of the
excited dimer according to the value of the ratio 7o/t = p. p <€ 1 defines
coherent coupling states (coherent excitons), p > 1 defines incoherent coup-
ling states (hopping excitons).

D. Coherent Coupling States

The matrix elements of A*® and H¥(t), cf. (10) and (11), are crucial
for the determination of the nature of the excited dimer states. Indeed,
H2B does not commute with H5(#); therefore, it will be affected by changes
in H5(t). The time dependence of HAB is then obtained in the Heisenberg
representation.

AR = (im[HP(t), HAB), (12)

which gives in a straightforward manner the time evolution of the matrix
element Uy, cf. (7),

Uap(t) = Up expl—(i/h) jOAE(t') dr'] (13)

with AE(t") = E*(1'y — Eg*(1). E\*(t) and Eg*(¢) are the diagonal matrix
elements (14) and (15) respectively; therefore, they will be called localized
exciton energies at the instant #';

EJ(t) = (&%, LY\ H® + HY ()| &%, 29, (14)
Eg*(1) = (L7, &7, |H* + H(IH| L7, L1 (15)

Neglecting solvent-monomer van der Waals force couplings in the ground
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state and taking the ground-state energy as the origin (E,° = Eg° = 0),
(14) and (15) may be expressed in the following detailed form

E (') = E\* + Wyepo + AE,* + E,X(1)), (14)
Eg*(1") = Eg™* + Wyop« + AEg™* + 6Eg*(t), 15"
with
E;* =(Z7,\HM¥27,>;  Eg* =<(ZT,\H*| &7,
Wapo = (L5, L9 | HAP | 27, L35,
Wiops = (L0, L4_|HAP| 29, 235,

AE,* is the average solvent-excited molecule A4 interaction energy and
OE, *(t) is the fluctuating part of this interaction determining an energy
distribution E,*(¢") of width A,. AE,* and A, will be expressed as para-
meters although we could calculate them, in principle, as exciton local
modes average interactions (AE,*) and local modes average lifetime (A1)
(Holstein, 1959 ; Kottis, 1970b).

In the absence of solvent, the localized exciton energies are degenerate
at any time (AE(?') = 0) and U ,p is time independent. The dimer excited
states are CE stationary states and correspond to symmetric and antisym-
metric combinations of localized excitons functions.

In the presence of solvent, the phase of U,g(?) is determined by

AE() = AE* — AEg* + SE (1) — 8Eg*(t). (16)

In (16), the degeneracy of the localized excitons is lifted by two factors:
(1) the static terms, if AE,* # AEg*; (2) The uncorrelated couplings A,
and Ay, which by definition introduce a random phase between the local-
ized excitons functions, i.e.,

OE*(t") — OEg*(t') = SE(1),

SE(t") being a random function. The first term introduces a periodic varia-
tion in U ,g(#). This does not destroy the stationary character of the CE
state, since the energy of the state involves |U,g(t)|%, but changes the
contributions of &7, £7_ and &3, £}, in the CE state, cf. (6), and di-
minishes the coherent period of the exciton between the loges ¥, and Vy.
The solvent random perturbation term dE(f) may average out the coherent
coupling (13) and localize the excitation in one of the loges, V, or Vj, [for
this coherent motion, see example given in (24)].
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At low temperature, the thermal fluctuations become negligible (A, =
Ay = 0), the general form of the excited state is then

¥, = Ha(AN LT, &5, + BANLY, LT,

¥, = AHANLE, L2 _a(ANZ L L), (7
with
(E'—E* + AA (E' —E?*) — AA
2 _ 2 - -
CON = =gy VAN =T ey

and AA = AE,* — AEg*. E' and E? are the energies of the stationary
states (17).

Having in mind the localizability aspects of the electronic excitation, we
consider three particular forms of (17)

(1) AA = 0, the molecules have the same environmental average pertur-
bation. The loges V, and Vg have the same contributions (¢ = + b) in
(17). In the latter, the coherent period of the exciton is

To = [UAB]_]~

(2) AA # 0, with |[AA|)>|U,g|. The loges have different contributions
to the CE state (|al| #|b}). In the latter, the coherent period of the ex-
citon becomes larger, i.e.,

Uagl?]1
to = [Qﬂ_] ,

AA
(3) JAA|> |U,g|. The excited states are localized stationary states’

Y, =25, L., Ea*+AE*, (18)

q}z =$(”)-A ;B’ EB*+AEB*'
This discussion on the state (17) comes out in a straightforward manner
when we consider the Hamiltonian (9) in coherent coupling case, i.e., p =
79/t € 1. The latter condition implies that (U ,g(1)>,, = U,p, i.e., the co-
herent coupling is not affected by the random variation of its phase, cf. (13).

7 In fact this implies a very slow coherent motion of the exciton between ¥V, and
Vs . Therefore, the slightest incoherent perturbation of the environment will localize the
exciton and will induce transitions between loges in a mean time shorter than 74 (cf.
last subsection).
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Then, the states in the subspace {®,*®,, ®,°®*} can be obtained as solu-
tions of a secular Hamiltonian

H=HA +HB + HAB+ HSA~+ HSB (19)

whose eigenstates are (17). The perturbing Hamiltonian in this subspace
reduces to

HP(t) = H3(t) — CH(),. (20)

HP®(r) does not couple the states of (19). Therefore, the excited states (17) of
the dimer corresponding to 7, <€ 7 are CE stationary states.

The practical problem will be to express the properties of an excited
system (the dimer) as contributions from independent parts of the physical
space, the loges V, and Vg, with possibly adiabatic interactions between
them.

(a) The spin densities on the carbon atoms of the excited triplet dimer.
The spin densities of the two triplet excited states, say (17), p®* and p®2
may be expressed as contributions from the loges V, and Vj:

pPi(D)= a’prD),  p™() = bp%(), 2N
PP = BPpMD),  pPi) = a®pP(),
forieV, forie Vy.

This is also an example of additivity when the considered property cor-
responds to a monoelectronic operator, cf. Section V.

(b) The components of the electron spin-spin interaction tensor
T(XP, YP, ZP). When the two naphthalene molecules are parallel, these
components for the two triplet excited states of the dimer have the form

XD1 = aZXA + bZXB + zabE(SAB),

22
XP: = b2 XA + a? X® — 2abe(S,p), ()

X4 and X" are the components associated, respectively, with the excited A
and B isolated molecules. The additivity is conserved in (22) for a bi-
electronic operator if we disregard the third term which is practically negli-
gible (@>X*/2abe(S\g) ~ Sas; Sas is the overlap molecules functions and
is of the order of 1073).

(c) The energies of the excited states of the dimer
E' = a’E,* + b2 Eg* + 2abU 3, 23)
E? = B2E,* + a*Eg* — 2abU 3,

_E;; and _1—5_,;;‘ are the average energies of the excited loges, cf. (14) and (15).
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Compared to these energies, U, may be neglected. Then, in the two
states (23), the energy is stored in the two loges. For instance, in the state
¥,, the a* part of the energy is stored in the loge V, and the 4* part in Vj,
although a*E,* and b2Eg* are not eigenenergies of the molecules A and B,
respectively.

In order to visualize the situation that a molecule can be thought of in a
dynamical state which never can be observed, and chemists quite often
think in this manner, let us write a stationary state with its phase factor

Y (1) =27, LY+ LY, LrJexp(—~iEM), (24)

with £' = E® + U,y and h = 1. We consider here the resonance state with
la] = |b] and E® = L(E,* + Eg*) = E,*(or Eg*), (24) may also be written

Y1) =271 LT, Lo, cos Upgt — 17, L7 sin Uypgtlexp(—iE%),
+ 27— i LY, Py, sin Upgt + LY, L7, cos Upptlexp(—iE®).
(24)

Apart from a phase factor, the stationary state (24) appears as an inter-
ference between two excitation waves, the one running from V, to Vy, the
other one from Vj to V,. The stationary state is the result of an inter-
ference of the two waves. At each instant, this interference maintains an
amount of energy 1E,* in V, and }Eg* in V3. We cannot observe this
sharing of the total energy unless we destroy the interference by a phase-
destroying perturbation.

E. incoherent Coupling States

For t € 14 (p> 1) the matrix element U ,4(¢) undergoes random changes
in a time less than a coherent period. The possibility of interference between
excitation waves (24") disappears, the average of U,p(¢) in a period 7, is
zero,

CUap(D)o = UAn<eXp(—i ﬁ AE(Y) dl')>to= 0. (25)

The excitation in the subspace {®,*®,°, ®,°Dy*} can be described by
the two operators

HO=H*+ A% + H® + A8 (26)
HE(t) = H*®t) + H(t) — CHS(1))1,. 27
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The states of (26) are localized states

L}l1= ?‘Ag?‘s, E1=
\P2=$9-A ¥B’ E2=EB .

X

(28)

*

Contrary to the preceding subsection, these localized states are not station-
ary, they are coupled by H"(¢). During the lifetime of the excited dimer,
each perturbation by H®(¢) will show up a state of H°, i.e., alocalized state.
HP(t)is a stochastic perturbation, then we may define a rate k of excitation
transfer from one loge to the other (Gamurar et al., 1969 ; Le Falher et al.
1970; Lemaistre and Kottis 1971).

2 UkeAD)
TR (BaT - Ep") + AX(T)

(29)

with A~!(T) = 1. The loges are in thermal equilibrium and their statistical
weights obey the usual relation

WO _ ex [_—-——(E‘—;_E‘F)]. (30)

W (V) KT
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Magnetic Circular Dichroism and
Diamagnetic Molecules

DENNIS J. CALDWELL

and HENRY EYRING
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University of Utah
Salt Lake City, Utah

The role of the Faraday effect in structure determination has not yet
been fully delineated. Since all substances display this phenomenon in a
magnetic field, there is little hope that it will become as sensitive a conform-
ational tool as natural optical activity, as has proved the case. At the very
least we are provided with additional matrix elements with which to test the
precision of wave functions. Theoretically the insensitivity to subtle mole-
cular variations is one of the strong points of the Faraday effect in that the
basic shape of the wave function is predominant in determining its quanti-
tative features.

Unlike ordinary absorption and natural optical activity, the Faraday
effect cannot be evaluated by one or two matrix elements, since the mag-
netic field provides a static perturbation which mixes all other states with
the one being studied. In many instances excited states are classed into
groups where it is equally tractable to construct a wave function for one as
for another. In this case it may often happen that the greater part of the
magnetic circular dichroism (MCD) will come from the mixing of these
states. In other cases it will be generally possible to employ an approximate
summation or variation technique, particularly at this stage of development
where a qualitative understanding of the observed behavior is still to be
gained.

Among the general factors which appear to play an interesting role in
MCD research are vibronic, degeneracy, and spin phenomena. Closely
coupled to this behavior is the strength of the transition with the categories,
strong, weak, and forbidden often providing qualitatively distinct types.
In circular dichroism (CD) spectra we are quite used to weakly allowed
transitions giving large effects, when they are magnetically allowed; how-
ever, there are still no well-established reasons for spin-forbidden transi-
tions to play any more important role than they do in ordinary absorption.

143
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The situation is somewhat different in MCD. The largest magnetic rota-
tional strengths are invariably associated with strong absorption. There has
been a certain amount of evidence that spin-forbidden transitions play a
more important role in the Faraday effect, but many of the observed peaks
have later proved to be artifacts. More experimental work is clearly indi-
cated. The behavior to MCD and CD in degenerate transitions is markedly
different. When there is symmetry degeneracy, the splitting caused by the
magnetic field leads to a sinusoidal MCD curve. On the other hand, if the
state is truly degenerate and not merely approximately so, a simple CD
curve results; it is only when the degeneracy is split by substitution that
opposite-signed components are observed. In the case of group degeneracy
one expects a reversal in behavior. The coupling of the identical groups,
which leads to a sinusoidal CD behavior, has a negligible effect on the MCD,
which is essentially the same as that of the individual groups.

A particularly promising aspect of the Faraday effect is in the realm of
vibronic interactions. There are many forbidden transitions whose MCD
curves display a rich fine structure often with alternating signs. As will be
shown below, this situation can occur when different vibrational modes of
the same symmetry cause comparable perturbations of opposite phase; it
can also occur with nearly degenerate forbidden transitions under the right
combination of circumstances. The combination of weak vicinal and strong
vibronic perturbations on a forbidden transition can also lead to very inter-
esting effects. This is potentially a sensitive way in which to study systems
where such perturbations are believed to be comparable. The appearance
of an alternating-signed MCD spectrum is invariably an indication that
vibrations are playing an important role.

In semiclassical radiation theory the perturbation to the molecular
Hamiltonian is given by

H = —(e/mc)ZAi'pi, @

where for the Faraday effect A, is the sum of the radiation field and constant
magnetic field vector potentials. The most general form for the latter quan-
tity is

Ao = %Ho Xr + V¢, (2)

where ¢ is any scalar function of the fixed laboratory coordinates.

A lengthy calculation using second-order time-dependent perturbation
theory gives a result which is independent of ¢. Since the problem of gauge
dependence is central to the Faraday effect, it is worthwhile to present a
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brief heuristic argument on how this occurs. The substitution of the first-
order time-independent wave functions in the presence of the magnetic
field into the standard first-order expression of radiation theory gives for
the average induced dipole moment

2 1
BDoo =Poo + 7 ”;0 pe R
x {w ¢ 3 HIEDY !
on\HonMno av = E; — E»

x Tm <u03 [Ho iy + - (V) ps,.]
mc

X ("no * E) + Bon [HO cmg + iz (V¢)psn] ("30 ¢ E)>

avy

+ t;() Et — Eo Im <um [HO * Mg, + %‘ (V¢) ¢ po;] ("no * E)

 bon [ g+ ) B0 B)) | ©

The standard formula for averaging vectors is

<a(b - B)(c- C)),, =#(a*b x c)(B x C),

where a, b, ¢ are vectors with a fixed relative orientation, and B, C deter-
mine the fixed laboratory frame of reference. The coefficient of (V¢) x E
vanishes, since

im
;E _E "’0:xpsn'"n0=EZ["0sxusu_u0nx"nn].un0=0' (4)

Equation (3) then becomes

Wop,

2
Moo = Boo + EE;Q‘)&'_———(D—Z |tos|® E

2 1 1
X{E; Im [Z ES_E"I"'On.mnsx"so

2 2
Wop — O sEn

1
# T bon o X | [Ho X E. ©

t#0
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From this it follows that the quantity corresponding to g, m,, in
natural optical activity which measures MCD is

f0n=u0n.lm|:z mnsx"s0+ Z

1
L E; _ En o Et _ Eo mtO X llm] . (6)

This expression is unwieldy for two reasons: first, the magnetic rotational
strength for a given transition depends on all the states of the molecule, and
second, the individual terms in the summation depend on the choice of
origin. It is only the sum which is invariant. This undesirable feature has
led to search for a gauge-invariant theory, whose terms are independent of
origin.

Since the magnetic field necessarily causes a mixing of states, we cannot
expect to find an exact finite expression for f;, that depends only on the
ground and excited states; nor should the origin dependence of the indi-
vidual terms in an origin independent sum be considered suitable grounds
for rejection. It happens that this is a gauge-invariant theory only for an
exact solution to the problem; in its present form the theory is not parti-
cularly suitable for approximate methods.

It is not surprising that this problem should arise when it is recognized
that the conventional wave-mechanical formulation of electromagnetic
perturbations introduces an origin dependence in the Hamiltonian. Classi-
cally the origin independent Newtonian equations of motion are reproduced
by a Lagrangian,

L= (m/2)()* + (efo)t * A — e,

where A and ¢ are the vector and scalar potentials of the field. For a con-
stant magnetic field A = 1H, x r, and the generalized momentum is p =
8L[ét = mi + (e/c)A. The Hamiltonian becomes H =p* t — L= (m/2)t* +
e¢, which is independent of origin. The origin independence is preserved
when H is written in the form, H = (1/2m)(p — (e/c)A)* + e¢ ; however,
p must be understood to be the generalized momentum, not the quantity
mi.

In order to preserve the relation between classical and quantum Poisson
brackets, {4, H} = (1/ih)(AR — HA), it is necessary that the operator — ihV
correspond to the generalized momentum, even though one replaces an
origin-dependent quantity with one not dependent on origin. The Hamil-
tonian operator,

1 2
=H———(—hZV2+2ihEA~V+e—2|A|2)+V (7
2m ¢ ¢
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depends on origin through A. The solutions to HY = ifi 0¥/dt will also
depend on origin, but expectation values of observables must be invariant.

If careful attention is paid to the inclusion of all terms to a given order,
the expectation value of any operator §,, will be gauge invariant, i.e.,
independent of origin. For example, the expectation value of H for a dia-
magnetic molecule is to second order

e (A DPfA-p),
2 cZ SZ" En . Es °

2
e
Hnn = i;_n—gz' [IAIZ]nn (8)
For a constant magnetic field, the vector potential is generally taken to be
A = 3H, xr. Averaging over all molecular orientations gives

et 2 , [m, | 5
H""“[Ws P+ s§,E —E]'H°" ®
This quantity is a sum of origin dependent terms; however, the total is
independent of origin, as can be seen by making the transformation, r’' =
r + R, and using the relation ep,/(E, — E,) = (im/h)p,, in the second term.
For the ground state, all the terms in the summation over s will be negative,
while (r?),, is positive. The evaluation of (9) will most readily be accom-
plished by choosing the origin which minimizes the absolute values of the
two terms, namely the center of charge of the ground state. Furthermore,
this choice allows the most convenient estimate of the ratio between the
two terms.
Now for any choice of origin it follows that

Z (m,,)? < (m?)o0
S*nEs“Eo El—EO’

where E; is the first ionization energy. It then follows that the ratio of the
second term to the first term is quite small for the choice of origin which
minimizes the absolute values of the two terms; otherwise this ratio ap-
proaches unity. Thus one may write

Hgyo = [(n - Poo)2100|H0|2~ (10)

1
12mc?
For excited states, the procedure is a bit more complex, but the result is
essentially the same.

Since — ihV corresponds to the generalized momentum, not the classical
quantity mv, it will be necessary to modify the current density expression.
For the most general choice of gauge, the term (ihe/mc)V + A must be added
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to (7). Since m? = § — (e/c)A, we are led to expect that the current density
must be written in the form

J = (h2mi)[¥*VY¥ — WVP*] — (e/mc)V*AY. 8

The continuity equation, V- J + 0¥*W¥/dr = 0, will be satisfied for this
choice of J, as can be seen by considering the equation,
1 e \? ., 0¥,
[2m ( ihV cA) +e¢]‘}’ = ih T
and its complex conjugate.

Radiation problems may then be solved either by computing the average
value of <{r),, or the average value of {i>,, (i.e., {(J),,) in the perturbed
state ¥,,. The dynamical equations require that these two procedures give
the same result. It then follows that a calculation which includes all terms
to the required order will lead to a result that is independent of gauge and
hence origin.

When an incomplete set of basis functions is used, expectation values
of observables are dependent on origin; however, this is only an apparent
anomaly. Just as the energies of eigenstates are subject to a variation prin-
ciple, so are the wave functions in a dynamical problem. For example, if a
finite number of terms are used in the evaluation of the sum in Eq. (9), the
variation principle requires that the energy be a minimum. In this simple
case it is immaterial how many terms are evaluated, since the total is negli-
gible compared with the first term for the origin where p,, = 0.

In a dynamical problem we must implement the variation method by
means of the Lagrangian density. The equation, HY = ih 0W/ot, with H
expressed by (7) may be derived by finding the extremum of the integral,
f § Ldr dt, where

2

e
L=Y*H,W +
0 2me?

Pap A2 - S (PEA - pY — WA - p¥H)
mc
— (P — Y%, (12)
If one uses for a trial function the sum,
\yo/ — IIloe—iEgl/h + ch !//,‘e —I'E,.t/ﬁ’ (13)

the familiar results of perturbation theory are obtained ; however, expecta-
tion values will depend on origin for any finite sum. In this case the best
origin is obtained by substituting (13) into (12) with the ¢,’s determined to
the appropriate order and finding the extremum of j_\' Ldr dt with respect
to the origin.
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Unfortunately, it is necessary to calculate L= [ Ldt to fourth order
with a rather unwieldy result. This follows from the fact that, when averaged
over molecular orientation, quantities such as {((Hg * mg)(E * Poo)Day =
%(HO : E)(mOn ) pnO) and <(H0 * mOn)(E * pns)(E * psO))av = %(HO *Ex E) X
(my, * P.s X Pso) vanish, since Hy is perpendicularto Eand Hy* Ex E = 0.
Furthermore, third order terms like {(H, * my,)(E * p,)(V X E * m;)),, =
iH, x E * (V x E))(my, * p,s X my) will only make a small correction to
the parameters of optically active molecules.

If the y,, in (13) are replaced by an arbitrary set x,’, one must first make
H, locally diagonal by solving the secular determinant. This will lead to a
set of x,’s with &, = | x, Ho X, dt and { ¥ Hop, dv = 0. Formally the vari-
ation of L will proceed just as before with ¥, —= x,, E, > &, ; fon, Will be
given by Eq. (6) with the appropriate changes in notation. The final step
will consist in minimizing the fourth-order expression for Lwith respect to
origin. '

The evaluation of (6) may also be approached from a purely mathemati-
cal point of view. For example, if all the terms have been evaluated except
(E, - E,)"'m,, X p,, an origin may be chosen which makes m,, vanish. On
the other hand, it is possible to choose an origin for which the sum of all
the terms except this one vanishes. The most practicable procedure is to
construct a reasonable set of variation functions which approximate the
behavior of all excited states that could make a significant contribution,
and use an approximate technique to find the origin which makes the re-
maining terms vanish. If an insufficient number of terms is used, the result
will be an origin far removed from the center of the molecule, indicating
that the approximation is particularly susceptible to error.

It will generally be convenient to evaluate the two summations in Eq. (6)
for separate origins. If xg, ..., xyis a set of basis functions, we may suppose
that they have been obtained from the variation procedure with the result
that {x;| Ho|x;> = 6;;&;. In general the x; will be eigenfunctions of different
Hamiltonians, but it will always be possible to find a complimentary set of
functions yy41, ..., which are orthogonal to y,, ..., x5 and together with
them comprise a complete set. There are in general an infinite number of
such sets. It will then be necessary to find the origins for which

uOn-[ i m—x"—"] =0, (14a)

2 ns x ms
ot | 3, 0] o, (14b)
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As g, approaches its asymptotic value, the denominators in the summations
vary slightly and (14) becomes

N

HBon * [(m X ”)no - Zomns X l'so] = 09 (153)
N

Hon * [(" x m)nO—- Zouns x mso] = Q. (15b)

If, as often happens, y, is the lowest excited state which enters into the
evaluation of (6), the first approximation is to seek origins for which

Bon * [(M X p),0 — M,y X pgo] =0,
Rox * [(" X m)nO — Ry X mn()] =0.

It is most convenient to start with origins at pyo = 0 and p,, = 0, respec-
tively. The necessary shifts required to make the expressions vanish are
found to be

f

, e 1
Ron* \(m X r)no+2_m(P'r)noR“§R X m,,

(4
+ 2 3ich (E, — EoXrr)o*R; =0, (16a)

[

e 1
Ron * l(rx m)n0+ﬁ(r'p)noR+§Rx m,,

I e
+ 3 ek (E, — Ep)Xan),0* R} =0, (16b)
where the matrix elements in the first equation are evaluated at pyo = 0 and
those of the second at p,, = 0.
These equations can be put in the form, a* R = a2, b+ R = b?, where
a = |al|, b = |b]|. This represents two planes whose normal vectors from
the origin are a and b. The point of closest approach to the origin can be
shown to be given by

| —(a-b)?*]! a*b a‘b
R, = [——__azbz } [(1 - -;—Z—)a + (1 -=r )b] a7
This method will only be useful when a and b are not nearly parallel, for
the closest approach of the line to the center of the group will be small, and
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hence the approximations used have some hope of being valid. It is quite
possible that an origin not far from the center of the group may be found
for cases of rather low symmetry for which

Hon * Myp X ("rm - HOO)/(En - EO)

represents a first approximation to fy, .

In most cases of interest more terms are required. If a rather precise
variation program is being employed, Eq. (15) will lead to an origin not too
far removed from the center of charge and from the center prescribed by the
Lagrangian variation method. For an extensive basis set, it is anticipated
that there will be little difference between the two origins. It is worth empha-
sizing that any finite sum of terms linearly dependent on origin will be
constant over an entire plane; thus, although an approximation technique
may initially determine a particular origin that is best for the calculation,
in effect this will determine a particular plane passing through that origin.
The parameter f;, will be of the form f,, =a + b R, and the task is to
find the best plane in which to perform a summation over a particular finite
basis set. As a more complete set of trial functions is used, the value of |b|
will become progressively smaller and origin dependence will become less
critical.

By use of the magnetic moment operator it is possible to generate a set
of functions which have all the symmetry properties of any of the terms in
(6). This will assure an origin close to the one prescribed by the more pre-
cise variational procedure. First, it will be instructive to consider the be-
havior of molecules in the centric groups, D,;, D,s, O, etc. For these
groups, the individual terms in the summation are independent of origin;
for example, if py, # 0 and po, # 0, then p,, = 0 and m, # 0; hence, the
term m,, X o is independent of origin. Consider a nondegenerate electric
dipole allowed transition. There is no loss in generality by supposing the
transition to be polarized along the z axis. The product ¥ ¢, transforms
like z; the products m, u, and m,u, also transform like z. There will be
two terms of the type m,; X p,. A transition polarized along z will have
two companion transitions polarized along x and y. Since the angular
momentum operator tends to create functions whose charge distributions
are rotated about the appropriate axis, the energy expectation values of the
functions, S{"m,y, and S{”m,y, will probably lie close to E,. Further-
more, these functions are orthogonal to each other and to ¥, and ¥,.
Similarly, the functions, S{®m,y, and S{”m, ¥, will have appropriate
symmetry and energy expectation values to be suitable variation functions
for the p,, x m,, terms. Not only are these functions orthogonal, but they
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are already diagonal with respect to H, since matrix elements such as
{m .| Himy,\p,> vanish by symmetry.

Provided that the energies differ sufficiently from E,, the individual
terms in the variation expression will be formally identical to the sum in

Eq. (6):

[ [(mxuy),.o _ (myux),,o] _ {(ux Mylno  (Hy Mi)uo

= Im -
fOn (uz)On l 8(1") —E S(Zn) — E 8(20) - EO E(IOJ —E,

]. (18)

n n.

Transitions which are strongly allowed tend to give simpler CD curves than
weakly allowed ones, where the effects of vibrations can be observed. If the
transition is purely vibronic, (18) will require additional refinements, since
all the zeroth-order terms vanish. This expression will also be suitable for
estimating the contribution of so-called C terms to degenerate allowed tran-
sitions. It should be remembered that not all vibrational modes of a centric
molecule lead to conformations with centric symmetry.

For noncentric groups, the orthogonality assumptions in the derivation
of the preceding equation require modification. In general neither (m,m,),,
nor (rm,)o, and (m,),, vanish; however, it is possible to choose an origin for
which

‘ eh \? 2 0* , 0? o?
(71,71, = (Zn—c) (—-xy 027 Tz oxoz  ° 0xdy +xz ayaz),,,,
vanishes. In general the exact location will be dependent on the orientation
of the axes, which is not always automatically prescribed in problems of
low symmetry. If the charge distribution y, were spherically symmetrical,
(m,m,),, would vanish for any orientation of axes about its center; further-
more, it would vanish for any origin provided one of the axes points to-
ward its center. This will be approximately true for any r, which is not too

irregular in shape.
For simplicity, let an origin consistent with (m, m,),, = 0 be chosen such
that m,, is parallel to the x axis. Let the following definitions be made:

¢1==Nlm ll’n’ ¢2=N2myw;n

(19
— SY,,
L= (d;l Szl;lsz X2 = ¢z,

where S = | o ¢, dr. It then follows that Yo, ¥,, X1, X2 is a mutually
orthogonal set of basis functions. Although a variation procedure will pre-
scribe the correct linear combination of , and y,, it will be more instructive
to consider them to be suitable approximations to excited states of the
system.
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The summation ), ., (W,s X #0)/(E; — E,) is over the three states y;,
%2, and Y. The result is

m,, X p,
,,0".[ 5 ____0]

=0,1,2 ES - En
— ( ) {[(mx uy)no - (mx)no(”y)OO] _ [(my ux)nO] [(mx)nO(“y)OO]}
Hz)on 8(1") _ En s(zn) _ E,, EO _ E” :

(20)

The sum of the numerators is equal to po, * (m X f),o, which indicates that
this choice of origin tends to minimize the remainder terms. It should be
remembered that the energies ¢{” and ¢J” are dependent on origin.

A similar procedure may be carried out on the p,, X my, terms resulting
in an equation similar to (20). The locus of points for which (m, m,)o, and
(m,m,),, are both zero is approximately a circle passing through both cen-
ters of charge with diameter |r,, — ry,|. As a final simplification one may
average the values of f;, for all such points and evaluate the expression at
the midpoint of the centers of charge:

f[(mx ”y)no - (mx)n()(.uy)OO] _ [(my ﬂx)no] [(mx)nO(ﬂy)OO]
\

fOn = (“z)On Im

P-E, P—E, * Eo-F,
[(:ux my)nO] [(”y mx)nO - (”y)nn(mx)no] (ﬂy)rm(mx)no
- =% © + , 21
8(2)_E0 81 —‘E E"—Eo

where o, is along z, m,, is along x, and &{” = (N{)? | (m, ) H(m, ¥,)dr,
etc. When (1,),0 o ()00 and (u,),, vanish, this expression reduces to (18)
for centric groups.

For vibronic transitions Eq. (18) and (21) are still not in their most use-
ful form, since it is desirable to have an expression that is dependent on
both zeroth and first-order vibrational perturbation terms. In order to pre-
vent the omission of certain terms it will be advisable to begin with Eq. (6).
The complete second order version f, may be obtained by substituting
‘ﬁo" |/’nl’ and ‘ps’ into (6)’ where l//s’ = ‘//s - Zi (Vl's llll/(Et - Es)’ etc.:

X [m,, Vi, X ey + Vosmy X fto]
= —po, * Im
fOn Hon {s,én (Es - En)(Et - En)

+ Z [mns X By VtO - Vus"'st X mto]
s#n (Es - En)(Et - EO)
t#0

_ ["ns X Vstm t0 + Hns X my, Vto]} (22)
5, t#0 (Es - EO)(Et - Eo)
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The same variational method as in the derivation of Eq. (18) may be
used to sum this expression. This will require a consideration of the general
summation

Z Ans Bst CrO
s, t (Es - En)(El - EO)’

where 4, B, and C are operators. The procedure will be greatly simplified
by first considering only centric groups. In this case only the product
W, ABCyr, will have total symmetry. Others such as Y, AByY,, , ABCY,,,
etc. will vanish upon integration over the electronic coordinates. The ap-
propriate pairs of ¥, and , functions which give terms proportional to
(ABC),, or permutations thereof are seen to be

s e
1 A, ABY,
0 A, BAY,
W Ay, Cibo
IV BCyo Ciho
v CBi, Cifo.

The pairs Ay, , BCY, and ABy,, Cy,, are not orthogonal. A thorough
variational treatment would tend to obscure the essential features of the
method without adding anything of substantial importance. It will be as-
sumed that E| is the average of the energies for the Ay, , BCy,, and CBy,
states. One may then write

z Ans Bst Cto ~ (ABC)nO
Gi(E;— ENE, — Eq) ~ (81 = E,)ea — Eo)’

(23)

where
_1{[YnAHAY, dt _[Yo CBHBCY, dt _[yo BCHCBY, dt
T3\ Ty A, dt | [WeCBCYodr | [WeBC By, dt }
1 {[¥oCHCYodr [y, BAHABY,dt _[y,ABHBAY, dr
f2= 5 l J. !I/O Czl//O dt j'j/n BAZB‘/In dt jwn ABZAll/n dt ;

Equation (22) becomes

1 1
== Vv
fOn (”z )On [81 __ Eo + €, — En]

1 (mx Vuv)no (my V“x)no
e T EYe®, —E) D, —ENe?,. —E
(smeuy n)(emeuy n) (smprx ")(SMyV”x n)
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[ (me ”y)nO - (me ux)no ]
wauy - En)(8§’213xuy '— En) (E%zyux - En)(sg'zr:yux Eu)
+ i (mx ”y V)nO _ (m Hx V)nO ]
_(efnl,‘)uyl' - En)(efnz,,)uyV - EO) (gi(nly)uxv n)(emyu,‘V - EO)
_ [ (Vl'-lx y)nO " (V#y mx)nO ]
-(av‘l)xmy - En)(sVu,‘my - EO) (SVu)ymx - En)(gi'zp)ymx - EO)
_ [ (“x Vim )nO (uy me)nO ]
-(efzi)me - EO)(sumey - EO) (apyl’mx - EO)(Euyme EO)
[ (#x m V)nO (”y mx V)nO ] } (24)
(g f.gnyv EO)(SflgnyV —Eo) (auym,,v - EO)(sl(lir)nxV —E)lf’

The development will be somewhat more complex for noncentric groups,
but in analogy to Eq. (21) one would expect that

(me “y)no - (me #y)no - (me)no(lly)oo s
(Vﬂy mx)nO - (Vuy mx)nO - (V.uy)nn(mx)uo ’

etc. Since the energy of m, ¥, or m,, is often close to E,, it may happen
that the behavior of the transition is described by the leading terms

f on = (#Z V)On[A(mx Vﬂy)no + B(my Vﬂx)nD]' (25)

For purely vibronic transitions the perturbing potential will have the
form

V=_ZQirl{l)(rcl)+_Z.Qinr(2)(rcl)+“'a (26)

where the Q; are the normal vibrational coordinates and the I';’s are func-
tions of the electronic coordinates having the same symmetry as the coordi-
nates Q;. Most phenomena appear to have a satisfactory interpretation in
the lowest-order nonvanishing terms; thus, only the first summation will be
employed. The case of two separate vibrations is of particular interest; the
potential will then have the form V' = Q,I'i + 0, T,.

First, let @, and Q, be the components of a degenerate mode with y,
nondegenerate; if QT is the perturbation for an arbitrary choice of normal
coordinate and R is one of the group’s operations, an orthogonal pair of
normal coordinates may be chosen such that

(R + R _(R=R™Yr
2costf 27 2sinte

where ¢ is the order of the representation.

r= (27)
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If the ground and excited vibrational states are given by the functions,
7o(@1)s %0(22); %a,(Q1)s X,(Q>) for a z axis perpendicular to the degeneracy
plane, Eq. (25) leads to a relation of the form

Jon = A{(Ql)?)ru(XO‘an>2[("’r1)0n “(m x I'1p),0l
+ (02)0n,x0! Xn, 2l 2)0s (M x Ty ),0]
+ (@1 om(Q2)0n<xo 1 X, > Ao | Xny
X (BT )on - (m x T3 )0 + (0T 3)o, - (m x T'yp),0l. (28)

By a rotation of axes in the integration one may show with the aid of (27)
that

(B on * (m x u )0 = (U 2)o, * (M % pIy),0 (29a)
(1T on * (1T72)0n =0 (29b)

(m x pl ) - (m x pI',), =0 (29¢)
(BT 1)on * (m x pI',) = (0I3)o, * (m X pIy)y0. (29d)

It is possible without loss of generality to choose the coordinate system so
that (i, T'y)os # 0, (1, T1)o, = 0. Since m x p has exactly the same symmetry
properties as p, this choice of axes will also require that [((m x p), ;1,0 # 0,
[(m x p),T'},0 = 0. From the above equation it then follows that

(BT )gn * (M X BT 5),0 = (U] 3)o, * (M % pI),0 = 0.

A typical term in the evaluation of integrals is

O Donl(m x 1), 11,0

1

= Too3rg [KOIX(R + RTOT |m<n| (m x (R + R™NT|0)],

_ cos? 8
" 4costth
One obtains the result,
[ cos’8  sin%6

e s | 6D (m X WD,g] = (30

(xrl)On[(m x u)x rl]nO .

Since I is arbitrary the second term does not vanish in general; therefore
cos?® B/cos? 10 = sin? /sin? ¢0 and Eq. (29a) follows.

Strictly speaking the excited state is vibrationally degenerate ; however, -
the degeneracy is only lifted by the magnetic field to the degree that the
Born-Oppenheimer approximation breaks down. Accordingly, one will
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more than Jikely have to seek elsewhere for the cause of sign changes within
an electronic absorption band.

There are essentially two ways in which sign changes may occur. First,
the two vibrations may carry the excited state wave function into regions of
lower and higher energy, respectively. If the sign of the (uI')y, * (m x pI'),o
terms is the same in both cases, the two modes will make opposite-signed
contributions. It may also happen that the energy terms have the same sign_
with the numerators of opposite sign.

A particularly interesting situation occurs in molecules of high sym-
metry where different vibrational modes with the same symmetry may
occur. The vibronic fine structure of the B,, band in benzene exhibits a
particularly regular sinusoidal CD curve with several maxima and minima.
It is very tempting to propose a mechanism governed by the E,, in-plane
vibrations. There are four such degenerate pairs describing C-C and C-H
bending and stretching modes. To the first approximation attention may be
concentrated on the C-C vibrations. The appropriate modes are shown in
Fig. 1.

(@ b)
Fig. I. (a) stretching; (b) bending.

The behavior of the two modes may be studied by considering the term,
(x1)oB,, (M YT)p,u0- The function, yg,, = Nm,yg,,, wil have B, sym-
metry and will be closely related to the exact y5,, wave function. Bearing
in mind that the B,, state has nodes at the vertices and the B;, has nodes at

the midpoints of the bonds, we are led to conclude that the products,
Yo XY, and Yo yxp,., Will have the form shown in Fig. 2.

-1 -1

~1 -1
+2 +2
=1 -1
-1 ~1

() (b)
Fig. 2. (2) Yoxifs,, (b) oyXs1,-
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The integrals will be of the form,
§ ¢1¢,6 1 di=0"by, _‘. &1, x4 dr,

where b, , is the unit vector from atom 1 to atom 2 and

xYg, =const[—¢,¢, + 20,3 — ¢34 — Psds + 2¢5ds — d6P1] (3la)
Vip, =const[2¢ 2 —¢,2 — P2 +20.2— >~ 6’ 1 (31b)

It happens that (m, u, g, o is negative for both modes; while (uI)esg,,
is positive for pure stretching and zero for pure bending. Since the actual
vibrations are a composite of stretching and bending, it follows that ap-
propriate linear combinations of I'; and I'; may well lead to opposite signs
for the products (xI")gp, (M, yp, 0.

This rudimentary analysis by no means proves that sign changes in the
B,, band are brought about by the E,, stretching and bending modes, but
rather shows the plausibility of an hypothesis, which can be strengthened
only by a more detailed calculation. A rather critical interplay of vibrations
is indicated in order to display so regular a curve as in benzene; the corres-
ponding band in the Dg, compound, coronene, does not display nearly so
regular an alternation of extrema.

1t is evident that properly interpreted, the Faraday effect has great po-
tential as a subtle tool in the analysis of vibronic spectra and in the structure
determination of molecular excited states.
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I. Introduction

Most of the dynamical systems we deal with in the application of
quantum mechanics consist of a large number of particles. Thus, the many-
particle problem is an important problem common to different branches
of physics. As is well known, there is no mathematical procedure that can
be generally used in the treatment of many-particle problems. We know
from our day-to-day experience that a fairly large class of dynamical sys-
tem consisting of many particles have a common feature-—the constituent
particles can perform collective motion. We know that liquids and gases,
for example, can perform uniform flow or wave motion. In these classical
systems the collective motions are known to be described by rather simple
equations of hydrodynamics, notwithstanding the fact that the motion of
individual molecules is so complicated that it is impossible to describe in a
simple way.

This situation in classical dynamics suggests that there will be a fairly
large class of quantum mechanical systems that also should be capable of
collective motions, and the latter motions should be expressible in terms
of some simple equations. Landau (1941) was the first to point out this

159
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possibility and discuss the peculiar properties of liquid helium from the
viewpoint of quantized collective motion.

There are two methods of approach in the treatment of quantum-me-
chanical collective motions. The one is to quantize directly the hydrodynami-
cal equations without giving any justification to this procedure (Kronigand
Thellung, 1952, 1953), and the second approach is to give justification to
this procedure and to establish what relation the equations for collective
motion have to the Schrddinger equation of the many-particle system
(Tomonaga, 1955).

Tomonaga (1955) has developed a theory of collective motion that is
applicable to a large class of dynamical systems, provided the system is
actually capable of performing collective motions, not only longitudinal
oscillation but also surface oscillations similar to that of an incompressible
fluid. This theory is a natural generalization of the use of center-of-mass
coordinates to describe translational motions and to separate them for the
internal relative motions of the system.

Il. Tomonaga Gas Model

The fundamental idea of the theory may be illustrated by taking an
example of surface oscillation of an incompressible system of particles.
Suppose a dynamical system consisting of N particles interacting with each
other by a force of such a nature that it strongly resists compression of the
system. (A collection of free electrons, i.e., an electron gas, is one such
system.) The particles will move in this system in such a way that the density
undergoes no change, because in this motion the change of potential energy
will be the smallest.

In order to avoid unnecessary complications we shall, for the present,
investigate the two-dimensional case and take up only one mode of oscil-
lation. We further assume that the motion is irrotational. As is well known,
an irrotational displacement of a particle in an incompressible fluid is
described by a displacement potential which satisfies A¢ = 0. The infinit-
esimal displacement of a particle at the position (x, y) is then given by ¢
times the gradient of ¢, where ¢ is an infinitesimal quantity. Let the coordi-
nates of the nth particle be denoted by (x,, y,). Then its displacement is
given by

0x, = € 0P(Xp, ¥u)/0Xns  Oyn =€ 0P(Xys y,)[OY,. (1.1)

There are many ¢’s which satisfy A¢ = 0; but as mentioned above we just
consider one of them, the simplest nontrivial ¢ of the form

¢ =ix? - 1y? (11.2)
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The displacement of the nth particle is given by
0x, = &X,, OYp= —¢&y, (IL.3)

so that each particle is displaced along a hyperbola whose asymptotes are
the x and y axes, the original circular boundary being deformed into an
‘elliptical one.

We now introduce an operator

IT=—ih Z (Vn¢(xn’ yn) ' Vn)
= —ih Z (xn a/axn — Vn a/ayn) (11'4)
Then we have

[1 +i8n/h’f(xl’ Yis oo Xns yN)] =f(x1 + EX1s Vi — &Y. Xy + EXN
yn—eyy)  (IL5)

The last relation means that our IT/h is the operator that generates simul-
taneous displacement of particles, each displacement being specified by
(11.3). Now the operator —ih ), 0/0x,, which generates the simultaneous
displacements of particles in the x direction, is the momentum that describes
the translation in the x direction; a translation is the most elementary form
of collective motion; the coordinates that describe it are the well-known
center-of-mass coordinates. The natural generalization of this fact associ-
ates the operator I1 with the collective momentum that describes the in-
compressible deformation.

Having found the momentum, our next task is to find the corresponding
coordinate that describes the collective motion. As can be easily verified,
the quantity

¢ = (1/N) Y. (log x, — log y,) (I1.4a)

satisfies the canonical commutation relation with
[, &)= —ih (11.6)

so that it seems at first sight that this £’ is to be used as the coordinate for
our collective motion. But this £’ is not a proper quantity for the present
purpose, as will become evident from the following considerations. In order
to give a full description of the motion of the system, we must use, besides
the collective coordinate, a coordinate which describes the internal motion.
The internal coordinates must have the property that they undergo no
change when the particles are displaced simultaneously according to (11.3).
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Let an internal coordinate be denoted by { = {(x;, ¥1, ..., Xy, ¥x). Then
this requires

(xn aC/axn = Vn 6{/6y,,) =0

[IL,{]=0 (IL.7)

the trivial requirement of commutability of { and IT. On the other hand, in
order that the collective motion can be separated, from the internal motion
the internal coordinate must be orthogonal in the sense that the surfaces

g(xl’ Visooos XN yN) = const
and
€,(x1’ Vis eoos XN yN) = const.

in the configuration space must be orthogonal to each other. Otherwise,
the kinetic energy operator would contain cross-product terms of the in-
ternal and collective momenta; the internal and collective motion then be-
comes entangled in a complicated manner.

This difficulty can be avoided by the fact that there exists a useful
quantity &(xy, yy, ..., Xy, yy) Which satisfies the orthogonality condition
and, at the same time, the canonical relation with IT (not exactly) with
sufficient accuracy. Let us define ¢ by

5 = 2/NR02 Z ¢(xn’ yn)
=2/NR,* Y (3x.> — 13,9 (11.8a)

where R, is a constant which will be determined later. Then the orthogonal-

ity condition is
38 ot B¢ ag)
§(axn 3%, " 3y, 30,
or (1L8)

74
ZZ( " 0%, y"ay,.) 0

The commutation relation of & with IT is

[IT, £] = —ih(2/NRo?) }. (.2 + ya?), (IL.9)
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which is not of a canonical form. But here we must notice the fact that when
the number of particles is very large the quantity Y, (x,2 + ,%) can be
replaced by its mean value

TG + D) =T A = N¢r?) (IL.10)

because the mean deviation is [N({r*> — {(r?>?)]'/? and therefore, of the
order of NY/2(r?), i.e., N™1/2 times smaller than the mean value itself.
Geometrically this follows from the fact that the region of the configuration
space in which the quantity ¥, (x,2 + y,%) deviates appreciably from its
mean value is negligibly small when the space is of very high dimension.
Denoting {r?)> = R,%/2 we find [IT, {] = —ih.

In the preceding section we obtained the collective coordinate that satis-
fies the requirement of orthogonality to the internal coordinates, {. Then
it must be possible to separate the kinetic energy of the collective motion
from the kinetic energy of internal motion. The total kinetic energy of the
system is given by

2 2 2
T— _%2(52_2+5%) (IL11)
and we separate this into internal and collective parts
T=T;,+T, (IL.12)
It is to be anticipated that T, will have the form
T.=T17%2I (IL.13)

where I represents the inertia of collective degrees of freedom. This I is
determined by the requirement that

T, =T - (I1%2]) (1L.14)

should represent the kinetic energy of internal motion alone, i.e., T}, should
not contain Il. This requires that

[T — (I1%/2),¢] =0 (IL15)

2h? 0 0
[r,8l= —mz’; (x”a_xn'"y"aZ)

and the relations

= —(2ih/NR2m)IT (1L.16)
(1%, €] = —2ihll
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determine I if we chose

I=NRym/2

T - f (az+az)+ ht Z{ d 5})2
in ™ 2m n 6x,,2 6}1,,2 NR()zm(n X axn Ve ayn

and

T, = TI%/NRy*m

(11.17)

1.e., T;, actually becomes the kinetic energy of the internal motion alone.

In order to obtain the potential energy for the collective motion it is
necessary to know how the energy depends on the collective coordinate £,
Let the potential energy of the system be denoted by V= V(x,, yy, - .-,
Xy, yy). Our task is to find how V changes when we change the collective
coordinate, keeping the internal coordinate unaltered. In practical applica-
tions the amplitudes of the collective motion will be so small that it is
sufficient to know this £ dependence in the form of a power series, in which
terms of power higher than the second are neglected.

Suppose that Vis expressed as a function of £ and (.

V=W, &) (11.18)
Then expanding in a power series we get

V=W{, 0)+ V(L 0) + 32V, 0)
=V, + &V, + 3E2V, (11.19)

It should be noticed that all these V’s depend only on the internal co-
ordinates in the accuracy of our approximation and are not affected by the
collective deformation of the system.

The Schrédinger equation for collective motions becomes

[(M2/21) + Vo + Vi& + 1V, E2 — EJU(E) = 0. (11.20)

This expression still depends on internal coordinates through V, and V,.
In order to determine V; and V, we must first determine the wave function
for the internal motion. That is, the collective motion cannot be studied
independently of internal motion, unless ¥, and V, are either zero or con-
stant.

Let us introduce the system into an electric field of strength F. The
Hamiltonian for our system then becomes

H = H ~ eNF?.
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In order to obtain the Schrodinger equation for W¥;, and U(&), we use the
variational equation

O(®|H — eNFE — E|®) =0
where ® =¥, ({,(,..... YU(). We have
(®|H — eNF — E|® = [[(¥h Hi, Wi )JU* U) dl dé
—eNF [[ (W}, Wi )(U* E U) dC dg
+(1720) [f (P Y U* 2 U) af dE
~E[f(¥R¥ U U)dlde  (1.21)
since ¥;, is practically independent of £. By variation of Eq. (11.21) with
respect to W we get
H;, ¥, — eNFEY,, + (UXTTIPUIU*U)Y,, — E¥,, =0  (11.22)
From Eq. (11.20) we obtain
(12D(U*NPUJUU) = —(ViE + 1V, &2 — eNFE) + E,
where E, = E — V. Inserting this relation into (11.21) we get
{Hio— (Vo + ViE+1VEY,, =0
In this equation Vy, + V,& + 1£2V, appears in place of an eigenvalue, hence
Finl Hi|Wind = Vo + Vi + 41,82 (11.23)

It may be observed that Eq. (11.23) does not contain eNF¢ term, hence the
internal motion is completely independent of F.
Now the variation of Eq. (11.21) with respect to U gives us

(M221 + ¥, | Ho | W, — eNFE~ E)U =0 (11.24)

In absence of F our system is symmetrical; thus, {\¥,,| H;,| ¥;,>, which is
a function of &, must be an even function of &. This is satisfied if and only if
Vy is zero in (11.23) in absence of F. But since the internal motion does not
depend on F, V, is zero even in the presence of F. Equation (11.23) also
means that both V, and V, must also be independent of F.
The Schrddinger equation for collective motion in presence of F is then
given by
[(T1%/21) + 4V, &% — eNFE— EJU =0 (11.25)

where U’ = u(§ — 1eNF)
Ecl = Ec - %(ezNZFZ/VZ)
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The total energy then becomes
E' =E,, + E, — }(eN?/V?)F? (11.26)
= E— HN*V)F?

Thus we find that when we introduce the system into the electric field F,
the center of mass ¢ is displaced by the amount

A¢ = (eN/V,)F (1127
in the direction of F and the dipole moment thus induced is
u = eN Af = (e?N?|V,)F (11.28)
The polarizability « of the system is given by
o= pu/F =€e*N?V, or V,=e*N%a. (11.29)

Since all the terms appearing in (I1.29) are constant, ¥, must be constant.
The Schrédinger equation for collective motion then becomes

[(T13/21) + (¢*N?/20)¢* — E]JU =0

which is basically an equation for the harmonic oscillator, and we get a
frequency for collective motion, i.e., oscillation, as

© = (Ne?2/Ry>ma)'/? (11.30)

Ill. Collective Oscillation in Pi-Electron System in
Aromatic Hydrocarbons

In the free-electron model for the pi-electrons in aromatic hydrocarbons
(Platt, 1949) the electrons are assumed to move freely along the circumfer-
ence of a circle in a zero potential field. The pi-electrons in effect form a
two-dimensional electron gas. Because of the electrostatic repulsion be-
tween the electrons, a dynamical system consisting of N electrons will
strongly resist compression of the system. The electrons will move in such a
way that the density undergoes no change because in this motion the change
of potential energy will be smallest. The motion which is most likely to
occurin thissystemisa two-dimensional collective oscillation. It is surmised,
therefore, that the quantum-mechanical collective motion proposed by
Tomonaga will be applicable to the pi-electron system in aromatic hydro-
carbons if we assume that when a molecule is excited, the centers of mass
of the electrons and nuclei perform a two-dimensional dipolar oscillation,
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So if we can estimate «, the pi-electron polarizability, either experi-
mentally or theoretically, then relation (11.30) enables us to calculate the
collective frequency associated with a one-electron transition. It has been
shown that pi-electron polarizability of a series of aromatic hydrocarbons
can be calculated using a free-electron model (Sen and Basu, 1966). Since
the first singlet excitation gives rise to several bands in aromatic hydro-
carbons, the question now arises as to which one is likely to be associated
with collective oscillation. The oscillator strength for collective oscillation
is given by that of a harmonic oscillator, i.e.,

f=Nj3 (T1L1)

Moffitt (1954) observed that theoretical oscillator strength for catacon-
densed hydrocarbons must be multiplied by 0.3 to get agreement with ex-
perimental results. This suggests that the f value for collective oscillation
should be

f=0.IN (111.2)

consequently, the band with highest oscillator strength should be associated
with collective frequency. In Table I are summarized relevant experimental
and theoretical data. The constant R, was estimated by matching the spec-
tra of a four-ring compound and was found to be 4.02.

TABLE |

CALCULATED AND EXPERIMENTAL FREQUENCY FOR SINGLE TRANSITION

Number of N afcalc)® A (mp) f
rings Calc.® Exp.c Calc! Exp.©
1 6 31 % 1072 194.2 183 0.60 0.69
2 10 72 229.7 220 1.00 1.70
3 14 136 270.7 256 1.40 2.28
4 18 180 274.0 274 1.80 1.85
5 20 250 293.0 309 2.00 2.20

% Sen and Basu (1966).
b Basu (1967).
< Platt (1949).

1t may be observed that the calculated and experimental frequency and
oscillator strength are in excellent agreement. The maximum deviation
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occurs for three-ring systems where the transition has rather high oscillator
strength. The formulation is, however, not expected to hold good for this
type of system, since the commutation relation

is valid if N is so large that N™!/2 can be neglected against unity. This
condition is not satisfied by the aromatic hydrocarbons.

The agreement between the experimental and theoretical results in the
present case may be purely accidental, or there may be a more fundamental
reason for the agreement, which will become evident in a later section.

IV. Collective Oscillation in Linear Conjugated Molecules

When we deal with the color of organic dyes which contain a chain of
conjugated double bonds, we usually assume that in the lower electronic
excitation of the molecule, the excitation occurs only for the pi-electron in
the chain and remaining g-electrons play no role in the excitation. Lewis
and Calvin (1939) proposed a theory for the spectra of these dyes in which
they assumed the chain molecule to behave as a dipole oscillator. In es-
sence this is a collective description of the excitation of pi-electrons in the
conjugated chain. We consider the pi-electrons in the conjugated chain to be
confined in a long spheroid, and we assume that these pi-electrons form an
electron gas in a one-dimensional box, and, when the molecule is excited,
the center of mass of pi-electrons oscillates along the long axis of the spher-
oid, hence a dipole oscillation will be generated. The method of collective
oscillation proposed by Tomonaga will be applicable to this problem if the
collective coordinate £ and the collective momenta IT are expressed as

E=(U/NT x, (IV.1)
= —ih Y (8/ox) av.2)

The frequency of collective oscillation will be given by the expression
o = (Ne?[ma)'/? av.3)

The polarizability a for the n-electrons in a conjugated chain may be
calculated using a free-electron model, i.e., assuming the electrons as trap-
ped in a one-dimensional potential well of length equal to the length of the
conjugated carbon chain. This enables us to connect the frequency of col-
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lective oscillation with chain length. Murai has deduced an expression for «
as

& = (256/n%)d*n’a,? (IV.4)

where n = N/2,d = C-C bond length = 1.39 A and a, is the Bohr radius =
h2/me* = 0.5292 A.

The frequency of collective oscillation calculated by the relations (IV.3)
and (1V.4) are tabulated for a number of cyanines in Table 11 (Araki and
Murai, 1952).

TABLE I

FREQUENCY OF COLLECTIVE OSCILLATION FOR CYANINES

Number of  Number of Amax (M)
electrons  double bonds  o;ag(10~2° cm®)  Calculated Observed
N n
2 1 18.8 115 235
4 2 150.4 230 270
6 3 507.6 345 423
8 4 1203.2 460 558
10 5 2350.0 575 650
12 6 4060.8 690 758

The polarizability calculated by the free-electron model is effectively an
independent particle approximation. This is evidently too crude since it
neglects completely the effect of the electron correlation. The classical treat-
ment of polarizability of a dielectric spheroid embedded in a homogeneous
medium of dielectric constant ¢ partially takes into account this correlation
effect. The classical polarizability is given by

= %ind
T T (A A() eV )10 (IV.5)

where A(x) = (log x)/x2, x being equal to a/b, the ratio of the long-to-short
axis of the spheroid. Calculating . in this way and introducing it in the
expression (IV.5) Murai (1962) obtained very good agreement between the
frequency of collective oscillation and the longest wavelength electron tran-
sition in a number of carotenoids. The experimental and calculated results
are shown in Fig. 1.
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Fig. 1. Wavelength of absorption of carotenoids.

V. Collective Oscillation and Configuration Interaction

It appears that the collective frequency estimated from polarizability
calculated by the independent particle approximation does not agree with
the experimental transition frequency, while that estimated from polarizabi-
lity calculated classically does. Let us look into the matter more closely to
find a reason for this (Murai, 1962). The Schrédinger equation for the
collective motion is given as

[(1/2D02 + 4V, &> — EJU() =0 (V.1
where V, = N2e?/a;,4 in one case and as
[(1200% +4V,' & — E/1U') =0 (V.2)

where V," = N2e%/a, in the other.
Since the potential energies in the two cases differ by only a numerical
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factor, Eq. (V.2) may be derived from Eq. (V.1) by a simple canonical
transformation:

E= (V' [V)' 4 (v.3)
IT - (V,/V,)'411 V.4

Now it can be immediately shown that this canonical transformation is
generated by the unitary transformation

¢~ UeU? (V.5)
n-unuv-! (v.6)
with the unitary operator
U = exp{(i/8h)log(V,'/ V)T + {TI)} V.7
so that
U'($) = exp{(i/8m)log(V,'/V2)TIE + SID}U(L) (V.8)

(TI¢ + ¢TT) may be written as (1/N) Y ; ; (p;x; + x; p;), where U(¢) must be
replaced by ¥, a single Slater determinantal wave function in independent-
particle approximations. The operator (p; x; + x; p;) brings two electrons
from levels i and j to the levels i’ and j, hence (p; x; + x; p)'¥, describes an
excited configuration. Accordingly U’ represents a wave function which
includes the mixing of configurations, since a, takes into account, at least
partly, the electron correlation effect. It was the finding of Tomonaga (1950)
that configurational mixing can be properly described in terms of the zero-
point amplitude of the collective sound oscillation. In the present treatment,
on the other hand, the collective motion is a dipole oscillation, but as far as
the oscillation in the lowest mode is concerned, the fact that we are dealing
with a long-range interaction of a Coulomb type, makes this difference
insignificant. Since collective description takes into account configurational
mixing, the calculation gives good results for conjugated organic molecules,
although the number of electrons is not large enough for the formulation
to hold good exactly.

Vl. One-Dimensional Collective Oscillation and
Plasma Oscillation
It may be asked as to how collective oscillation takes into account the

effect of interaction between electrons and, when the interaction is Coulomb,
how does it correlate with plasma oscillation.
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Let us consider a system of particles with no boundary; though we
imagine it to be enclosed in a box of finite volume, this is done just for the
sake of mathematical simplicity. We assume that the total number of par-
ticles is N per unit volume.

To avoid unnecessary complications, we shall consider just two modes
of oscillation, whose displacement potentials are given by

Pt (xyz) =™, P (xy)=e ™, k>0 (VLD)

The use of complex potentials is often more convenient than that of real
ones., Then according to our general prescription we introduce the
operators which generate our displacements. They are

124V, 05 (Xns Yar 22) " Vi) + Vo "V, 0* (%0, Y, 22)}
= +iket®n{(—id)dx,) + k/2}

Here the symmetrization with respect to the noncommuting operators V¢
and V is performed in order to make these two operators adjoint to each
other. We then define two momenta that describe our collective oscillations:

I = —(h/k) Y e” *{(—id)ox,) — k/2}
I~ = (ih/k) ¥, e**{(~id/ox,) + k/2}

(VL2)

Here we notice IT™ = (I1*)?, which is the result of the symmetrization. The
collective coordinates are now defined by

§+ =(1/N) Z ¢+(x’” Vs z") = (I/N)Z ehxn
E=/N)Y ¢ (Xys V> 2) = (1/N) Y e~ 5

the expressions on the right-hand side can be replaced by their mean values,
which obviously vanish. The mean deviation of the expressions from the
mean value is of the order of #/N'/2, and this can be neglected. We now
proceed to the separation of the kinetic energy into internal and collective
parts. Namely, assuming that the collective kinetic energy be of the form

T,= Q2D (V1.4)

we determine the value of I in such a way that T — (IT* 1~ /2I) commutes
with both £* and &~. As can be shown we have

[0, E*) =hIl, [M*I7,¢7 )= —mI* (VL5)

(V1L3)

and
[T, &%) = — (k> Nm)IT™, [T, "] = —(hk*/Nm)II* (VL5)
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so that the choice

if2] = k*/Nm (VL6)
is the required one:
[T - (K3Nm)[ITT1™, 2] =0 (VLT)
In this way we get
T=T,+T, (VL8)

with
hz 62 62 az
Tu==33 o 52+ 223)

) 4] o

n

T, = (k/Nm)[T* 11~ (VI.10)

Let the interaction potential between the nth and n’th particles be
denoted by

Vix, — x,) (VL11)
Then the total potential energy is given by
V=14% V(x, — X). (VL.12)

It is convenient to express V(x, — x,’) in the form

Vx, = x,) = T/(K) a0, (VL13)
K

f(K) being the matrix element of the interaction energy corresponding to
the momentum transfer of K. When V(x, — x,) is spherically symmetric,
f(K) will be a function of K only: f(K), K being |K]|.

In the Fourier representation of V(x, — x,’), those terms which have
wave number equal to the wave number of the collective waves are sub-
tracted out. In our calculation we took into account only two modes of
collective waves, but if we introduce all modes having wave numbers up to
k., then all Fourier terms up to this wave number will be dropped. Then
we shall have

VoX, — X,y = Y. f(K) X5 (V1.14)
IK|

K|>ke
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In the Coulomb case we just have
f(K) = 4ne?/K? (VL15)
The Hamiltonian for our collective oscillation is

H, = (12D + N2f(k)EHE™

= (KYNm)IT* T~ + N2f(k)E*E™ (VL.16)
from which we find the frequency. In the special case of Coulomb interaction
v = (Ne*/am)'/2. (VL17)

This is just the well-known plasma frequency.

it is well-known that the wave-length of the absorption maxima of
carotenoids increases with increasing length of the conjugated chain, but
ultimately converges to a limit, i.e., when the observed wave length is plot-
ted against the number of conjugated double bonds one obtains a mono-
tone increase with a downward curvature. It has been shown in Araki (1956)
that if the pi-electrons in a linear polyene are assumed to move in a paral-
lelopiped of length L and rectangular cross section 4 and the electron
interaction potential is taken into account, then the convergence limit
corresponds to the frequency of plasma oscillation of the pi-electrons in the
polyene. For long chain molecules containing 15 to 20 double bonds, the
main cause of absorptionisa one-dimensional plasma oscillation of pi-elec-
trons. Although there are some doubtful assumptions in Araki’s calculation,
his analysis brings out the role of electron interaction effect, in deter-
mining the convergence limit of linear polyenes.

Vii. Concluding Remarks

The electrostatic or Coulomb force between two electrons, each of
charge .—e and a distance r apart is e?/rZ. In addition, moving electrons
exert a magnetic force upon each other. For small electronic velocities,
this magnetic force is negligible compared with the Coulomb force. A
conjugated organic molecule consists essentially of atomic nuclei and elec-
trons. However, it is convenient for theoretical purposes to divide the elec-
trons into three groups: the ion-core electrons, which are assumed to
remain tightly bound to the nuclei; then s-electrons, which form bonding
orbitals symmetric to the plane of the molecule, and pi-electrons, which
form pi-orbitals antisymmetric to the plane of the molecule. It is these pi-
electrons which are more or less free to travel throughout the molecule and
are responsible for most of the characteristic properties of conjugated



Collective Electron Oscillation in Pi-Electron Systems 175

organic molecules. There are about 1022 pi-electrons per unit volume in an
organic molecule like benzene. The electrons, therefore, are close together
and the Coulomb force between any pair of them can be very large. What
is perhaps more important is that the Coulomb force is of a long-range type
so that the motions of all the electrons are coupled. The electronic in-
teractions would therefore be expected to have a profound effect on the
properties of conjugated organic molecules in spite of the successful calcu-
lations in which such interactions are neglected. Unfortunately, owing to
mathematical difficulties, quantum-mechanical problems involving large
numbers of interacting particles cannot be solved directly and even the
standard perturbation methods give unsatisfactory results. It is here that
the theory of collective motion may come to our rescue.

In fact it has been shown by Herzenberg, Sherrington, and Suveges
(1964) that the singlet excited states of small molecules with singlet ground
states should be affected by cooperative effects arising from the long-range
part of the Coulomb potential and involving several electrons. The major
points arising from these effects should be collective states and a systematic
transfer of oscillator strength from the individual levels to the collective
state.

The analysis set forth in this article refers to free-electron gases and its
analogy to actual cases is rather too remote. It is desirable that the theory
of collective motion should be developed for electronic motions which are
constrained. Then probably a better analogy may be drawn between the-
oretical results and the actual situation obtained in the pi-electron system of
conjugated organic molecules.
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I. Introduction

The molecular orbital (MO) theories of chemical reactivity can be
divided into three groups: the static, the localization, and the delocalization
approaches. Some of the theories are based on the ““isolated molecule ap-
proximation.” Several theories have been proposed along the static (Ri and
Eyring, 1940; Pullman and Pullman, 1946; Dewar, 1946; Coulson and
Longuet-Higgins, 1947a, b) and the localization (Wheland, 1942; Dewar,
1952) approaches. Chemical reactivity indices, frontier electron density,
and superdelocalizability have been put forth on the basis of the delocaliz-
ation model (Fukui et al., 1952, 1954a, b, 1957; Fukui, 1964, 1965a,
1970a, b). Brown’s Z value was also derived from the delocalization picture
(Brown, 1959). In recent years, MO theory has achieved a great success in
the field of stereochemistry. The selection rules for pericyclic reactions,
which were first proposed by Woodward and Hoffmann (Woodward and

177
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Hoffmann, 1965, 1969a, b; Hoffmann and Woodward, 1965, 1968), seem
now to be well established, with a number of examples observed (Gill, 1968;
Anh, 1970) and with several theoretical works developed later (Longuet-
Higgins and Abrahamson, 1965; Fukui, 1965b, 1966; Zimmerman, 1966;
Dewar, 1966, 1969; Fukui and Fujimoto, 1966a, 1967; Salem, 1968). These
works are interesting since they have shown the correlation between the
course of chemical reaction and the symmetry property of the wave
function. Extensions to other systems have been made along this line
(Mango and Schachtschneider, 1967; Goldstein, 1967; Simmons and
Fukunaga, 1967; Hoffmann et al., 1967).

Although the Woodward-Hoffmann selection rules and chemical re-
activity indices mentioned above have been obtained from simplified in-
teraction models, some more comprehensive treatments of chemical
interaction have been proposed (Rein and Pollak, 1967; Klopman and
Hudson, 1967; Klopman, 1968 ; Salem, 1968; Fukui and Fujimoto, 1968;
Devaquet and Salem, 1969; Devaquet, 1970). These theoretical approaches
intend to make possible the comparison of various factors that govern
chemical reactions.

Recent progress in the methods of MO calculation has resulted in
some knowledge on reaction intermediates and activated complexes (Hoff-
mann, 1963, 1964; Pople et al., 1965; Yonezawa et al., 1967; Baird and
Dewar, 1969a, b; Baird et al., 1969). Such an approach may be, no doubt,
promising for the understanding of the nature of chemical reactions, as
well as the theoretical treatments mentioned above. In the following,
however, we limit ourselves to the theory of chemical reactions based upon
the electronic structures of the isolated reactant and reagent molecules.

I1. Chemical Interaction Energy between Two Systems

Let us consider the interaction energy between two systems A and B.
We try to represent the wave function of the system composed of two mutu-
ally interacting species A and B by a configuration interaction procedure
among various electronic states,

monotr monoex ditr diex
v=cto (S +TE 4L+ Y 4O O
I4 P p 14

where monotr, diex, etc., imply monotransferred, diexcited configurations,
etc., with respect to the initial configuration, 0. The electronic configura-
tions are schematically shown in Fig. 1 in regard to the initial, the mono-
transferred, and the monoexcited configurations.
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Fig. 1. Electron configurations of the combined system AB.

The energy of interaction between two systems, in which, tentatively,
no nuclear configuration change is considered, is defined by

AW= W"— (WAO + WBO)’

where AW is the interaction energy, W is the lowest total energy of the
system composed of the two mutually interacting systems A and B, and
W .o and Wy, are the energies of the initial stationary states of two isolated
systems A4 and B. The energies of all the systems are calculated in the frame
of the Born—-Oppenheimer approximation (Born and Oppenheimer, 1927).

The Hamiltonian operator of the system composed of A and B is (in
atomic units)

H= Z H().) + AZ 1/"11’ + Z ZyZV’/RW' ’
A <i y<y’
H() = —3A(4) + V(4),
V(4) = Va(4) + Va(4d),
Va(d) = —Z ZofTsas Va(4) = _zﬁl Zﬁ/"zp s

2

where H(L) is the one-electron Hamiltonian operator of the electron 4;
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Z,,Zg and Z, are the positive charges of the nuclei a, 8, and y, belonging to
the system A, the system B, and the combined system AB, respectively;
r;;- is the distance between the two electrons A and A’, r,, is the distance of
the electron A from the nucleus o; and R,; is the distance between the two
nuclei « and f.

The normalized wave functions of A and B are assumed to be repre-
sented by means of Slater determinants which are composed of orthonormal
spin orbitals with LCAO-MO spatial functions. The MO’s of each system
are made SCF with respect to the isolated ground-state molecule by the
usual procedure, introduced by Roothaan (Roothaan, 1951). The excited
and charge-transferred configurations may be written by the use of un-
occupied MO’s corresponding to the nonrealistic roots of the Fock-
Roothaan equations for the ground state.

The spatial parts of LCAO-MO’s are given by

a(l) =) C,(1)  for the system A
4

and 3
b(1)=Y C,u(1) for the system B,

where 1 and u are the AO’s belonging to the nuclei of A and B, respectively,
Here all functions can be taken real.

The occupied and unoccupied MO’s in the ground state are distinguished
as shown in Fig. 2. The wave function for '¥,,,, for instance, is represented
by

Bl ot .bMBmBl]
: .bm Em bl]}9 (4)

27V N A 4,81, 8, Q18,181 8;418i4 " Gy Bn b

— N a31a,8, " @;18;-18; Q418341 Aply by
where A o/ signifies the normalization—antisymmetrization operator and
the nonbarred and barred MO’s represent the spin orbitals with spin func-
tion of « and f, respectively. The number of doubly occupied MO’s of A
and B in ¥, state are denoted by n and m, respectively.

The ground-state energy of the combined system of A and B is given by
the lowest root of the secular equation

HO, —‘E —So pE
H

p,0 pOEH Tt 20’ (5)
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Fig. 2. MO’s of the isolated systems A and B.

where
)4

H, , = j‘PP*H‘P,,, d, S, = j WY, dr.

If the integrals S, ,- and H, , (p # p’) are small, W can be approximately
expanded in the form:

monotr monoex ditr diex
w=too— (5 + 5 + X+ 3 +)
p 4 p 14

o VHop = S0, Hool?
Hp,p - HO,O

+00 (6)

On the basis of an assumption that the interaction between A and B is not
yet very strong, we employ only monotransferred and monoexcited electron
configurations.

Then, the singlet interaction energy, AW between two closed-shell
systems is given by

AW=¢gy— D —m, (7
where
g9 = Hp, o~ (Wao + Wro), ®
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2 2
& |Ho,int — So,i-1Ho,0l® | 2% {Ho, 4 = S,k Ho,ol

D= +
ZZ’ Hi—'l,i—*l_HO,O ; ;

b

©)

Hk—*j.k—'j - HO,O

"SO.i*jHO.olz_*_cf"\f iHo,I;—u‘So‘k—}llHo.o,z.
k1 k=1, k-1~ g, 0
(10)

The first-order interaction energy &, can be divided into two terms, the
Coulomb interaction energy &g, and the exchange interaction energy & :

£y =€ + & ¢h))
in which

6g =2 Vaii+ 2% Vaw + 42;(ii|kk)+2;2,zﬂ/R,,, (12)

and
ex = =2 ) [(ikVki) + 55 Vi + 3 sud2(ik1i'7) = (1| k)
e i
+ Y sp{20ik | k'K — (ik' | KK}, (13)
r
where

m

Veii = | a(DVp(Day(1) do(1)
Vi = | a()V(1)b(1) dv(1)

(i1 kD) = j afDb(2)r 17 af1)b(2) du(1) dv(2)

"
s = | a(Db(1) de(1),

v

If we employ the Mulliken approximation (Mulliken, 1949), we have

EQ = g NAthn + g NBuvAuu + Z ; NArNBu("luu) + ;)ﬂ:zazﬂ/Ram
(14)
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where

occ
NA? =2 Z Z C,(‘)C,(}) S s
i v

Upy = jt(l)Vn(l)t(l) di(1) = ; Upue s

Sp

Jt(l)t’(l) du(1),
Vpy = _J\t(l) % (1) du(1),

(tt|uu) =J\J‘ t(Du)r 3 1(1Du(2) do(l) do(2).

Further approximations which put
Vg = —Zy/Ryp, (tt{uu) =1/R,q,

lead to a succinct expression of g

(Zo = No)(Zs — Ny)
2EDNY " (15)
a B ap
where
(@)
NG:ZNAI"
t

Equation (15) is convenient to interpret the physical meaning of the Cou-
lomb interaction energy. The Coulomb term is important at the initial
stage of interaction in polar reactions, while not in neutral, nonpolar
systems.

The exchange interaction term ¢ is usually positive in the ground-state
interaction except for the singlet interaction between two ground-state odd
electron systems.

The polarization energy = is not usually important, since the Brillouin
theorem (Brillouin, 1933, 1934) makes the H, , values for monoexcited
configurations small. If it is assumed that H, , is almost linear with S, ,,
the numerator of the delocalization energy D will possess magnitudes of
the order of 52 (5., implies the overlap integral between an MO of A and an
MO of B) for monotransferred configurations, while that of the polariz-
ation energy n will have the order of s% for monoexcited configurations.
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The denominator of D can usually be sufficiently small for monotransferred
terms, in comparison with that of = for monoexcited terms, so that the
delocalization energy is supposed to be more important than the polariz-
ation energy in determining the favorable position and spatial direction of
mutual approach of reagent and reactant in the majority of chemical
reactions.

Murrell and collaborators (1965) extended the theory of long-range
forces to the region of small orbital overlap and represented the inter-
action energy as the combined sum of the five energy terms: Coulomb,
exchange, induction, dispersion, and charge-transfer interaction energies.

Ill. Charge-Transfer Interaction in Chemical Reactions

Let us consider the delocalization energy D in some detail. The denomi-
nator of D is given by

Hi,y o1 — Ho, o = —(Ep + AEg) + (Ix; + Aly) + ay (16)
in which
Ey= - {H + ¥ Q00 - (lktkl)}]
AB = ={Vau + 25 (NI + T (Fiesie + 0117D)

Ini

y
- [HA;-,- + zi: (i1 'y — G| i’i)}]

Aly = —{Vm ; 2;(ii|kk)} + 5 Wisi + Gk 1K)

— (D) + 2{Vy sy + (il 1)}

ay
Hpy = J'ai(]-)HA(l)ai(l) du(1)

Hy(1) = —3A(1) + V,4(1)

I,; is the vertical ionization potential of the isolated system A with respect
to the electron in the ith MO and Ejy, is the vertical electron affinity of the
isolated system B with respect to the /th MO (Koopmans, 1933). By the aid
of the schematic diagrams given in the equations, the denominator of D
can be written in the following form:
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Hi’l,i*l - H0,0
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- i o | _ . -5 - . e | _ -
-~ -6 -1 o—c 91 =i
<o ) o ¢ -6 ! oo )
: i ' . ' : : '
(B+l) E(A)

where I8* Y is the value of I,; in the case of the approach of the system B
with an addmonal electron occupying the /th originally unoccupied MO,
and where E{ " is the value of Ejy, in the case of the approach of the
system A in which one electron occupying the ith MO is subtracted.

Now we consider the case in which two neutral systems interact with
each other. As mentioned above, I{® represents the ionization potential of
the ith MO of the reactant A in the neutral field of the reactant B. Therefore,
I®) may not differ so much from I,;. E$} ™ is the electron affinity of the /th
MO of the reactant B under the influence of the cationic species A of which
the electron in the ith MO is subtracted. Thus, E%, ™" may be much greater
than Ejy,. This implies that the denominator of D can be small in compari-
son with I, — Ey,.

Next we take the case in which one of the reactants is an ionic system.
When the reactant A is an anion, E{} ™" may be close to Ej,, since the
system A of which an electron in the ith MO is subtracted is electronically
neutral, while I$) may be much smaller than that of a neutral system. If
the reactant Bi 1s a cationic species, E§}’ may be greater than that in a neutral
system, although I&*? is supposed to be close to 1,;.

In any event the denominator of the delocalization term D is considered
to be small enough in comparison with the values of I,; — Eg, of neutral
systems. This indicates that the denominator corresponding to the term of
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D in which i is the highest occupied (HO) MO of electron donating system
and /is the lowest unoccupied (LU) MO of electron accepting system could
be considerably small in comparison with the denominators of other terms.
In some cases, like ones where the reactant A is an anion and the reagent B
is a cation, the quantity, I — E{,~", happens to be zero. In such an event,
the delocalization interaction energy D can be approximated by the first-
order equation

D = |Hy, yo-ru — So,n0-LuHo,ol- (17

Even in not exactly degenerate cases, the HOMO-LUMO interaction term
is usually sufficiently large, so that the one-term approximation as given in
the following equation is valid:

D~ IHO.HO-oLU - SO,HO-’LUHO,Olz. (18)

HHO-’LU. HO=LU — HO, 0

IV. Charge-Transfer Interaction and Molecular Deformation

As reaction proceeds, the geometries of reactant and reagent will change.
The molecular deformation is usually conspicuous in the neighborhood of
the reaction center, while the residual part of the molecule stays almost
unchanged. How the direction of molecular deformation is determined is
most easily understood by the following simple consideration. When we
employ the simple Hiickel MO method (Hiickel, 1931) for hydrocarbon
systems, the following relation holds with respect to the rth AO (Fukui
and Fujimoto, 1969b)

Y chem — 28 e

L e = T (O, (19)
where « is the Coulomb integral, f§ is the resonance integral and Z;‘"
implies the summation over all the neighboring AO’s of the rth AO. As
usual, the energies of the occupied orbitals are lower than a, while those of
the unoccupied orbitals are higher than «. Therefore, Y 3¢ C¥VC{? is positive
for occupied MO’s and is negative for unoccupied MQO’s. This implies that
the electron donation from the ith occupied MO and the electron accept-
ance in the jth MO will cause the bond weakening of the AO r with the
neighboring AO’s. Equation (19) also indicates that the weakening of the
bond with the neighboring AO’s due to the charge-transfer interaction is
parallel to the magnitudes of (C{?)? and (C#)%. In general, the HOMO and
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LUMO have maximum partial electron density at the atom where reaction
takes place dominantly. In other words, the position that has the largest
value of (CHO)2 or (CY)? is at the same time the position where weaken-
ing of the bonds with the neighboring AQ’s is most striking. The decrease
in bond order will be the source of bond loosening, which is represented in
terms of the decrease in the magnitude of the resonance integral 8. The
increase in the absolute value of the resonance integral will cause the
lowering of bonding levels and the elevation of antibonding levels. On the
other hand, the decrease in the absolute value of the resonance integral
will bring the elevation of bonding levels and the lowering of antibonding
levels. A typical example is given in the Diels—Alder addition of a diene and
a dienophile (Fig. 3). As is clear from Fig. 4, the contribution of terms

LUMO HOMO

HOMO @ ? LUMO

LUMO —_— >< - LUMO
HOMO  —6—6— = HOMO
———
Ethylene Butadiene

Fig. 3. Mode of orbital interaction between ethylene and butadiene (hatched and
non-hatched areas indicate the plus and minus parts of a real MO).
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Fig. 4. Changes in MO energies due to deformation (calculated by Pariser-Parr—
Pople method).

corresponding to the charge-transfer interaction between HOMO of diene
and LUMO of dienophile and that between HOMO of dienophile and
LUMO of diene will be enhanced by the molecular deformation with the
progress of the reaction. Such changes in MO levels due to the molecular
deformation with mutual charge-transfer are supposed to be a general
feature of chemical reactions, and may be even more conspicuous in ali-
phatic systems. In Fig. 5 is shown the case of LUMO of methyl chloride
due to the loosening of the C—Cl bond in Sy2 reaction.

Here we may say a general conclusion of chemical interaction that
charge-transfer will cause the bond interchange which brings the lowering
of LUMO and the elevation of HOMO, in turn, promoting further charge-
transfer interaction. This relation is easily understood by Eq. (18). Thus,
the role of the charge-transfer between HOMO and LUMO will be more
and more dominant over other terms with the progress of reaction.
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Fig. 5. Change in LUMO energy due to deformation (calculated by a semiempirical
SCF MO method).

V. Charge-Transfer Interaction and Orientation

A. Singlet Interaction between Two Closed-Shell Systems
The numerator of Eq. (9) is given by

Hwﬂ—smﬁdnmzfﬂpm+2zanwy—%hw+zzauuﬂ
k k

— TAGKIKD ikl kD, 20)

which is approximately rewritten in the following form for multicentric

interactions through paired orbital overlappings of the rth AO of A and
the r'th AO of B

Ho, i1 — So.101Ho o 2 212 Y COCHYD, (1)



190 Hiroshl Fujimoto and Kenichi Fukui

where
92 5[ 40 + 03 + 3 F N7
(u)
+ (r'r |un)} + Z y a—(?-eﬂ—Ni)] )
~ _ g Ng\
= fr(l)(z o )r (1) dv(1)
nS,"’(Zﬂ N,,)
g 50
in which

l(“) Z Z C("C(’)s,,

Thus, we obtain an approximate expression for D

occ uno C(i)c(l) ‘) 2 occ uno ,Cﬁf)C,(.!‘) g‘) 2
D=2 Z Z (Z(B) (A- 12 + (Z(A) (B)-)-k)) } (22)
7 — Ey © 7 In — Eaj

1. Single-Centric Interactions

We consider the case of a single-centric interaction between the rth AO
of the reactant A and the r'th AO of a reagent B. If we assume that the
reagent B has only one AO, we have, when the reagent orbital is unoccupied,
o 2
cc (C(l)) 2

D=2 Z &g — GA;
7. = Cy{, ea = — I, eg = —E Y, (23)
and, when the reagent orbital is occupied,
uno (C(]))z

D2y =

k).,(k B—-k A
'Yr, = C( )Yn(-r)’ €aj = ""E,(\j )’ &g = _I§3 ),

12

The quantities in Eq. (23) lead to the reactivity indices, superdelocalizability
(Fukui et al., 1954b, 1957), and delocalizability (Fukui et al., 1961) defined
for unsaturated compounds, and saturated compounds respectively. A
good correlation between calculated reactivity indices and experimental
observations can be found in a number of articles (Fukui, 1964, 19635a,
1970a, b; Streitwieser, 1961).
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If we employ the one-term approximation as Eq. (17), we can compare
the chemical reactivity of each AO only by (C{")?, provided the integral
y{ is almost constant with respect to any r. The chemical reactivity index,
frontier electron density, f,, is defined under such a condition (Fukui et al.,
1952, 1954a):

FEB = 2(CH)?  for electrophilic reactions, 24
f™=2(c™?  for nucleophilic reactions.

A good parallelism has been found between this index and experimental
results (see Fig. 6).

0.344

0387 0193
0138 0047 0231
atg 0148
0175 0297 017
0272 ono 0028
0.000 0109
0116

Fig. 6. Frontier electron densities in some aromatics (calculated by simple Hiickel
method; circles indicate the positions of electrophilic reactions.)

Further we show some results applied for aliphatic compounds. One of
typical reactions of aliphatic systems is the abstraction of hydrogen by
nucleophiles. In Fig. 7 are shown the frontier electron densities of hydrogens
toward a nucleophile (Fukui and Fujimoto, 1965).

In ethyl chloride and 2-chlorobutane, the f-hydrogen which is trans to
the leaving nucleophile has the largest value of reactivity index among
various hydrogens. According to the well-known Saytzeff rule, trans-g-
hydrogen should be more reactive toward an attacking nucleophile than
trans-p’-hydrogen (Saytzeff, 1875). The calculated result is in accordance
with experiments. In case of 2-exo-bromonorbornane, exo-cis elimination
has been reported to take place (Kwart et al., 1964). The indices show a fair
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Fig. 7. Frontier electron densities of hydrogens in some chlorinated hydrocarbons
for nucleophilic attack (calculated by extended Hiickel method).

success. Thus, we may say that the reactivity indices, frontier electron den-
sity, and, of course, superdelocalizability, can be measures in discussing
the favorable position of chemical reactions in the frame of the isolated
molecule approximation.

The frontier electron density f, of the most reactive position often be-
comes larger as it becomes isolated from the neighboring AO’s. Therefore,
the one-term approximation of D as given by Eq. (18) becomes more and
more valid with the progress of reaction.

2. Multicentric Interactions
The most familiar of multicentric interactions is the two-centric case.
In this case, we have

~ 91/2 HO LU HO LU
D= 2 / |C£ )Cl(" )'y:-r’ + C.(s )C;’ )vss’la

or (25)
D~ 21/2 I C,(LU)C,('HO)’Y,I-,' + C§’~U)C§¥*°’y;s, | .
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Each spatial function has an arbitrary factor +1 or — 1. Therefore, the
signs of C'” and C are not definite. However, once, we assign +1 or —1
to C and C¥, the values of C{” and C¥ are uniquely determined. Here
we may have two cases. The one is the case where C{?CY and C’CY have
the same sign, and the other is the case in which the two quantities have
different signs. In order to make the energy stabilization D large, we have
the following relations (see Fig. 8):

number of electrons forming favorable reaction path

a cycle
4n sign (Vi) = —sign (Yss)
4n+2 sign (yn) = sign (yss')
S >< ) S A
A —o—6— -6~ A A —o—6— >< -e6- S

S —o—o— -6~ S S —o-o— -6~ A
; | 1 1
I 1 | )
I ) i '

system A with  system B with system A with  system B with
4m electrons 4m’ electrons 4m electrons 4m's2 electrons

A A
5—9—9—><—9—9—S

A -o-6— -~ A
) 1
' ]
1 t

system A with system B with
4m+2 electrons 4m'+2 electrons

Fig. 8 Mode of orbital interaction in thermal reactions of two open chains (S and A
denote symmetric and antisymmetric MO’s).

The case sign(y,,.) = sign(y,,) corresponds to the Hiickel cycle, and the
case sign(y,,) = —sign(y,.) to the anti-Hiickel cycle. The latter is often
referred as the Mobius strip conjugation (Heilbronner, 1964; Zimmerman,
1966). Various examples of pericyclic interactions can be found in many
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articles (Gill, 1968; Anh, 1970). A most typical example may be found in
Diels—Alder reactions. Figure 3 shows that the HOMO-LUMO interaction
favors Hiickel interaction. Hoffmann and Woodward discussed the exo—
endo selectivity in this reaction regarding the interaction between a diene
and a dienophile three-centric with respect to both of the two (Hoffmann and
Woodward, 1965). Herndon and Hall (Herndon and Hall, 1967) treated
this problem from a different viewpoint.

B. Doublet Interaction between a Closed-Shell System and an
Open-Shell System
When one of the two interacting species, say B, is an odd electron
system, having a singly occupied (SO) MO b,, we have the following
equation instead of Eq. (22)

2 1 ] in2 § j k)., (k)y2
{OCC uno( (‘(I)C(’)y(l?) oce uno( ( (J)( j(, )y( ?) }
Z Z B) E A—i A B-k
i 1 I(\i - B(l D k j I(Bk) - E(q i )

oce ,Cﬁi)Cﬁf') ::_) 2 uno rc(i)csg) S«rr) 2
+ {Z (Z(B) (Ay—i)) z (Z(A)’ (B)j-a)) } (26)
7 I\ — Eg, 7 Is) — E4j
This equation is represented in terms of the restricted open-shell MO’s with
respect to the reagent B. If the reagent B has only one AO r’, we have

oce (C(i))z ) uno (C(J'))Z
D=y ——y, —Tr 7 2 27
;En'—auv +stAj'_8B,y' @)

in which g is (— Eg» ") and &y’ is equal to (— I§). This equation is inter-
esting because it implies that, even in the interaction of a neutral molecule
with a neutral radical, the magnitude of D depends on the local charge of
atoms through 7, and y,. The frontier electron density for radical attack
is defined by (Fukui ef al., 1954a)

) = (CHO) 4+ (CI)2 28)

In Fig. 9 are shown f® values of hydrogens of 2-methyl butane.
The calculated results indicate that the tertiary hydrogen is the most
reactive and the secondary hydrogens are next reactive, in agreement
with experimental results.
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Fig. 9. Frontier electron densities of hydrogens in 2-methyl butane for radical
attack (calculated by CNDO/2 method).

C. Singlet Interaction between a Closed-Shell System and an

Open-Shell System

In photoinduced reactions, one or both of two reactants have excited
open-shell configurations. We suppose here that the lowest excited elec-
tronic state is concerned in the reaction. Although some modifications will
be necessary, the essential feature of the interaction energy will be not
different from thermal reactions. We must employ monoexcited or di-
excited electron configuration as ¥, . Therefore, the summation over mono-
transferred and monoexcited configurations should be made with respect
to ¥, with an excited configuration. In the case of interaction between a
closed-shell system and a singlet-excited system, the most contributing
term among the various orbital overlapping interaction terms will be as

SOMO © LUMO

SOMQ —O—— =—— —6—6— HOMO

1 ]
1 1
] 1

system A system B

Fig. 10. Mode of orbital interaction in photochemical reactions.
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shown in Fig. 10. In this case the delocalization interaction energy D may

be given in the first-order form
1/2

D {(z c:smc;v%,,,)z n (z c:SO‘)cs,my;,,)z} e
Frequently, one of these two has a greater importance than the other

D=|Y csoctoy or  Dx|Y CSOCEy .l (30)

If we apply the above discussion to two-centric interactions, we have a
different selection rule for pericyclic interactions from that for thermal

reactions:

number of electrons forming favorable reaction path

acycle
4n sign (y,,) = sign (ys")
4n+2 Sign ('y'r') = —"Sign ()’ss')

Application of this rule to pericyclic interactions, such as photochemical
ring-closure of open-chain systems, ring-opening of cyclic conjugated sys-
tems, cycloaddition of two conjugated systems, etc., gives the same result
as was proposed by Woodward and Hoffmann (Woodward and Hoffmann,
1965).

Photochemical cycloaddition of carbonyl compounds with olefins was
discussed by Herndon and Giles (Herndon and Giles 1970), using simple
Hiickel perturbational MO method.

D. Singlet Interaction between Two Open-Shell Systems

Another class of chemical interaction is that between two odd electron
systems, One of the most important characteristics is that the singlet inter-
action between two doublet systems is facilitated by the negative exchange
interaction energy &, . The most typical example is the interaction between
two hydrogen atoms to form a hydrogen molecule. The well-known result
indicates that the exchange interaction energy & is responsible for the
multiplet separation, making the singlet interaction stabilized. In usual
interaction between two radicals, however, the delocalization interaction is
also important. The transition state of the Cope rearrangement of |,5-hex-
adiene may be regarded as a cyclic interaction between two allyls (Hoffmann
and Woodward, 1965; Fukui and Fujimoto, 1966b; Simonettaeral., 1968).
The interaction between two SO levels will make such a cyclic transition
state possible, while the interaction between HOMO and LUMO makes
the chair-form transition state more favorable than the boat-form one (see
Fig. 11).
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Fig. 11. Mode of orbital interaction in Cope rearrangement.

Vi. Intramolecular Reactions

Recently, some theoretical approaches to unimolecular reactions have
been developed (Bader, 1960, 1962; Pearson, 1969, 1970; Salem, 1969a,b;
Trindle and Sinanoglu, 1969; Trindle, 1970). Salem made an elegant
generalization, connecting the symmetry of an excited electronic state
with that of the nuclear configuration change along the reaction path.
Trindle devised a general procedure to correlate the wave functions of the
initial and the final systems of unimolecular reactions.

If we employ a localized bond orbital model instead of MO’s we may
apply the theory of chemical interaction developed in the preceding sections
to unimolecular reactions (Fukui and Fujimoto, 1969a; Fukui, 1971).
Namely, if each orbital is completely localized to each particular bond, we
can regard an intramolecular bond interchange as if it were an intermole-
cular interaction between two fragments of a molecule. The validity of the
theory may be evident from Fig. 12.
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CH3

Fig. 12. Mode of HOMO-LUMO interaction in cyclobutene rearrangement (Winter,
1965) and in bicycloheptene rearrangement (Berson, 1968).

Vil. Charge-Transfer Interaction and Bond Interchange

As has been discussed in the preceding sections, donation of an electron
from HOMO and acceptance of an electron into LUMO cause the change
in bond populations which usually conforms to the nuclear configuration
change along reaction. The Diels-Alder reaction is an example. The charge-
transfer from HOMO and that into LUMO will be responsible for the
double bond shift of a diene from 1,2 and 3,4 bond regions to 2,3 bond
region, to make possible forming a cyclohexene with a dienophile.

The change in the electron distribution due to the chemical interaction
is obtainable from the wave function given by Eq. (1). Density matrix ex-
pression may be convenient for this purpose. Mixing of charge-transferred
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configurations into W, can express the bond interchanges in each of two
molecules in case of chemical interaction as mentioned above. Further, we
have the relation

Mf‘l’o*(l, 2 s M)Wy (1,2, ..., M) dEgdey - dry
~ 2%, {2 ¥ aa ) +23 bk(l)bk(l)}
i’ k
- 22 aarse + 3 5DBMss ~ aDBD] (D
and
AB
f aDBAD) = 5= 3 T CPCPs,. @

These equations represent that the possibility of finding an electron in the
intermolecular region is parallel to the orbital overlapping between the
occupied MO’s of one molecule and the unoccupied MO’s of the other.
The quantity Co, C;.,,[¥o*¥;-, dr is positive for the lowest energy state
(Cos C;.y; taken real). The fraction of electrons that is influent into the
intermolecular region through the orbital overlapping between the ith
occupied MO of A and the /th unoccupied MO of B is supplied from the ith
MO of A.

As has been mentioned in the preceding sections, the interaction energy
between two systems is partitioned into the Coulomb, exchange, delocaliz-
ation, and polarization interaction energy terms. In some cases, one of
these four, say the Coulomb interaction term, is important (Klopman,
1968; Devaquet and Salem, 1969) and, in some other cases, another term
predominates. Our present discussion is directed to the “frontier-con-
trolled” (Klopman, 1968) cases where the delocalization interaction term
plays the most dominant role. The mixing of charge-transferred states is of
significance not only as a source of stabilization but also as the major origin
of the bond interchange in chemical reactions. Of the various charge-trans-
ferred configurations, the one in which an electron is transferred from
HOMO of one molecule into LUMO of the other molecule is almost solely
important. In the reactants that possess SOMO’s, these play the part of
HOMO or of LUMO, or of both. These particular MO’s, HOMO, LUMO,
and SOMO may be termed “generalized frontier orbitals™ in chemical
reactions, When the discussion is applied to the molecular complex
formation between an electron donor and an acceptor, our conclusion is
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in conformity with the *“ overlap and orientation” principle of Mulliken
(Mulliken, 1956). Numerical calculations could supply an interesting result
(Fujimoto et al., 1971).
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l. Introduction

Although several new methods have been advanced in the last decade
for treating long-range intermolecular forces, the emphasis has been almost
exclusively on the interaction between small molecules for which the
electron distribution can be considered localized. The standard formulation
for the van der Waals forces is based on two mathematical approximations,
a perturbation expansion and a multipole expansion. For small mole-
cules at moderate to large separations, each series may be approximated
by the first nonzero term. For nonpolar molecules, that term can be
expressed as a function of spatially independent polarizabilities.

The description of the interaction between large molecules is con-
siderably more complicated. If the electrons in the molecules are fairly
delocalized, the series expansion may converge too slowly (or not at all)
even at large separations, and the interaction cannot be formulated in
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terms of molecular polarizabilities. For, a perturbation at one point in
the molecule causes a response at another point, and the response must
be characterized by a spatially dependent susceptibility: The interaction
energy will depend on the correlative contributions from different parts
of the molecule. On the other hand, if the charge distribution is localized
in small units, the dipolar approximation may be reasonable for distances
large compared to the unit size, and the intermolecular force could then
be formulated in terms of the attraction between individual units in
different molecules. Early studies of the forces between large molecules
have focused on molecules that fall in the latter category. Pairwise
additivity was assumed and the overall attraction was obtained from the
ordinary London dispersion formula (London, 1937). For some recent
papers (and criticisms) see, e.g. Salem (1962), Zwanzig (1963), and Yasuda
(1969). In more recent years s:veral studies were made of the attraction
between large molecules containing delocalized electrons (Coulson and
Davies, 1952; Haugh and Hirschfelder, 1955; Longuet-Higgins, 1956;
Longuet-Higgins and Salem, 1960-1961; Sternlicht, 1964). Most of these
dealt with long-chain polyenes. The dipolar approximation was avoided
by the use of various devices [e.g., the Tomonaga method (Tomonaga, 1950),
the London monopole technique (London, 1942), the Longuet-Higgins
charge density formulation (Longuet-Higgins, 1956) or by direct numerical
calculation]; all treatments were based on second-order perturbation
theory. For a general review of these methods the reader is referred to the
treatise on intermolecular forces by Margenau and Kestner (1969).

One of the difficulties in formulating a theory for the attraction between
large molecules lies in the fact that the molecules are many-body systems
of smaller units (electrons, nuclei, etc.) and thus the intermolecular force
has many-body character even when only two molecules are present.
Many-body theories, developed over the past two decades, have made it
possible to treat realistically a variety of problems in different fields,
including intermolecular forces. For a general discussion of some of the
methods applied specifically to the interaction between molecules, the
reader is referred to the volume *‘ Intermolecular Forces” (1967) of the
Advances in Chemical Physics, and also the discussion on ‘‘ Intermolecu-
lar Forces™ (1965) of the Faraday Society.

Three general approaches have been adopted to treat the van der
Waals forces. In one class, the interaction is formulated in terms of the
properties of the individual molecules by considering their charge fluctua-
tions (e.g., Jehle, 1965; Linder, 1964; McLachlan, 1963a,b). In the second
class are those theories which treat the material bodies in terms of their
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collective properties (e.g., Linderberg, 1964; McLachlan er al., 1963-
1964; Lundqvist and Sjolander, 1964; Mahan, 1965; Lucas, 1967). These
formulations bear close resemblance to the electron gas theories of
Noziéres and Pines (1958) and Englert and Brout (1960). Like the electron
gas theories, they are generally based on a self-consistent-field approxima-
tion (e.g., the random phase approximation in the theory of Noziéres and
Pines; the time-dependent Hartree approximation in the formalism of
McLachlan et al.). The third class of theories begin by treating parts of
the material collectively, and deduce in the limit of very dilute matter an
intermolecular force (e.g., Lifshitz, 1956; Dzyaloshinski et al., 1961;
Linder, 1962; McLachlan, 1965; Langbein, 1970).

In this paper we present a unified treatment for the interaction between
two non-overlapping molecular systems of arbitrary sizes and electron
delocalizations. The theory is formulated on the basis of a generalization
of the reaction-field technique developed earlier (for a general review, see
Linder, 1967) and results are expressed in terms of spatially dependent
susceptibilities. The present approach is, in essence, an infinite-order
perturbative method which, in the absence of resonance interaction,
yields an expression for the interaction (free) energy in terms of the
properties of the noninteracting system. A rigorous expression is derived
for the second-order free energy at finite temperatures and an approximate
closed-form expression is obtained for the perturbation series by invoking
the decorrelation approximation (Rhodes and Chase, 1967) which neglects
correlations between virtual excitations within each molecule. Special
forms are derived for the dipolar approximation and the results are found
to agree with previously derived results obtained by other methods. The
connection between the reaction-field approach and those formulations
based on collective behavior is discussed.

Il. Generalized Susceptibility Theory

In this section we review briefly those aspects of generalized sus-
ceptibility theory that are pertinent to the present work (for extensive
reviews see, e.g., Bernard and Callen, 1959; Kubo, 1966). Generalized
susceptibility theory (also called response theory), is a form of time
dependent perturbation theory. The generalized susceptibility of a system
characterizes its response to a particular kind of disturbance. The response
is defined as the difference between the average value of an observable
with and without the perturbation. The average value of the observable
in the presence of a perturbation is obtained as an expansion in powers
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of the external force. In this review, we consider only the term linear in
the force—the linear response.

In order to obtain an expression for the generalized susceptibility it is
necessary to determine the response of some dynamical variable to the
perturbation, i.e., obtain the expectation value of an operator O repre-
senting the dynamical variable. (The operator O is assumed to have no
explicit time dependence.) Upon applying the perturbation the system
changes with time and the expectation value therefore changes with time.

The time-evolution of the state of a system can be approximated by
well-established techniques (Lowdin, 1967). The Kubo formalism (Kubo,
1957), based on the evolution of the density matrix, is particularly useful
inasmuch as it provides a quantum-statistical description applicable to any
temperature. In essence it is a procedure for relating the nonequilibrium
density matrix to the equilibrium one by successive approximations. The
term linear in the probe produces

t
0Dy = (0> +(i/h)f ' {[V°(t), 0°(n)]->, 1
where P(r) is the interaction part of the Hamiltonian A(f) = H, + P(¢)
and the superscript ° indicates operators in an unperturbed Heisenberg
picture. The brackets denote an ensemble average where the ensemble is
made up of an incoherent weighted superposition of eigenstates of the
unperturbed Hamiltonian, the weighting factor being a Boltzmann factor.

If we let p be the charge density,

pr)=e)y ZO@r~r) - e} 3T —r), )

where e is the absolute magnitude of the electronic charge, Z, the atomic
number of the vth atom and r; the position vector of the jth electron then

Py = jdr p(O) $(x, 1), €)

where J(r, t) is the scalar potential. The operators here (without super-
scripts) are in the Schrddinger picture. The linear response is

t

P, 1)) = <p°(x, 1)> + (ifh) jdr'j dr'{[p°(r', )P’ 1), p°(, 0] >

4)
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The expectation value is over the noninteracting system consisting of the
radiation field and matter. The scalar potential operator commutes with
the matter variables and so

PO, 0y =P, 1)) + (i/h)fdr' f_ dr' {[p°w, 1), p°(r, ]->
x (P, ). (5)

We shall concern ourselves only with classical fields and henceforth replace
(PO, t')) by its classical value ¢(r’, ¢). The quantity

P, 1), p°(r, D]-> = x(r, ¥, 1, 1) (6)

is the linear response function and {pV(r, 1)> — (p°r, t)) the linear
response. The response at position r and time ¢ depends on the cumulative
effect of the perturbation at all past times and space points. In this sense the
response function is a memory function. Since the expectation value of the
charge-density operator obeys (5), we have

PO 1) - PO, 1) = Jdr' Jt i 3, v', 1, 1) ¢(r', 1) ™

where {(r, ', t, t') is the operator for the charge-density linear response
function.

The linear response function x(r, r’, ¢, ) characterizes the equilibrium
system in the absence of perturbation and it determines the linear response
as affected by the perturbation. If the response function is to characterize
an attribute of the equilibrium state of the system, it is necessary that in
obtaining y(r, v, t, ') the perturbation not cause real transitions which
would change the system. Therefore, the perturbation is limited to one
that vanishes sufficiently as # —» —00. To ensure the adiabatic turning on
of the perturbation we replace V(f) by V() exp(et) where ¢ is greater
than zero, but infinitesimally small. The calculations are performed with
the adiabatic potential, whereafter the limit as ¢ — 0 is taken. The charge-
density response function reduces to

X(l', l", t tl) =(l/h) Z agrm {pmn(r')pnm(r) Cxp{(l/h)(E" - Em)(t - t,)}
—pmn(r)pnm(r,) exp{—(z/h)(E,, - Em)(t - t,)}}’ (8)

where E, and E,, are energies of the unperturbed states and 62, is an
element of the statistical operator

8o = exp(—HolkpT)/tr exp(—Ho/ksT).
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With ¢ — ' = 7 the response function takes the form y(r, r', ). Introducing
the transformation 7 — — 1 yields y(— 7) = — x(t). This follows since the

operators are assumed to be hermitian and the wave functions real.
If we Fourier decompose the right-hand side of (7) we get

Alp(r, t)) = f dr’ jw dow j ) dt x(r, v, ', wexpliwt — iwt + &t — et}
- ]

= '[ dr’J do y(r,r', w)d(r', w) exp(int) )
where y(r, r', ) is the charge-density susceptibility defined by
Z(r, v, w) =lim j dt y(r, r', 1) exp{—iwt — &1}. (10)
e=0 Jo

Substitution of (8) yields

o 1 T R (P ()
, I, —_ l _ ng{ mn nm mn nm :. 11
X(rr w) 81_{13 ';”a w+wnm_i3+w—wnm_i8, ( )
Using the identity
1 P
im—t 2o
PGl (12
where 2 is the principal value operator, produces
X, v, 0) =Y 1, o) - i'rr, ), (13)
where
X'(l', l", CD) =P '1' Z O'gm{_pm”(r)p""‘(r ) + p,,,,,(l‘ )pnm(r)} (14)
mn ) + Wy, W = Wy
and
n A
2E, 0)=2 Y 6%~ Pun(T)PunD® — @)
" (15)

+ Prn0)Prr(T )@ + W)}
It should be noted that ¥'(w) = y'(—w), "(—~w) = —y"(w) and x(r, r) =

2, P,
It is also useful to define susceptibilities that are spatially Fourier
transformed. If we write

PR =Q7" ; Px exp(ik - 1) (16)
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where Q is the volume of the container, we can take

X6, 0 =Q7?Y o) exp(k +r —ik' - 1) an
k,k’
and

X (@) = jdr v[dr’ 1@, v, w)yexp(—ik-r+ ik’ 1) (18)

or, in matrix form

@) =lim = 3 o8, L

e=+0 "l mn

0 {—pmn(k)pnm(_ k’) + pmn(_ k’)pnm(k)
o + o,, —ic O — Dy — i€

For real wave functions and hermitian operators y (@) = x -y, —x(®). If
the system has translational symmetry along an axis say the Z axis then
x(z, ', w) = y(z —Z', w). For this to be so, the summand in (17) must
have the nature of a delta function, i.e.,

Xk,,k.'(w) = Q3 Xi(@) 5k,,k,'
or
2z =7, 0) = Q71PY g, () explik(z ~ 2)}. (20)
kz

Similar expressions can be derived for different probes. Thus, more
general results are obtained if we let O represent the current-charge-
density four vector 3(jy,ji,72,73), and of = (Adg, A4;, A, A3) the four-
vector potential; then

Pty = —(/c) Jdr Jm) - L, ). 21)
Here, j, = ¢p and Ay = —¢. The linear response equation is
Aj(x, t) = (i/ch) Z th dt’ Jdr’<[iu°(r, 0,25, )] DA, 1) (22)
and the corresponding susceptibility

Xuv(rs l", (D) = (I/Ch) llm on d‘l’([juo(l‘, t)s jvo(r” t— T)]—) exP{—T(iw + 8)}’
=0 Jo
(23)
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If the probe is a field constant over the extent of the system, then P(¢) =
—ni * E(f) where m is the dipole moment and E the external field. The
linear response yields the polarizability

o

a(w) =lim@/h) | de[h®(r), dO()]_) exp{—1(iw + &)}.  (24)
-0 0

From the definition of the dipole moment m = { rp(r) dr and (6) and (10)
it follows that

a(w) = —Jdr Idr’ ry(r, ¥, o)r'. (25)

For harmonic oscillators,

o (w) = U(O)woz/ (6002 -~ 0?),
a"(w) = (n/2)a(0)wo[6(w — wo) — 6w + wo)],

where a(0) is the static polarizability and w, the natural frequency.

An important relation, first developed by Callen and Welton (1951)
and known as the fluctuation—dissipation theorem, exists between the
dissipative process caused by the system interacting linearly with a probe
and the appropriate equilibrium fluctuation. For a system of fluctuating
charges, this relation is

(26)

(1/2m) f d(t — t') exp{—iw(t — )K[p@".1'), p(r, )]+

= (h/m)y"(r, v', w) coth(hw/2k, T). (27)

It has been tacitly assumed that the frequencies w are real. For many
purposes it is more convenient to extend the definition of the susceptibility
to complex frequency in the lower half of the frequency plane, f= w — iy
where the function is analytic; i.e., we define

) = f " dr 1(2) exp(~ ifo). (28)

[}

Along the real axis
lin(l) 1) = xw) = ¥'(w) — iy (o).
yﬂ

Along the imaginary axis the suceptibility is real and can be related to
x"(w) by a generalization of the Kramers-Kronig transform, (Landau
and Lifshitz, 1958)
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Ll_r}}) ) = x(—iy) =(@2/n) Lw dy wy'(@)/(@* + y*). (29)

1. The Free Energy of Interaction

The free energy of a system of interacting particles can generally be
developed in a perturbation series of the interaction Hamiltonian. For two
nonoverlapping neutral atoms at fixed internuclear separation, the first
nonvanishing term in the free energy shift is of second order in the per-
turbation. In the dipolar approximation this term reduces to the London
dispersion formula at absolute zero and moderate separations and to
the Casimir—Polder (Casimir and Polder, 1948) expression at T = O and
large separations.

In this section we develop a general expression for the free energy for
two arbitrary nonoverlapping neutral charge distributions with fixed
positions of centers of gravity. The charge distributions are assumed to
fluctuate (i.e., oscillate, rotate etc.) freely in the absence of perturbation:
Permanent multipole moments (if present) have no preferred orientation
in space.

The method to be employed is based on a generalization of the reaction-
field technique developed earlier (Linder, 1962, 1964, 1965, 1966, 1967;
Linder and Hoernschemeyer, 1964 ; Linder and Kromhout, 1968 ; Kromhout
and Linder, 1968; Rosenkrans ef al. 1968). The reaction-field of a moment
m;isthefield at { produced by the surroundings which were polarized by m;.
In the present context the emphasisis on the charge distributions and poten-
tials. We define the reaction scalar potential of a charge density p, as the
scalar potential at the site / produced by the surroundings which were polar-
ized by p;. The free energy of interaction is obtained from the coupling of
thereaction potential with p,. This leads directly to a description of the free
energy shift in terms of the dynamic charge-density susceptibilities of the
isolated charge distributions. These susceptibilities contain not only high-
frequency components due to electronic transitions but include also low
frequency transitions associated with the rotation of the charge distribu-
tion as a whole. In short, the interaction includes besides dispersion forces
also induction, and orientation forces. However, since the centers of
gravity of the charge distributions are assumed fixed, the effects related
to acoustical properties are excluded.

In Section 111, A we develop an expression for the second-order free
energy. In III, B the formalism is extended to include all higher-order
terms in the perturbation expansion. These entail multiple transitions
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among the states, which are intractable, except for harmonic oscillators
and without approximations the results remain formal. By employing the
decorrelation approximation, the general formulation can be reduced to
simple form. The higher-order potentials so obtained do therefore not
have the same degree of accuracy as the second-order one.

A. Second-Order Free Energy

Let us consider molecule 1 to be the “central’” molecule and the
radiation field plus molecule 2 to be the surroundings s. As a result of the
charge fluctnations in 1 the radiation field is acted upon causing a scalar
potential to propagate to 2 which then polarizes (causes a response in) 2.
The scalar potential which acts back on 1 is the reaction (scalar) potential.
The latter can be written in operator form

3

t
OV, , 1) = j dr,'f dt' R¥, v/, t, )P, , 1). (30)

Here, p°(r,’, t') is an unperturbed Heisenberg operator representing the
charge density of 1, K‘¥(r,, r,’, t, t') the operator for the reaction potential
response function and ®®)(r,,t) is the reaction potential operator.
Accordingly, the reaction potential which acts back on 1 at a time ¢ and
position r, is a function not only of the charge density of 1 at time ¢ and
position r, but also of all preceding times ¢'< ¢ and neighboring positions
r,". The superscript on ®®)(r,, 1) serves to denote that the field has been
allowed to propagate twice between the two charge distributions. Multiple
scatterings will be considered in Section 111, B.

In order to obtain an expression for K®, we first determine the
potential at 2 arising from the charge distribution at 1. The potential can
be gotten from Maxwell’s classical equations which, when written in
terms of the scalar and vector potentials in the Lorentz gauge, yield the
uncoupled equations

2

Vzd’(r’ t) - 'j_z' g—tz' ¢(l', t) = —4Ttp(l', t)>

31
102 4n (
2 — = e o ¥
VAA(r, 1) 2573 Afr, ?) p j(r, 1),

with the subsidiary condition

1 3¢(r,

voAm ) +12®0 (32)
¢ Ot
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The solution for ¢ is

¢, 1) = Jdr' fdt Top (1 D)p(, 1), (33)

where vy is the retarded Green’s function for the inhomogeneous dif-
ferential equation (31), i.e.

vR=5(t—t'—- """) : (34)

¢ [r—r|’

We shall treat only the charge distributions quantum mechanically; the
field will be assumed to behave classically. For the present, we confine
our attention to static potentials:

v=1/|r—r]. ‘ (35)

Using these relations we obtain for the scalar potential at 2 arising
from the unperturbed charge distribution at 1.

O, , 1) = Jdrl' o(ry’, 1, )P0, 1) (36)
The scalar potential gives rise to a response in 2 which, to first order, is
t
PNy, 1) = p0(r,, 1) + Jdrzlf at' (xy,x,), 1, YO0, 1), (37)
-

where 2(r,, r,’, ¢, t') is the linear response function. The polarized charge
distribution produces, in turn, a potential in 1 which consists of two terms

Oy, = fdrz u(ry, 1)P%(r,, 1) (38)
and
t
(f)(z)(rl, 1) = J‘drz fdrz' fdrl’ J‘ dt’
X o(ry, 1)R(ry, 1), 8, t)0(xy, r, )Py, 1). (39)

The latter is the reaction potential. Equating (39) with (30) defines R®
12(2)(1-1’ n, )= Jdrz Jdrz' u(ry, 1)R(r,, 1/, 1, oy, 1y'). (40)

The second-order free energy is obtained from the coupling of $° and
®®. The potential ) would give rise to a first-order perturbation free
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energy. The first-order free energy is zero if there are no permanent
multipole moments. It is also zero if the charge distributions have per-
manent moments but the molecules are tumbling freely in the absence of
perturbation.

The work of polarization can be calculated by considering a hypo-
thetical process whereby the charges on 1 are increased reversibly from
zero to their full value by means of a parameter which runs from 0 to 1.
Since 4° is linearly dependent on the charges we have dp°(1) = d(p°1) =
p%(A = 1)di. The work of polarization of the *surroundings” by the
electrical fluctuations in 1, is then

1
UASES: f “ fdrl([ﬁo(r,, A=1,00r, 4,0, (@)
0

where the brackets denote quantum-statistical average over the unper-
turbed states. The symmetrical form is used because p° and & do not
commute. Since ®® is linearly dependent on ° and therefore also on 1
it is clear that the A-integration produces a factor of one-half. Alter-
natively, we can write

W= |

[0}

1

dTAJ'drIQ:ﬁo(rl’ ta }L)a &)(2)0.1’ t’ '1)]4-) (42)

which will prove useful in later development. To reduce (42) we sub-
stitute (39), Fourier decompose the integrand and apply the fluctuation-
dissipation theorem (Eq. 27). The result is

W = —(h/4ﬂ)jdr1 fdrl’f do x'(r, 1y, KD (r,, vy, w)

x coth(hw/2kyT) (43)
where K3 is the real part of the reaction potential susceptibility

K&, 1/, 0) = Jdrz jdrz' o(ry, 1)x(ry, 1), wo(ry', 1) (44)

and the y's are given in (13)-(15).

A similar expression with the prime and double prime interchanged
represents the work of polarization of 1 by the electrical fluctuations in the
surroundings, W{%,. The second-order free energy, F‘*(T), is the sum of
Wi and W2,

oc

F@(T)= —(hj4n) Re ijdr1 fdrl’ j dow y(r/, 1, @)K (r, 1, w)

hall> 92

x coth(hw[2ksT). (45)
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An expression like this for T = 0 was obtained by McLachlan (1963a,b;
McLachlan et al., 1963-1964) and Longuet-Higgins (1965) by different
methods. It expresses, as pointed out by Longuet-Higgins, that in general
the interaction depends on the correlative contributions from different parts
of each molecule as is evident from the double spatial dependence of
each of the x’s.

Equation (45) can also be expressed in terms of the k-dependent
susceptibilities. To do so, we Fourier decompose y and K‘®) in accordance
with (17) and write

F3(T) = —(h/4n) Re iJ‘dr1 Jdrl’ f doQ~?

x [expifk’r,' —k-r, + k" ry — k" r,'}] coth(hw/2kgT).
(46)

Z,, oy (@)KZ )

k k', k

Integrating out the spatial variables produces the Kronecker deltas
Oy, x» and Oy, and yields

FOXT)= —(h/4n) Re i f do Y, pe W @)KEk (o) coth(hw/2kgT).  (47)
@ k, k’

To express K\ %).(w) in terms of the Fourier components of x(r,, r,’, ®)
and o(r, , ry), we first note that since »(r,, r,) depends only on {r, —r,|
we can write

o(ry, 1) =v|r — 1, =;vk explik * (r, —rp)]. (48)

Here, the usual volume normalization has been absorbed in v, . Decompo-
sition of (40) then yields

Kﬁzi(w) = Uy X{:?i'(w)vk'- 49)

Effects of Retardation

In order to take account of the finite speed of light one must consider
fluctuations in both current and charge densities. The contributions from
the vector potential must then be included and the theory has to be
formulated in terms of the current-charge density response functions
[Egs. (22) and (23)] and the retarded Coulomb potential vy defined by
(34). An expression like (45) but with the x replaced by x,, was obtained
by McLachlan (1963a) and others (for a critical review see, e.g., Power,
1967). Unfortunately, there is no simple way to reduce the general equation
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to practical form except under special limited conditions.! A detailed
discussion of retardation is postponed till the treatment of the dipolar
approximation in Section IV,

B. Free Energy to Infinite Order

The procedure for generating the second-order free energy can readily
be extended to include higher-order terms. Instead of the single reflection
considered before, the reaction potential is now obtained by allowing
all possible reflections, i.e.,

b, =3 & (1) (50)

neven

where n is the number of times the field propagates between 1 and 2.
For n = 4, we readily find

9y, 1) = fdrz jdrz’ J dr,’ Jdr’l’ jdrg '[drg’ jdr'{’

t ¢ t”
X J dt’ J dr” J dt"v(ry, £)3(r,, 15, 8 )y, 1)
- = o0 - 0

X 4, ¥, ¥y )OCE, B, 15, ¢ )0l )
x p°, 1), s1)

or, symbolically
® =09, 00,02, 09,°. (52)

(The times are so arranged that the later time is always to the left, i.e.,
t=t' 21" 2 t".) This expression can be written also as

@ = K(Z)zlff)(z), (53)

which has a simple physical interpretation: The reaction potential &
generated in a single reflection polarizes 1 which then produces the new
potential ®* through another reflection. This result is readily generalized
to potentials of arbitrary order

O™ = RDg -2, (54)

! Meath and Hirschfelder (1966), among others, have made extensive calculations
of the effects of retardation using a multipole expansion. Langbein (1970) has computed
the retarded dispersion energies for macroscopic bodies without the recourse of a multi-
polar expansion by the use of macroscopic dielectric constants.
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(We shall henceforth suppress the index on £, ; it will be understood that
2 refers to 1 unless stated otherwise.)

The work of polarization can be obtained by the same charging process
as outlined in Section III, A. For the general case it yields

1
Weer =Y W =1} L di(1/%) th([ﬁ"(rn t; OO (ry, 15 D14, (55)

where each p,° introduces a factor of 4. Since ™ contains (n — 1) products
of p,’s, the anticommutator introduces a factor of A" in the integrand.
The exponent of 1 is the same as the number of times the field propagates
between the molecules and can be determined by counting the factors v in
®™, The terms in (55), other than the leading one, involve correlations
between multiple excitations within the molecules. They give rise to (hyper)
susceptibilities which in general depend on more than one frequency and
are difficult to reduce to simpler forms. To avoid these difficulties, we
invoke the decorrelation approximation which replaces the matrix elements
of the products by the products of the expectation values. For example,
the quantity
P OvR208,108,0p,%> = <ﬁ10ﬁ101’f2”219220>,

which is one of the terms in W', is replaced by (p,°5,%08,0>{9108,0).

If we make this approximation, W), can be Fourier decomposed in the

same manner as W2} and yields, upon addition of W%,

F(T)= —(h/8n) Re i J‘dr1 J‘dl'2 --'fdrq’j dwy(x7, £, ®)

X o(ry, £3)x(r,, 15, @)o(ny’, £ ) gy (x ), 1Y, @)o(ry, 13 (56)
X x2(ry, 17, @)o(ry, ry’) coth(hw/2ksT).

Integrating out the variables r,, r,’, 13, ¥y and using (44), gives

FO(T) = —(h/8n) Re i f dr’ J dr, J dr,’ f dr’ j do

x 27, 1y, @)K P(rg, 1), 0)x(ry, 1y, ) (57)
x KA}, vy, ) coth(hw/2kyT),
or, in k space

F(T)= —(h/8m)Rei ¥ J doyser, ()KL (w)
K »

KKK S~

X i, k(@)K ioAw) coth(hw/2ksT).  (58)
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We next define a quantity
Kifie(@) = 3 KeLop, @K (o), (59)

K

and obtain, after relabeling the dummy indices

FY(T)= —(h/87)Re i) J doyy, (@)K (w) coth(hw/2kgT).  (60)
KY ) o
The higher-order perturbation terms are generated in a similar fashion.
The free energy shift can now be written

AF(T) = K(T) — F(T)

= —(h/2n)f di(1/2)Re iy J dayy, w(w; 1) (61)
0 KK

X Gy, W(w; A) coth(hw/2kyT),

where G, \(w;A) is the infinite-order reaction scalar potential susceptibility
defined by

G (@3 ) = K@) + 2KR(@) + - + 17K (w) - (62)

in which K™ = K@y K®~2 and y y(w; 1) = 12y (o).

Although the theory is formally complete it is often more convenient
to express the results in terms of frequencies along the negative axis of
the complex frequency plane, since there the susceptibilities are real (see
Section II). Thus if we replace w by f= @ — iy, we have

dmmRqu
k. kK’

1 @©

AF(T) = —(h/27r)'[

0

dftx, w(fs A)Gk', W3 4)

x coth(hf/2ksT), (63)

where the contour is taken along a semicircle in the lower half-plane,
avoiding the pole at the origin by a half-circle indentation from below.
The contribution from the large circle tends to zero as f goes to infinity
because of the analytic behavior of the susceptibilities. The hyperbolic
cotangent, on the other hand, has an infinite number of singularities along
the imaginary axis at the points f= —iy, where y, = 2nkyTh™'] with
residue equal to 2kzTh ', Using the residue theorem, we get

1 o

di(1 /l)kzw 1;0 X w(= 15 A6 (— iy A, (64)

AF(T) = —2kgT f
0
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where the prime on the summation sign denotes that the leading term
(/ = 0) must be multiplied by 4. The functional dependence of the sus-
ceptibilities on y, is, in accordance with (29),

N op(0)
Xk.k'(_lyl) - njo wwz + (2ﬂkBTh_}l)2, (65)

a similar expression exists for Gy.  (~iy).

In order to reduce Eq. (64) to a more tractable form we now decouple
the spatial correlations between multiple reflections in a manner similar to
the decorrelation between multiple excitations discussed earlier. This is
accomplished by formally writing

Z X,k (DGy () = A Z Xk, k Kl(s?,)k + A Z Z Xk, k' Kg.)k" Xx", x”
Kk KK K,k k7 K

X K& S+,
2
= A'z ; ; xk, Kk’ K{(?,)k + 14 kz (; Xk, e K(k?,)k) R s

A? Zk’ Xx, &’ Kg,)k (66)
1 —4a? Zk' Yo KPS

Expression (64) then becomes

AR = kT T 31 = 3 pon= K@l -] (67

1. High and Low Temperature Limits

In the limit as T — oo (strict classical limit) all but the zero-frequency
susceptibilities vanish, as is readily ascertained by the form of (65). The
free energy is then given by the leading (/ = 0) term in (67). The correspond-
ing energy (in the thermodynamic sense) can be gotten from the Gibbs—
Helmholtz equation

T~ AFT)/o(T" ') = AE(T). (68)

For a system of harmonic oscillators, the static susceptibilities are
temperature-independent and the classical value for E is zero. In the limit
as T — 0 (strict quantal limit), the spacing between the poles tends to zero
and the summation can be replaced by an integration, i.e.,

0

3 f " dl = (h[2nkyT) J " dy (69)
=0 0
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2. Collective Behavior
A further interpretation of the general result is obtained by considering

the functional behavior of the integrand in (63) along the positive real
w axis. This equation can now be written

AF(T) = — Re i Zj dfln Z L, k(f)Kmk(f)]coth(hf/ZkBT) (70)

Integration by parts yields

AF(T) = — E—';;TRe iy Jm df{In sinhz:fT)
E Jo B
(8/6f)[1 - Zk Ak, k' (f)K(Z)k(f)]
1- Zk Xk, k' (f)K(z)k(f) .

As path of integration we choose the w axis avoiding the singularities
by half-circle indentations from below. Along this axis, the function
[1 =30 xe K] has zeros at the points w$)(k) which are the eigen-
frequencies of the coupled system (see Section V, B). The integrand has
poles also along the w axis at the singularities of the susceptibilities
x:1(@) and y,(w); these occur at the transition frequencies ;) and 0 of
the isolated molecules. The residues of the integrand (e.g., Hille, 1959)
are In sinh(hw(Q(k)/2k5T) at the zeros w{P(k), —In sinh(hw()/2ksT) at
o)) and similarly at o). In carrying out the integration, we need not
consider the segments between the singularities, since these are real and
drop out when multiplied by Re i. From the residues we obtain

(1)

AF(T) = kgT [Z Y. In sinh(ho{(k)/2ksT)

- Z In sinh(hw()/2kgT) — Y In smh(ha)(z)/ZkBT)]. (72)

P4

In the limit as T— 0

AF(0) = AE(0) = (h/2) [Z Y old(k) — Z ol =3 wﬁ,’o’]. (73)

p
This result has a simple physical interpretation: It is the change in the
zero-point energy of the normal modes of the charge (-density) motion
brought about by the Coulomb interaction. Thus, the energy shift is
shown to depend explicitly on the collective behavior of the total system.
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1V. The Dipolar Approximation

Most treatments of dispersion forces that include retardation are
formulated in terms of dipolar interactions. We now present an elementary
discussion of the retarded dipolar approximation based on the infinite-
order reaction field scheme. For small molecules or molecules which are
composites of small nonoverlapping units, the dipolar approximation
furnishes an adequate description of the dispersion interaction. We now
consider each molecule as one polarizable center.

In the dipole model of dispersion interaction, the results are generally
expressed in terms of molecular polarizabilities, which are the transforms
of the response functions to an electric field. The perturbation series can
then be generated by considering directly the coupling between a fluctuating
dipole moment and its reaction field. In complete analogy with the fore-
going (see also Linder, 1967, and references therein), we find that in first
approximation

t
E2\(n = J de'R(t, ) « iy (1), (74)
where ng)l is the reaction-field operator produced by the moment rh,
and R®(¢, t'), the response function. This leads to

o

FO(T) = —(h/4n) Re i f dw tr a,(0) * k¥ (w) coth(hw/2ksT). (75)

In order to obtain an explicit expression for k(?)(w), we consider a field
at a point R due to a system of charges and currents, at points r’ centered
about the origin:

1 JA(R, t)

ER,?) = —Vé(R, 1) - PR (76)
or, in terms of their Fourier components,
iw

where

H(R, ») = Jdr’ I‘;i'_’ (:’)I exp{-— ’—Z‘—’ IR — r’l} (78)
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and
) J(l' w) iw .
A(R, )_-— dr ,| {——C—IR—M;. a9
If d is of the order of the dimensions of the source, then for R > d
IR—r|=R—-R-¥/R (80)

If also d € 2ncow™! = 2, i.e., the wavelength of the emitted radiation is
much larger than the source dimensions, then to terms linear in ¢’

#(R, )R ———————exP{—;gw/c)R} [}—QR—z + l—z—)g] . JP(I", w)r’ dr’ (81)

and

AR, ) = exp{——igw/c)R}J'

ar' §(r', w). (82)

We note that | dr’ p(r', o)r' = m(w) and | dr’ j(r', ®) = iom(w). The latter
can be inferred from the definition of j(t', O)[j(x’, ¢) =Y ; ;& ()o@ — rj(t))]
which leads to | dr’ j(r', 1) = m(¢). Using (81) and (82) then produces

where
2 > 1
T(R, ©) = exp{— i(w/c)R} [I( "’R + ’;’ R3)
RR [w? 3io 3
(r-m-w)] @

or, more compactly,
T(w) = —(VV + IV?) exp[ —i(w/c)R]/R. 85)

For d € R < A the T tensor reduces to the static value, which varies as
R73. For R» 1> d, T varies as R~ exp{—i(w/c)R}.

We now return to Eq. (75) and assume that the separation between the
centers of molecules 1 and 2 (or between units in these molecules, as
the case may be) is R. Since we took 1 to be the “signal generator,” it is
clear that the field produced at 2 is E{)(w) = —T(w) * m;(w) and the
reaction field is E{2(w) = T(w)" ay(w) * T(w) * m,(w) hence -

P () = T(w) * a,(®) * T(). (86)
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(The parametric dependence on R has been omitted.) Thus an explicit
expression is obtained for F*®) (T) in terms of the properties of the isolated
molecules. In a similar manner we generate the higher-order terms and,
in the decorrelation approximation, get a closed form expression for the
infinite-order free-energy shift

e J 4 j MO ORORIO)

AF(T) Ao, (0) * T(w) * ay(w) * T(w)

ho
t
X €O hszT 87

hw
- Retf — trf dwi’a,(w) * g(w; 4) coth —— T’

where g(w; A) is the dipolar analog of G ,.(w; 4) given in (62). Upon
integrating,

AF(T) = kBTz;ol trInfl — a;,(—iy) « T(—=ip)) » ax(—iy) » T(= iy)). (89)

(88)

Small and Large Separations

In order to illustrate the functional dependence of the interaction on
R let us assume the molecules to be isotropic and consider F*(0) as an
integral along the y axis:

F®0) = E®(0) = —(h/27) rdy a (=i (— i) tr T(—iy)* T(=iy) (90)
0
Along the y axis, the T tensor takes the form
T(—iy) = —(VV + IV?) exp[—(y/c)R)/R on

For small separation, T is effectively frequency independent and (90)
reduces to

E®0) = — —3;’—6 r dy ay(—iy)ay(—iy)

- 2R6I J do 2“1(601)“2((02) ©92)

W, + w,

on remembering that tr T(0) « T(0) = 6 R™%. This expression is a form of
the London formula (London, 1937). On the other hand, for large R,
T decreases very rapidly with y. Since af —iy) decreases relatively slowly
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and monotonically when y goes from O to oo, the major contribution
comes from zero frequency. By replacing the a(—iy) by their static values,
we get

E®(0) = — (h/2m)x;(0)5(0) Jm dy tr T(—iy) + T(~1y). 93)
0

The latter reduces to the Casimir-Polder formula (1948)
E®(0) = —(23hc/4n R ), (0)o5(0) (94)

as shown by McLachlan (1963a).

For very high temperatures (strict classical limit), F® (T) is rigorously
given by the leading (/ = 0) term inasmuch as a( —iy,) drops off very rapidly
with increasing / [see Eq. (65)]. Therefore,

F(T) = —3kpT[e,(0)a2(0)/R°] 95)

irrespective of distance. 1t appears that the retarded potential changes
from an R™7 to an R™° dependence as the temperature increases. There
is, however, an overall weakening of the forces as the quantum fluctuations
give way to thermal ones.

V. Relation to Other Theories

A. The Charge-Density Formulation of Longuet-Higgins (1956; Longuet-
Higgins and Salem, 1960-1961)

If we substitute (44) into (45), switch to the y axis, we obtain for 7 =0

F(0) = E®(0) = —(h[2m) f dr, f dr,’ fdrz f dr,’ f " dy

X gy () 1y, — ip)o(ry, 1)xa(rs, 1 — iy)u(ey, 1), (96)

Substituting (29} and (35) yields, upon integrating out the y,

EM0) = — %Jdr, Jdrl’ ~“dr2 jdrz'f dw, J‘ dw,
0 0

x1(@)x5(w,)
(0, + wy)|ry = 0| |1 — 1) |’

97)
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which is further reduced to

E(Z)(o) = — % Jdrl ces jdrz' ! 1

[ty —1,| {ry — )|

Pon(T1)Py0(F; ')Po,,(l' 2P po(rz')

X
n#0,p%0 ol + wly

98)

on replacing the y’s by their respective matrix elements given in (15).
Equation (98) is the charge-density formulation for the dispersion inter-
action obtained by Longuet-Higgins on the basis of ordinary time-
independent perturbation theory.

B. The Coupled-Molecule Susceptibility
Equation (87) can be written

AF(T) = (him) Re i Jl di(1/2) Jw dw tra{(w; 1) * T(w) coth(hw/2kgT)
0 0
99
where
2 . .
a(lcz)(w; ll) - A al(w) T((D) az(w) (100)

I - 12o,(w)* T(w) * ay(w) * T(w)

The foregoing expression was first obtained by McLachlan et al. (1963-
1964) on the basis of time-dependent Hartree theory. The emphasis in this
and similar methods (Lundqvist and Sjolander, 1964; Mahan, 1965;
Doniach, 1963; Lucas, 1967; Linderberg, 1964) is on the collective proper-
ties of the total system. In the Hartree approach a{9(w) is obtained as an
off-diagonal element of a generalized coupled molecule polarizability; the
meaning of this concept is discussed more fully below.

Although Eq. (99) already establishes the equivalence of the time-
dependent Hartree formulation and the reaction-field technique within
the decorrelation approximation, it is instructive to analyze the problem
from a slightly different point of view. In the time-dependent Hartree
theory, the coupled polarizability a3 is obtained from the response of a
molecule to an external field in the presence of an average field due to the
other molecule. We can obtaina!?) also by our present technique of multiple
polarization processes by directly determining the moment induced by an
external field.
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Let E () and E,(¢) be the field strength at 1 and 2 respectively. The
Fourier component of the induced moments are

(@) =[o; +o - Troy-Tra +++7]Ey(w)
—‘[11'T'a2 +d1'T'dz'T'd1 'T'a2+"'] 'Ez(w)
(101)

and

() =Ja, +oa, T, Troay + ] Ex(w)
—[otyTra;+a,*Tea, Tea, Tra, +++]Ej(w).
(102)

(The dependence of T and & on w has here been suppressed.) The brackets
indicate an average over unperturbed states. For example, <{fh,(®)) is a
Fourier component of the expectation value of (), which is the dipole
moment operator for 1 corrected to infinite order for the presence of the
other molecule and to first-order in the external field. The leading term in
the first series (101) is the moment induced by the applied field; the second
term represents a process whereby the field is first scattered from 1, then
from 2 and then returns to 1 to polarize it; etc. In the second series, the
field first scatters from 2, and eventually polarizes 1.
The series can be summed to give

_ o, _ a,*T-a,
(@) = T B — ey Ba@) (109)
and
(o)) = 2 Byw) - —2 LN (0), (104)
(@ " I-0o,°Tea, T 2 I—o, T a, T
which leads to
{my(w) o a5 \Ey(w))’
where
oy —o,*T-a,
(G(lcl)a(fz))= I'—al'T'az'T I—‘al'T'az'T . (106)
af o) A o,

I-o, Tro,*T I—0,*T e, T
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It should be noted that if we factor out &, + T in (101) from all the
terms but the first, we get

<my(@)) =a,(@) * E(0) —a; * T(w) - {my(w)), (107)

and similarly,

{my(w)) = a,y(®) *+ Ey(w) — 0,(w) * T(@) * {my(w)). (108)

These equations are the starting points for MacLachlan’s formulation,
It must be emphasized that this reduction is possible only under the
assumption of decorrelation. The equivalence of the decorrelation and
Hartree approximation is apparent.

The matrix element representation of a7 is obtained in the usual
manner. In particular,

(ml)ny(mz)m - (ml)qy(ml)y"
w + (D — ie o — (0 — ig

o) = tim +3 o | |- a0

&e~0 h ny
where the n, y are states of the coupled system.
It is instructive to split (99) into two parts:

Ldi

AF(T) =ﬁtrj Tf dw{e') (w; ) « T (w)

a{Y (w; ) * T"(w)}coth —— heo

T (110)

The first term represents an interaction which arises from the fluctuation
in the two-molecule system; the second term arises from fluctuation which
originates in the field. At moderate distances only the first term prevails
since T is independent of w and, therefore T* = 0. In this case we can use
the relation

{m,(— o)my() +my(—w)m,;(w)) = (h/n)a? (@) coth(hw/2k,T),
(11)

which is the fluctuation—dissipation theorem (Landau and Lifshitz, 1958)
specialized to the coupled-molecule polarizability, and obtain after
integrating over @

T
AK(T) = L df <my(t; )+ T - my(1)). (112)
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It should be emphasized that even though the operators are functions of
time, the expectation value is not. This must be so since the correlation
functions on which this formula is based depend only on time differences
and not on the time itself, and this is consistent with the notion that the
system is one of equilibrium. The states, as remarked before, are the
unperturbed Heisenberg states, and the operators are unperturbed
operators corrected to infinite order for the presence of the other moment.
Since the expectation value is invariant under a unitary transformation
(Lowdin, 1967), Eq. (112) can be written also as

1 da
AF(T)=J~o = <ty (4 T+ ], (113)

where |t) and th are now in the Schrodinger picture. The time dependence
of the state functions actually drops out and (113) can be written in terms
of the stationary states as

AF(T) = Jl dA(1/4) tr P(Ds(4), (114)
0

where V(1) = i1, (4) * T - th, and &(4) is the statistical operator in terms of
H (%) = #, + V(A). Equation (114) has the standard form for the inter-
action free energy in equilibrium quantum-statistical mechanics.

The same analysis applies to the more general case in which the dipolar
approximation is not made. In the latter case, the external probe would be
a potential and the response a charge density. The susceptibility of the
combined two-molecule system is obtained by using both the time and
spatial decorrelation approximations. For example, the 1,2-element of the
coupled susceptibility is

X(lc,)z(k) = ; 7:(13‘ Uk'Xl(s’z,)k/(l - kz an O Xﬁg,)k Uk)- (115)
The eigenfrequencies of the combined system are the poles of x). These
occur at the zeros of [1 — ) yvyv]. The eigenfrequencies are then the solutions

of

det =0; (116)

- ; X{x};«(w)vk' X{(;.)k(w)vk

and thus a definite relationship is established between the transition
frequencies w{5(k) and the y; \(®) and v, .
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Vl. Harmonic Oscillators

As an illustration of the use of the susceptibility method we employ
the formula for AFand treat the interaction between two isotropic harmonic
oscillators in detail. For such a system, an exact result for AF is obtained.

Starting from formula (88) and neglecting retardation we have

AF(T) = —(h/m) Re ifm di(1/2) jwdw tr A% (w)g(w; 1) coth(hw/2kyT).
0 0

(117)

Let us examine «, and g as functions of the complex frequency f = w — iy.
These are

2,(f) = 0,0, 2 f(w,> — f?), (118)

where a,(0) is the static polarizability of the isolated oscillator and w,
the natural frequency,

L a(f)T-T
trg(fi4) = trI ~ 7 (Nay )T T (119)
The latter reduces to
2 —
treg(f; =Y T2 a4 (0w, (w0, + [, ~ f) . (120)

7 = w F oW = w7+ w)7)
where T = (T - T);; and
(Uji(k) = {QL((UIZ + w,) + %[(wlz —w?)? + 4/12011(0)“2(0)w12w22T,'2j]l/2}1/Zw

which are the zeros of the denominator.

Only the imaginary part of the integrand of (117) makes a contribution
to the integral. On the real w axis the integrand contains tr(ajg’ + a,'g").
The expressions for tr g’ and tr g” are

trg’ = tu,(O)w,’

w,? = (w;")? ( I 1 )

xY T:P _
; Ji [wj+(wj-)2 __(wj+)3 (J)—(,l)j+ w + wj+

(@) — o’ ( L )]
+(wjﬁ)3—(wj+)2wja w-w;” 0+ow; (121)

J
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and
tr g’ = 4nay(O)w,?
X Z i [ +(w )2(‘9 ( )1+)3 (5(60 w; +) — d(w + w; ))

(0,7) =

(0,7 — (o +)2

- (8w — ;") = 8w + ; ))] (122)

Upon substituting for o}, af, trg’ and trg” in (117) and integrating
over w we get

horldi
AF(T) =5 fo 7 Y TR0, w,% a,(0)15(0)

{ coth[hw;*(1)/2kgT] 4 coth[hw;”(2)/2ks T]
oD@, DY — (0, D)1 o;"D(w;” (V)? = (w; (W)
(123)

Integrating over A yields

ho;* how;~
AF(T) = kgT Z (ln sinh 2kBT + In sinh 2kBT)

ho
- 3kBT(ln sinh + In sinh heo

4
ZkBT kg T, ) (124)

This expression is identical with the one obtained from statistical mechanics.
It was derived also by Das (1964) by direct summation of Eq. (89) which
McLachlan et al. (1963-1964) had derived on the basis of the time-depen-
dent Hartree formulation.

The energy shift is obtained at once by the use of the Gibbs-Helmholtz
equation:

NS AR

ho;* hw;~
AE(T) = Z( * coth + w;” coth )

- ZkBT 2ksT

h P
— 3hw, coth k“"T ~ $hw, coth 5 kaT (125)

2 B B
At finite temperature a second-order result is obtained by expanding g
in Eq. (117), keeping the first term, and integrating over w and A. This
yields
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F(Z)(T) 3 ho t (0)“;(60)(1)1602
h W, W,

ho
th th
X (wlz—w co 2kgT 0,2 — w,2 20

2k T)

(126)

Vii. Summary and Conclusions

The treatment presented here of the van der Waals interaction is
based on a physically intuitive procedure for generating the perturbation
terms for the free energy. The use of the decorrelation approximation
provides a closed-form expression for the series. The connection between
this treatment and those formulations based on the lowering of the zero-
point energy of the collective modes of motion is established. The general
expression for the free energy takes account of the correlative contribu-
tions from different parts of the molecules; this is important for the
treatment of systems with delocalized electrons. There seems to be no
simple way to include retardation except in a formal way or for special
limiting cases.

The dipolar model for dispersion interaction is, generally, a good
approximation for small molecules, and often also for some large molecules
such as saturated hydrocarbons. The treatment of unsaturated hydro-
carbons on the other hand, requires the general formulation. These and
other special cases will be discussed in a future paper.

The theory presented here is based on the notion that the interaction
results from the charge fluctuations of the molecules. If permanent
moments are present, they give rise to generalized orientation (Keesom,
1921) and induction (Falkenhagen, 1922) forces in addition to the dispersion
forces. This was explicitly shown for the dipolar case in a previous paper
(Linder, 1964).

Slight complications arise in case of identical molecules at finite
temperatures. Resonance interaction gives rise to terms in the free energy
that are not accounted for by the adiabatic susceptibilities on which the
present theory is based. Those terms correct for the redistribution of the
population among the resonance states, the degeneracy of which is
removed by the interaction (Kromhout and Linder, 1968). For high
temperatures (classical limit), these correction terms are vanishingly small;
they are absent at T = 0 inasmuch as the molecules are initially in their
ground states, which are non degenerate. Ordinary room temperature is
for most molecules effectively *“zero™ for the dispersion interaction and
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“very high” for orientation interaction. The adiabatic approximation is
therefore valid for the cases of practical interest. The induction interaction
arises from the correlation between electronic and rotational motion. The
possibility of resonance states cannot arise.

The decorrelation approximation presents a more serious problem.
In essence it neglects the distortion of the charge distributions resulting
from the interaction. There is at present no reliable data available of the
magnitude of this effect. Rough estimates of the static polarizability
changes for interacting noble gas atoms at distances of closest approach
seem to indicate that they are of the order of a few percent of the polariz-
ability of the free atoms (e.g. Lim et al., 1970; see also Jansen and Mazur,
1955; and Mazur and Jansen, 1955). The decorrelation approximation is
expected to introduce small errors in the fourth-order perturbation term
but will affect the higher-order terms in a more pronounced way. The
leading term does not depend on the decorrelation approximation and
it is essentially exact. The decorrelation approximation was shown to be
equivalent to the time dependent Hartree, or other self-consistent field
approximations (e.g., the RPA) and these theories suffer from the same
shortcomings. A possible way to avoid these difficulties is to formulate
a theory in terms of hypersusceptibilities. We must wait to see whether
such a program can be pursued.
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I. Introduction

It has long been assumed that the charge and bond-order matrix (first-
order reduced density matrix in modern terminology) contains most of the
essential information about chemical bonding and electron distribution in a
molecule. Numerous methods have been developed for extracting quanti-
ties of physical significance from the density matrix. Mulliken (1955)
exemplifies attempts to base the analysis on minimum-basis-set atomic-
orbital populations. Ruedenberg (1962) bases his analysis on the energy
contribution arising from the changes in the density matrix upon going from
the free atom to the molecule. Several other attempts to interpret this
difference density have also appeared.

The basis of the assumption that the density matrix contains all
information of chemical significance lies mainly in the fact that the
Roothaan-Hartree-Fock self-consistent-field (SCF) wave function is easily
reconstructed from the density matrix. Thus, to the extent that the SCF
approximation is a sufficiently accurate description, all information is
contained in the charge and bond-order matrix. It is now recognized, of
course, that for most molecules the SCF approximation (a) gives a molec-
ular energy above the separated atom SCF energy, (b) gives a potential curve
with an R™! dependence on internuclear separation at moderate to large

235
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R, and (c) appears to give an energy minimum only because the wave
function is constrained to go to the wrong limit at large R.

Hence inclusion of correlation effects is essential in a qualitatively
correct interpretation of chemical bonding. The natural question then is to
what extent the correlation effects can be interpreted in terms of the one-
particle density matrix. The answer to this is now fairly clear. For a many-
electron system, one can extract from the one-matrix a set of *natural”
orbitals that are particularly efficient for describing the electron correlation
in the molecule. In order to understand the correlation effects produced by
these orbitals, however, one must reconstruct the wave function by a
configuration-interaction calculation and then extract the two-particle
density matrix. The one-matrix alone is not sufficient to regenerate the
wave function for a correlated many-electron system or to understand how
electrons correlate their distributions.

Natural spin-orbitals were first defined by Lowdin (1955). Soon after
that, Léwdin and Shull (1956) showed that natural orbitals could be used
to write a two-electron wave function in a simple canonical form. This form
gave much more rapid convergence than the usual configuration-inter-
action wave function. Shull and Lowdin (1955, 1959) applied this theory to
the helium ground state. Shull (1959) converted most of the then existent
hydrogen molecule ground-state wave functions to natural orbital form.
This early work has been the inspiration for most of the use of natural
orbitals.

For many-electron systems, the simplicity introduced in the two-
electron system by natural orbitals does not appear. Only for certain
restricted classes of wave functions are the number of terms reduced.
Nevertheless, there has been a steady stream of papers, beginning with work
on carbon monoxide (Hurley, 1960), reporting natural orbitals for many-
electron systems. By careful study of the wave function in natural orbital
form it has been possible to develop an intuition about correlation effects
which was missing earlier. Configuration-interaction wave functions based
on natural orbitals are among the most accurate ever produced for many-
electron systems. The extent of progress in interpretation of correlation
effects is partially reflected in a comparison of the recent review by Smith
(1968) with the earlier reviews by Lowdin (1959) and McWeeny (1960).

Il. General Properties

Every electron may be described by a three-dimensional position
vector r, and a discrete spin variable £. For convenience, we will use the
four-vector x to stand for (r, &) and [ dx to stand for Y, [ dr. Then the
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first-order reduced density matrix for a normalized, antisymmetric
N-electron wave function may be defined (in Lowdin’s normalization) as

D(x; x) = NJI[I(X, Xp, oo XOWHX, X5, .., X)) dXy o dxy. (1)

In atomic units, the diagonal (x = x") part of this matrix gives the probable
number of electrons per bohr® near the point r with spin ¢.
The average value of any local one-electron operator

0= %00
may be obtained from D by
(O = j dx dx’ 6(x — x"YO,(x)D(x; x').
For a nonlocal operator defined by
0. f= J ax'0,(x; x") f(x"), (0> = de ax'0,(x’; x)D(x; x").
In either case (@) may be conveniently abbreviated as

(0> = Tr(0, D). (2

One vparticular example of a nonlocal operator of importance is
associated with the ““ occupation number ™ or probable number of electrons
in spin-orbital ¢. This is given by

ny=Tr(|$<$| D) = fdx ax'¢*(x) D(x, x")p(x'). €)

Only if two orbitals ¢ and ¢’ are orthogonal is the probability of finding an
electron in one mutually exclusive with finding the electron in the other.
The sum of n, over any complete orthonormal set is the trace of D (which
by definition is N).

The form of these equations suggest that D itself should be regarded as
the kernel of an integral operator 2,

Df= J dx’ D(x, x")f(x"). 4)

From this viewpoint @ is easily seen to be hermitian and positive semi-
definite. The rank 7 of &, defined as the number of nonzero eigenvalues,
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may be either finite or infinite. Léwdin (1955) has given the name * natural
spin-orbitals ”* (NSO) to the eigenfunctions of 2.

Clearly, if

Dy = Aidis &)

A; is just the occupation number of the NSO y;. It is easily shown that
0 < 4; < 1 as expected from the Pauli exclusion principle. If y is a configura-
tion-interaction wave function constructed from a finite number R of spin-
orbital basis functions, then r < R and each y; is a linear combination of the
basis orbitals. A more subtle theorem shown by Coleman (1963) is that for
finite ,  may be expressed exactly in terms of the y; with nonzero 4;.

Coleman (1963) also reviews the optimal properties of the NSO’s. They
offer the most rapidly convergent series approximation to D in the sense
that, among all expansions of the form

X
D~ Z di;9/x)g;*(x")

)

with orthonormal g;, the series
K
D~ Z,l)w XX *(x") (6)

has the minimum possible least-square error for fixed XK. Similarly, among
all expansions of  of the form

/S 2%("1)’5‘("2 yoees Xn)s
the most rapidly convergent is
b Y ARG ) )
where
¢ = in*(xx)lﬁ dx;.

A third sense in which the NSO’s are optimal may be seen from con-
sidering an expansion of ¥ in Slater determinants as

Y= ;CK(DK,

where
Qg = (N)"'2 Det{gy, *** Gin}s K={ky <k, <ky}
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Then the occupation number of g, is
= Z | Ce | ®)
(Klke k)

Because the y; are the set of orbitals with maximum occupation number,
each successive y; makes maximum contribution to the final complete
wave function. This does not mean that the least-squares error using only
p(<r) of the NSO’s is minimum since x; does not reach its maximum con-
tribution 4; until all other orbitals are included.

A. Perturbation Approach

The effect of electron correlation on the density matrix has been dis-
cussed by McWeeny (1960), Hirschfelder er al. (1964), and Davidson
(1968). If ¢ is some relevant measure of the size of the correlation effect,
may be written in a perturbation expansion with ygcr used for (® as

¥ = VYscr + YV + EWD + Y@ + P +yP) + -,

where Y, consists of double excitations from Ygcr, ¥, of single, ¥, of
triple, and y, of quadruple excitations. The density matrix arising from this
expansion is

D = Dscp + &2DP + -,
where

DD = [dx, -+ dx WU +UPhler + Yiscr V"]

If D is expressed in matrix form as

D =3} dy;g/x)g;(x)*

then the matrix D may be partitioned into blocks corresponding to the SCF
occupied (0) and unoccupied (u) orbitals as

Do,o | Do,__ u
D= (is;‘::'r"ﬁ:, u)

where

The product Y§Y§P* contributes to D{?) and D), while

VPR + Uscr Y™

. 2
contributes to D), and D, .
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The eigenvectors of D give the coefficients for the expansion of
the NSO’s in the basis {g;,} of SCF occupied and virtual orbitals. By
applying perturbation theory to the calculation of the eigenvectors of D
one can now reach the following conclusions.

(a) There are N natural spin orbitals with occupation numbers differing
from unity by 0(?).

(b) The rest of the natural spin orbitals have occupation number
0(e?).

(c) The mixing coefficients of occupied and unoccupied SCF orbitals in
any natural orbital are of size 0(c).

(d) The highly occupied NSO’s in zeroth order are a linear transforma-
tion of the occupied SCF orbitals, but this transformation is completely
determined by y§V.

(e) The weakly occupied NSO’s in zeroth order are a linear transforma-
tion of the virtual SCF orbitals, and this transformation is completely
determined by y§V.

Thus while the y; are generally quite different from the SCF orbitals, the
first natural configuration

Yene = (N)™2Det{y, - xa} )

differs only by 0(e?) from gcr . It should also be clear from this discussion
that the NSO’s are quite sensitive to the choice of configurations in a CI
wave function. For many-electron systems of low symmetry, the NSO’s
from quite similar wave functions may differ significantly. This, of course,
complicates the problem of approximating the NSO’s of the exact wave
function by NSO’s of approximate wave functions. Generally the zeroth-
order mixing of the SCF occupied orbitals is confined to those of nearly
equal orbital energy. For this reason, the shell structure of atoms, where all
orbitals of similar energy are of different symmetry, is nearly undisturbed
by this zeroth-order mixing, while molecular valence orbitals may be
strongly affected.

For two electron atomic ions with nuclear charge Z, the usual scaling
transformation shows that ¢ is proportional to Z ~! (Byers Brown and
Nazaroff, 1967). Hence the slightly occupied natural orbitals have occupa-
tion numbers proportional to Z "2, and Yy OF Ygcrp becomes a better
approximation to y as Z increases. It is well known, on the other hand, that
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the correlation energy for this system is nearly independent of Z. For atoms,
one can see from the virial theorem that

E= —T=— Zli<1il "%Vzl)(i)

By the scaling procedure, the kinetic energy of any orbital should be pro-
portional to Z? so the term-by-term contribution to E from the weakly
occupied NSO’s should be approximately independent of Z.

This effect may lead to difficulties with many-electron atoms. Each
shell, with effective charge Z,;, has a set of correlation orbitals associated
with it whose occupation numbers are proportional to Z;?. For neon, for
example, the occupation numbers for the main correlating orbitals of the
Is shell are more than an order of magnitude smaller than those for the
2s, 2p shell even though they are equally important to the energy. Properties
other than the energy will scale in still different ways. In a calculation of
¥ from a set of approximate natural orbitals, the choice of which orbitals
to include must be influenced by what properties are to be predicted.
Generally speaking, all orbitals making significant contributions to

O = Z ’1i<Xi|0(Xi>

as well as all those contributing to E must be included correctly in y if an
accurate value for {@) is desired.

B. Cusp Constraint

A few general analytical properties of the NSO’s are known. These are
mainly related to cusp conditions, spin dependence, and symmetry pro-
perties.

If \ is an eigenfunction of the usual Born-Oppenheimer hamiltonian,
given by

H=Y (-¥2-F 2} + T i (10)
[3 a i<j

for electrons i and nuclei «, then s satisfies the cusp condition (Pack and
Byers Brown, 1966)

llm [(l + 1) a/ariaz + Za]ri;lfdniu Ylfm(Qia)'p(xla RS xN) =0 (11)
ria—0

for all , m, a. It has been shown by Poling et al. (1971) that a necessary and
sufficient condition for y to satisfy this cusp condition is that every NSO
with A; nonzero satisfy this same condition. Thus, if it is desired to con-
strain an approximate wave function to satisfy one of the cusp conditions,



242 Ernest R. Davidson

it is necessary and sufficient to constrain the occupied natural orbitals to
satisfy that condition. If the NSO’s are expanded in a set of basis orbitals
that do not satisfy the cusp conditions, it can be shown that each cusp
condition requires the exclusion of one linear combination of the basis
orbitals from the space spanned by the NSO’s.

Bingel (1963) has discussed the cusp condition for the density matrix.
For I =0, (11) yields

ra—0

lim{o/or, +2Z,1 )’ dea D(x,x) = 0.
3

C. Spin Dependence
The spin dependence of the NSQO’s is relatively simple if i is an eigen-
function of &% and &, with eigenvalues S(S + 1) and M. In this case D
may be written as (McWeeney, 1960)
D = (D E)* + BEOBE)*Ip(r, ') + 3 O)a(')* — BEOBE ) *Iy(x, 1)
(12)
where
Trp=N=N,+ Ny, Try=2M =N, — N,.
The function p is called the charge density matrix and gives the electron
spatial distribution,
pr,r)y =Y 8, «D(x, x'). (13)
&Y

The diagonal elements of p are the probable numbers of electrons per
bohr?, The function (2M)~'y is usually called the spin-density matrix,

w6 0) =2 Y 8¢ o &, DX, X). (14)
& &

It can be shown (Kutzelnigg, 1963c; Bingel, 1960) that M "'y and p are
independent of M within a set of yg , connected by &, . From the
formula (2) for the expectation values it follows that, if @ is spin free,
{0 =Tr(0,p)
is independent of M. If @, is of the form u(r)%, then
(O = IM Tr(uM ~'y)
is linear in M.

The natural spin-orbitals of yg_,, can be chosen to be eigenfunctions of
&, . The spatial dependence of the NSO’s is computed from the integral
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kernel p + 7 for « spin and’p — 7 for f spin. Only if M = 0 will these sets of
spatial orbitals coincide.

Thus the NSO’s are the natural basis for use in a configuration-inter-
action extension of an unrestricted SCF calculation. Because of the large
difference in computer time and computer storage between CI calculations
with Slater determinants built from unrestricted spin-orbitals compared
with spin-restricted orbitals, few CI calculations have actually been
done with NSO’s (for M # 0). Besides this practical difficulty, the fact
that the spatial dependence of each NSO would be different for each M
makes the NSO’s conceptually undesirable.

Most calculations for S # 0 are performed with spin-restricted orbitals
because formation of spin eigenfunctions from Slater determinants in such
a basis is trivial. A “best” basis for such a calculation are the natural
orbitals (NO’s). These are defined as o or § times the eigenfunctions of p,

jp(r, r)g,(t')de’ = p; gr). (15)

The occupation number y; of the NO g, lies between zero and two. The
charge density has an expansion in the g; of the form

pr,x) = Z #ig{®)g*(x).

The comments made previously about the optimal properties of the
NSO’s apply with only slight modification to the NO’s. The NO’s, of
course, are independent of M and coincide with the NSO’s for M = 0.

D. Symmetry Properties

There have been numerous papers on the symmetry properties of
density matrices and natural orbitals (Bingel, 1960, 1962, 1970; Bingel and
Kutzelnigg, 1968, 1969; McWeeny and Kutzelnigg, 1968). The basic result
is that, if ¢ belongs to a nondegenerate irreducible representation of a
point group, then the NO’s and NSO’s can be chosen to be symmetry
adapted with all partners for an irreducible representation equally occupied.
If  is degenerate due to symmetry, then the NO’s will generally not be of
pure symmetry. The most common failing in this respect is that the partner
functions to a natural orbital belonging to a degenerate representation will
not themselves be natural orbitals. For example, in the o, 7,’II, state of
H,, the complex conjugates of the natural =, orbitals are not the natural
n,* orbitals.

Most calculations are done in the spirit of the Hartree atomic calcula-
tions with forced equivalence of partner orbitals in degenerate irreducible



244 Ernest R. Davidson

representations. Again this is primarily for computational advantage as use
of different radial parts for 2p,, 2p,, and 2p_, would lead to unnecessary
complications in the CI calculation. Also there is a conceptual advantage to
using the same set of orbitals for all of the wave functions in the degenerate
state. The symmetry-constrained natural orbitals (SCNO’s) are usually
generated by diagonalizing a symmetrized density matrix. This matrix is
easily generated in practice by averaging the density matrix over the en-
semble of degenerate states. Except for some two-electron calculations,
most extensive CI calculations have been done with SCNO’s.

For this ensemble averaged density, all SCNO’s related by symmetry as
partners in an irreducible representation will have the same occupation
numbers. Many tabulations of these orbitals list only the total occupation
number for all the partners. In this case the total occupation number is
bounded by 2d where d is the dimension of the irreducible representation.

Il1. Two-Electron Wave Functions

Wave functions for two-electron systems are an important special case
in the theory of natural orbitals. In this case the form of the wave function
is greatly simplified by the natural orbital expansion. This simplification
was first pointed out by Lowdin and Shull (1956) and has been discussed in
detail by Carlson and Keller (1961), Davidson (1962), and Rothenberg and
Davidson (1966).

Suppose ¥ is a two-electron function, with spin included. Then the
minimum of the expression

K
fdx1 ax,|y - Z I“ijfi(xl)tj*(xz)lz’
LJ

where {f};} and {t;} are orthonormal sets, is achieved if

JW(xla X)) fi¥(xy) dxy = pi 1*(x;) (16a)
J‘l’(xl’ X )H(X2) dX, = pifi(%y) (16b)
and
K
¥~ _Zluifi(xl)ti*(xz)- a7

That is, p; t,* is the Fourier coefficient of f; and y, f; is the Fourier coefficient
of t*. This factorization is quite similar to that given for the density
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matrix in the previous section except that ), treated as an integral kernel,
is neither hermitian nor positive.

It is informative to multiply (16a) by ¥*(x,’, x,) and integrate over x,
to obtain

JW"‘(’MQ X)W (x,,X,) f4(x,) dx, dx, = #ifw*(x1', X))t (x,) dx,

or
1
EjD(xll’ X)) fi(xy) dx; = l”i‘zfi(xl’)' (18)

similarly, one can show

% jD(Xl, X M(xy") = | p? 1(xy). 19)

Hence the orbitals which lead to the best factored form for ¥ are NSO’s.
The converse is not generally true, however, as (16) associates a unique ¢;
with each f; whereas (18) and (19) allow considerable freedom in the selec-
tion of f and ¢ if the occupation numbers 2|u|?® are degenerate. Any
arbitrary choice of NSO’s can be used for the f; if the corresponding ¢; are
found by (16a).

Often some particular choice of the f; are of obvious conceptual con-
venience. These usually lead to a correspondingly convenient choice for the
t;. For example, for a singlet state wave function

¥ = O(ry, 1)(0f — po)/2"/?

the natural orbitals g, and g; § defined in (15) are also NSO’s. Clearly if
f = g;a the corresponding ¢ is §; § where

jQ(rl’ r)g:*(ry) dry = ,4,*(x) and v =2"2p,.
Hence a convenient natural expansion of ¢ is
Y= Z 7:9:8)F*@ )@ — )2/ (20)

or
®= Z 7191 *(x,). @1

If the eigenvalues of p(ry, r,) are nondegenerate, this expansion for @ is
unique and g; and g, differ by a multiplicative constant which can be
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chosen to be unity, If the eigenvalues of p are degenerate, as they would be
if g; were a 7 orbital in a X state of a diatomic molecule, then a degree of
arbitrariness remains which allows either

2p,(1)2p,(xy) + 2p,(r)2py(r2) ot 2pn(r)2pm*(ry) + 2pm*(ry)2pnry)

to be used in the natural expansion of ®.

A more compiicated case arises if the degenerate eigenvalues of p belong
to different irreducible representations. For a 'T1, state of H,, the natural
orbitals of p can be chosen to be ¢, and =, which leads to the convenient
form

og(r)my(rs) + 7,(11)a,(r,)

in the natural expansion of ®. As mentioned previously, in this case the
7, * orbitals, which occur in terms such as

7ru*(l'l)ég(l.Z) + 5g(r1)nu*(r2)a

are not the complex conjugates of the m, natural orbitals.

If the eigenvalues of p are nearly, but not quite, degenerate the natural
expansion often assumes a highly nonintuitive form. For the lo,26,'Z, "
state of H, (or similarly for the 1s2s'S state of helium), the first two
eigenvalues of p differ slightly. The NO’s turn out, in this case, to be
approximately given as

G227 (e, +20),  gax27'*(lo, - 20,)
so the expansion
1191(8)91(12) — 12 9:(11)g1(x2)
looks quite different from the intuitive form,
lo,(r)20,(r;) + 20,(r))1a,(r,).

To get around this difficulty, it is convenient to introduce the (v, v) form for
singlet wavefunctions. Let

by = |y, [/ % + 7.2, by = 7,1/ + 7)Y,
u=(bi"*g, + b3'%g,)/(by + b,)'?, v=(b}"?g, — b3'?g,)/(b, + by)""%.

Then for y, and y, positive, the two terms in g; and g, may be rewritten
identically as

3(by + b)lulru(ry) + v(ru(r,)].
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For an open-shell state, y, and y, will be about equal so that  and » will
be nearly orthogonal. For a closed-shell ground state, this (4, v) form
corresponds to the split-shell approximation (1s, 1s”) for He or

((s, + Alsy), (Als, + 1s,)

for H,.
For the triplet state wavefunction

lP = (D(l'l, rz)aa
the NO’s are the same as the a type NSO’s. If fis g;a and ¢ is §; «, then
Y= Z 7:9:x )G *(x5)oct (22)

and @ is given by (21). Now if ® is to be antisymmetric, the product
g:(r)g*(xy) must be of rank two; i.e., §;* must be orthogonal to g; and the
eigenvalues of p must be evenly degenerate. Just as for singlet states, if the
degenerate eigenvalues of p belong to different irreducible representations
or different partners within one representation, the natural orbitals are
most conveniently chosen to be symmetry adapted. For the 1,20 %"
state of H,, there is no nonarbitrary way to pick the g, or ¢, NO’s since
the degenerate occupation numbers occur within the same symmetry sub-
space of p.

A. Calculation of the Natural Orbitals

There are three main methods for obtaining NO’s for two-clectron
systems. The first of these (Lowdin and Shull, 1956), and by far the sim-
plest and most widely applied, is to construct a CI wave function in a
finite basis set {¢;} and then to solve (16) in the matrix form

Oy = _{ @ @ )O(ry, 12)@u(r,) dry dr,, (23)
9= 9u: 4i(r), (24)
Ji= 2 Gu o), (25)

S = J @ *(Ner) dr, (26a)

®j; = y:5¢;, (26b)

®'g, = 7.*S4;,
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Because
p=20'S"!0, @n
we have
pg; = 2|7:1*Sg;, (28a)
and
Pd: = 2|7:1’8§;. (28b)

Since @ is expressible in this basis set {¢,}, these equations are exact. If ®
is written as

®= Z Cij ‘Pi(l'1)(Pj*(l'2) (29)
then
® = SCS

and p = 2SC'SCS. Equations (28a) and (26b) are easily solved to yield an
exact NO expansion of the approximate wavefunction ®.

For both He and H, there exist much better wave functions than those
formed from finite CI expansions. These involve the r;, coordinate
explicitly and have infinite rank. If one approximates a ® of this form by an
expansion of the form

.
Z_ 715 94r)g;*(x2)
iJ

where g; and §; are themselves expanded in a finite basis set {@;}, the least-
squares deviation is minimum for ® approximated as in (21) with the g,
and §; computed from (23)-(28) (Davidson, 1962). Convergence can be
measured by the approach of ¥ |y,|? to unity. Deviations from unity will
be corrected as the basis set is enlarged by the appearance of additional y;
and by variations in those found previously. If the p matrix were merely
bordered by the enlargement of the basis {¢;}, the |y;|*> would be lower
bounds to their true values. But since all the elements of p given by (27)
change as they converge toward the true matrix elements of p(r,r,) in this
basis, no rigorous statement can be made about the sign of the error in the
|7:12. A heuristic argument that the |y;|* tend to be too small may be
made by defining P as the projection operator onto the N-particle sub-



Natural Orbitals 249

space spanned by products of the ¢;, and Q as the projection onto the
orthogonal complement. Then

%J’gi*pgi dudi’ = jgi*(l)q)(l, 2)(P? + QHDX(1, 2)g,(1')dr, dry’ dr,

=|y* + f(QQ*gi)*(Q¢*gi) dvy dvy’ dr,

= |yl?

and

1
Efgi*pgf dry dry’ = jgi*(DQz‘D*gj v (i#]))

J|Q<D|2 dr=1- Z !Yi|2-

Thus for the true p operator, instead of the approximate one defined by
(27), the diagonal elements would be larger than |y;|?, and the off-diagonal
elements should be small as convergence is approached. Hence the |y,|?
should approach their limiting values from below. Clearly, as in the CI
method, the accuracy is limited by the basis set. For any particular finite
basis, the results from the CI method and this method would be different
and the energy from the CI method would be lower.

A third approach to natural orbitals is to attempt a direct calculation
from the Schrédinger equation without first finding a wave function.
Loéwdin (1955), Kutzelnigg (1963a), Reid and Ohrn (1963), and Nazaroff
(1968) all discuss coupled integro-differential equations for the NO’s.
Linderberg (1964) and Reinhardt and Doll (1969) discuss the direct calcu-
lation of natural orbitals by perturbation theory. Of these approaches, only
Kutzelnigg has pursued his procedure to obtain results of meaningful
accuracy.

Kutzelnigg’s approach takes advantage of the fact that, for a closed-
shell state, a reasonable choice for the g, is the one for which §; = g; and ©
becomes

¢ = Z 7:9:4r)g;%(xr,), (30)

where the y; are real. For the atomic ions and for molecules at small R, the
first y is nearly unity, while the remaining y; are small. If H is written as

H=h(1)+ h2)+r3;,
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then
E=(H) =Y y;v,2h,;0;; + K;}]

where K, is the usual exchange integral. Variation of E with respect to the
g subject to orthonormality constraints gives

[v2h + Z NVl g = Z Aadi €2)
or
Y Gy = Z Awdi, (32)
where
Gk=h+2y,-yk"f,-. (33)

This gives rise to a double iteration procedure with the natural orbitals
calculated from (32) at one stage and the y, calculated from ordinary CI for
the configurations in (30) at the next stage.

Although Kutzelnigg did not do so, (32) can be put into a different form
by elimination of the off-diagonal Lagrangian multipliers. In order for (32)
to be valid, 4 must be hermitian. This is easily accomplished by using

A = A = 1249:| Gilgw> for i<k. (34)

Substitution of this into (32) and insertion of some terms which are zero
but are needed to preserve hermiticity gives,

4, = P{G, — Zk(?i/)’k)z[]gi><gi| G+ G;19:><gi| [} Py (35)

VGG = Aai> (36)
Pe=1-13 19:¢g- 37
The energy is given by
E=Y Au+ 2 hu =Y 1*<g| Gi + hlge)
or
E =Y y2(e + ), (38)
where

2
A = Yi“ex-
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Now for y, ~ 1, and the NO’s numbered in order of decreasing |y;],
(36) can be conceptually approximated as

Pilh + (01 /90H 3P Gy = &b k#1, (39
{h+ 39, ~ €91 (40)

Hence to the first approximation, g, is just the SCF orbital. Since the CI
equation for y; gives

i~ —Kye — &)Y, 41

v, is negative. Hence the g, are bound not only by the nuclear potenfial, but
also by the very large exchange potential

—(&; — &Ky ' A .

As k increases, y, decreases; so the potential felt by the higher NO’s is
much more attractive than for the lower ones. As a consequence, the NO’s
remain strongly localized in the region of space occupied by the SCF
orbital. In fact, they resemble the eigenfunctions of a particle in a box the
size of g,. They do not at all resemble the virtual SCF orbitals or the
Rydberg orbitals.

The difference between g, and ggcr has been discussed at length by
several authors (Nazaroff and Hirschfelder, 1963). From (36), to the next
approximation

th+ Ay — ‘le'}’il H 391 ~ €19, (42)

Hence g, would be expected to be contracted relative to ggcr due to the
exchange potentials of the other NO’s. This effect is small, however, for
since ;g is small, y, is small, and ¢, — g, is large. The overlap of g, and
gscr for H, is about 0.99998.

B. Results for Simple Systems

There have been numerous calculations on the ground state of the
helium isoelectronic series. Shull and Lowdin (1955, 1959) analyzed an
accurate CI wave function for helium. Kutzelnigg (1963b) and Ahlrichs
et al. (1966a) solved approximate equations for the direct calculation of the
NO’s in an extensive basis set for H™, He, ..., 0°*, Davidson (1963)
obtained approximate natural orbitals for a Kinoshita type wave function
of He. Banyard and Baker (1969) found NO’s for the Weiss wave functions
for H™, He, and Li*. Finally Cressy et al. (1969) have attempted to find
more compact expansions of the natural orbitals of He.
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For the 'S states of He, the wave function can always be written as
O(r;, xy) = 21: ®i(ry, r)P(cos 6,,).

The natural orbitals g; ; ,, of ® can be chosen to be the natural radiul
orbitals of ¢, multiplied by a spherical harmonic,

J:) Oy, r) R, 1("2)"22 dry = o1 4, 1(r),

g, l,m(r) = '%i, (r) Yz,m(9, ®),
because

4r
Pcos 0y,) = ATl Z Y, w01, 00) Y156, 03).

Thus only the £, , need be computed.
Table I gives the values of y,; in the natural expansion,

b= Z; Ya Z gi,i,m(rl)g:l,m(rZ)

TABLE |

COEFFICIENTS IN THE NATURAL EXPANSION OF HELIUM

Shuil Banyard
and and
Davidson Ahlrichs et al. Lowdin Baker
(1963) (1966a) (1959) (1969)
1s 0.99599 0.99622 0.99592 0.99598
ip —0.03563 —0.03467 —0.03582 —0.03574
2s —0.06148 —0.06003 —0.06204 —0.06163
1d —0.00566 —0.00545 —0.00599 —0.00566
2p —0.00638 —0,00552 —0.00673 —0.00643
3s —0.00786 —0.00681 —0.00735 —0.00790
1If —0.00169 —0.00161 —0.00112 —0.00169
2d —0.00178 —0.00148 —0.00099 —0.00174
Ip —-0.00180 —0.00134 —0.00124 —0.00189
4s —0.00197 —0.00144 —0.00221 —0.00192

(note that many authors differ by a factor of (2/ + 1)!/2 in the definition of
y:0)- The agreement between the results of Davidson and the NO’s from the
Weiss wave function is quite good. The results of Shull and Léwdin show a
greater difference because this is a complete list of their NO’s. The results of
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Ahlrichs et al. is surprisingly quite different in spite of an energy close to
that obtained by Weiss. This must arise because they used the approximate
equations (39)—(41) rather than (35)—(37) in determining the natural
orbitals. Even though these orbitals give a good energy when used in (30),
they still differ significantly from the true NO’s.

Most of these papers discuss the convergence of properties other than
the energy (note that the values of {rj;') given by Davidson should be
divided by {y|y¢ > for the truncated wave function). The general conclu-
sion is that correlation affects (r") very little and then mostly in the
change from gscp to g;. The quantity rp,! is reduced by correlation by
about twice the energy improvement and { —4V,?—14V,?) is increased by
about half as much.

For other ions the coefficients y;;, other than the first one, tend like
2Z ~1 times those for helium. For H™, whose Z is close to the critical Z for
binding the second electron, the coefficient of the 2s orbital is larger than
expected from this rule. For Z < 1 the wave function approaches the open
shell (u, v) form, 271/2(1s 25 + 2s 1s) where 2s is a very diffuse orbital.
Consequently for Z <1, 7, , approaches 27'/2 and 7, , approaches
—271/2 and the natural orbitals approach s + 2s.

The first correlation orbital for helium introduces angular correlation
and the next introduces in—out correlation. For all ions from H™ to 0°* the
contribution from the first two correlation orbitals accounts for about 909
of the correlation energy. The ratio of in—out to angular correlation energy
changes, though, from about 1.5to 1 in H™ to 1 to 1.5 in 0°*.

The ground state of the hydrogen molecule has been the subject of
numerous natural orbital analyses. Shull (1959) reported the natural
orbitals of most of the extant H, wave functions. Hagstrom and Shull
(1959), and later, Ahlrichs et al. (1966b) reported natural orbitals for one-
center wave functions. Hirschfelder and Lowdin (1959, 1965) calculated the
natural orbitals at large R. Eliason and Hirschfelder (1959) analyzed the
Hirschfelder-Linnet wavefunction for the 'Z.* and *Z,* states over a
wide range of internuclear distance. Konowalow et al. (1968) analyzed the
somewhat better Fraga and Ransil function for the 'X,* state over the
same range of R. Davidson and Jones (1962a) reported wave functions
approaching the o, and o, + o, Cl limit, the natural orbitals from these, and
the best SCF and (u, v) functions for small internuclear distances.

The most extensive work at the equilibrium internuclear separation was
done by Hagstrom and Shull (1963) using a CI wave function and by
Davidson and Jones (1962b) who analyzed the Kolos and Roothaan wave
function. Stewart et al. (1965) used the charge density reconstructed from
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the Davidson and Jones work (note this latter paper reports some correc-
tions to misprints in the original paper) to compute the coherent X-ray
scattering factors for bonded hydrogen. An extended CI calculation, similar
to the Hagstrom and Shull work, was reported at an internuclear separation
of 2 a.u. by Rothenberg and Davidson (1967) in connection with a study of
the convergence of transition probabilities as a function of natural orbital
expansion length. The most accurate NO’s over a large range of R are
probably those reported by Das and Wahl (1966) who calculated the first
six natural orbitals with their multiconfiguration SCF program.

Although many calculations on excited states of H, exist in the litera-
ture, relatively few natural orbitals have been reported. Davidson (1961)
reported the NO’s for the first excited ', * state and used these toshowthe
difference between the wave functions at the two minima in the potential
curve. Rothenberg and Davidson (1966) published extensive tables and
drawings of excited -state natural orbitals at an internuclear distance of
2.0 a.u. Davidson (1970) has pointed out that, while the correlation effects
in the excited states are small, the rate of convergence of the correlation
energy in a NO expansion is similar to that for the ground state.

Correlation effects in the ground state of H, have been of considerable
interest. Clearly as R approaches zero, the wave function must approach
the helium fimit. Hence as R goes to zero, the natural orbital expansion
coefficients must approach those in Table I.

At very large R, the wavefunction approaches

2712 [4(1s, + 15,)4(18, + 15,); — $(1s, — Lsy),(1s, — 1s,),]

so y, approaches 27'/% and y, approaches —27!/2, Hirschfelder and

Lowdin’s results for large R show that the next term is of the form

—R~ 3[pax(1)pbx(2) + pay(l)pby(z) + paz(l)pbz(2) + pbx(l)pax(z)
+ pby(l)pay(z) + sz(l)paz(z)]'

They point out, as expected, that the p orbitals involved are the size of the
1s orbital rather than of the Rydberg orbitals of the hydrogen atom. Con-
sequently, the usual perturbation expansion using excited states is ‘slowly
convergent while this one correlation orbital gives the coefficients of R™¢
and R™® in the energy formula to better than 1%, The p, and p, part of this
function provide angular correlation while p, provides a form of localized
in—out. That is, if the electron near “a” is between the nuclei, the electron
near “b” is slightly more likely to be found on the side of “ b away from
(3 a.!’
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As R is decreased from this large value, the p type correlation is better
expressed with n,, 7,, 6, and o, molecular orbitals. The 7, orbital persists
to the united atom limit as the dominant angular correlation effect. The =,
and o, orbitals become part of the first d correlation orbitals while o,
becomes the o part of the first f orbitals of He*

The coefficients in Table II show that H, at R, is clearly still close to
the united atom limit. although the R derivatives of the coefficients are
large. The coefficients in this table are believed to be accurate to +0.001.

TABLE U}

COEFFICIENTS IN THE NATURAL EXPANSION oF H;

R o 1,4009* 2.0¢ 4.0 oo*

log 0.99599 0.99106 0.98320 0.8673 212
loy —0.03563 —0.09947 —0.16183 —0.4973 —212
1m, —0.03563 —0.04604 —0.04648 —0.0112 —1.1R"3
20, —0.06148 —0.05481 —0.05039 ~—0.0081

1m, —0.00566 —0.00838 —0.00961 —0.0038 LIR"3
30, —0.00566 —0.00997 —0.01233 0.0123 LI1R"?
20, —0.00638 —0.00975 —0.01155 —1.1R?
18, —0.00566 —0.00688 —0.00619

2m, —0.00638 —0.00662 —0.00612
40, —0.00786 -0.00655 —0.00509

2 From Column 1 of Table 1

b Pavidson and Jones (1962b).

< Rothenberg and Davidson (1967).
4 Das and Wahl {1966).

¢ Hirschfelder and Lowdin (1959).

There are no results of comparable accuracy for R larger than 2.0 although
the Hirschfelder-Linnet function is very similar to the Hirschfelder-
Lowdin function and so should become accurate at large R. The Das and
Wahl calculation omits the 2a, orbital so it cannot approach the correct
limit at large R. Probably as a consequence of this omission of 2s,, the
3a, orbital which should combine with 20, at large R to give 2p,,2p,, is
poorly behaved. It would seem that there should be a crossing of the
occupation numbers of 20, and 3o, at some R value.

The total correlation energy of H, is nearly constant for R < 2.0 a.u.
This must be regarded as a fortuitous cancelation of etrors, however, as
the rapid increase in occupation of the o, orbital is compensated for by a
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decrease in the dynamical correlation of the electrons. If the (u, v) form
rather than the SCF were picked as the standard, it would appear that the
correlation energy had significantly decreased from R = 0to R = 2.

The type of correlation introduced by a natural orbital configuration
with negative coefficient can be judged by considering the corresponding
(u, v) orbitals g, + Ag;. Thus the lo, orbital, which resembles 1s, — ls;,
produces left-right correlation. The r, orbital produces angular correlation
around the bond axis. The 20, orbital, which resembles a 2s united atom
orbital, produces a radial in-out correlation. These three orbitals account
for 909, of the correlation energy at R,. The distribution of correlation
energy among these three is quite different from the helium atom although
their combined effect is quite similar. The 17, orbital, which resembles a dn
united atom orbital, produces local angular correlation between an electron
on “a” and one on “b.” The 30, orbital resembles a da orbital and pro-
duces a horizontal in—out correlation along the bond axis.

Another way to visualize correlation effects is to introduce the two-
particle probability distribution |® | If y,2 is neglected (i > 1), the g; are
chosen to be real functions, and 7, is assumed to be negative (i > 1),

|®1* & g,2(r,)g,%(r,) — 2 Y 171919199 (r2)
and
Ip ~ g,%(xy).
Thus g,%(r) is approximately the independent particle distribution and
g,%(r,)g,%(r,) is the uncorrelated two-particle distribution. Then

|®|* = 9:%(@)g, (),
where the correlation factor f is approximately given by

f=1-2% 17:1(9:491):,(9:/91)e, -

Thus fis increased if r, and r, are such that (g,/g,) has opposite signs at
the two points. Similarly if (g;/g;) has the same sign at both points f is
diminished. Clearly 1g,/1a, favors finding electrons at opposite ends of the
molecule, 7,/o, favors electrons on opposite sides of the bond axis, etc.

Shull has considered the problem of defining ionic and atomic character
in homopolar (Shull, 1960) and heteropolar (Shull, 1962) diatomic mole-
cules. His definition, based on the fractional probability of finding both
electrons in the same half of the molecule compared with the alternative of
finding them in opposite halves, gives the ionicity as

I=3%+y,7.0n% + .02



Natural Orbitals 257

for the homopolar case (provided y, refers to a g, orbital). This definition
gives zero at large R but suffers from the same defects as the concept of
ionicity itself at small R. That is, it gives about 4 + y, or 0.46 for the
ionicity of the helium atom. For H, at R, this definition gives about 40 %,
for the ionicity. By way of comparison, the first excited 'Z,* state at its
outer minimum has a 93 9/ ionic character. This is in good agreement with
that states potential curve which behaves like —R™1 and, were it not for
crossing with other states, would approach H*H ™ at large R.

There are a few other two electron systems for which the natural
orbitals have been found. Shull and Prosser (1964) investigated HeZ* to
see if the strange potential curve was associated with any peculiarities in
the wave function. The Frage and Ransil wave function which they analyzed
contained no angular correlation. The natural orbital expansion closely
resembled that for H, if one allows for scaling.

To see the expected relationship as the nuclear charge Z is changed,
consider replacing all distances by r’ = Zr so

H=2 3 [-4V2 =307 +270) ™
i=1,2 a

so the scaled wave function at (Z, R) for one molecule is nearly the same as

for H, at (1, ZR) except that the electron repulsion is scaled down by Z 1.

Thus the small coefficients in the natural orbital expansion are approxi-

mately related by

v{Z, A~ Z~'y(1, ZR).

The coefficients other than y,,, and y,,, at least qualitatively obey this
relationship for HeZ*. There was no apparent anomaly in the wavefunction
to account for the relative minimum or maximum in the potential curve.

Anex and Shull (1964) reported the natural orbitals for HeH* in a
basis set which contained o, 7, and § orbitals. The results were much closer
to the separated atom He limit than to the united atom Li* limit. For
instance, the total @ occupation was 0.0020 for HeH* compared with
0.0028 7 character for He and about 0.0012 for Li*. This is in agreement
with the relatively larger value of ZR in HeH* compared with H, .

There have been several calculations on the H,* molecule. Shull (1964)
reported an analysis of the relatively crude Hirschfelder, Eyring, and
Rosen wave function for linear H;*. Christofferson and Shull (1968)
calculated NO’s for a much better CI wave function for triangular H,*.
Kutzelnigg et al. (1967) reported a direct calculation of the NO’s in a
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gaussian basis set as a function of bond angle. Banyard and Tait (1968)
studied the two-electron ion (ZHZ)?2~! as a function of bond angle for
Z =1.0(0.4)2.2.

The results for equilateral Hy* support the view that the SCF energy is
—1.30 hartrees, and the total energy is about —1.34 with about the same
—0.04 correlation energy as H, or He. The natural orbital occupations for
H,* are close to the united atom values. For the linear form of H;™,
Kutzelnigg, et al., report a decrease of correlation energy to —0.052. This
is largely due to the fact that the end atoms of H,* are about 3.1 a.u. apart.
At this large distance the correlation energy of H, greatly exceeds —0.05.
The calculated left-right correlation energy (—0.028) of linear H,* is
reached in H, at R = 2.0 a.u. Thus the linear molecule H;* is somewhat
further from the united atom limit than the more compact equilateral
triangle.

V. Few-Electron Wave Functions

There are now numerous calculations for atoms and molecules with 3
to 20 electrons. Most of the calculations for these systems which have
achieved accuracy beyond the SCF limit have been based, in one way or
another, on natural orbitals. The advantage of NO’s for these systems is
only that the CI expansion is as rapidly convergent as possible. For more
than two electrons, there is no simplification in the form of the wave
function.

There are many ways of incorporating natural orbital concepts into a
many-electron wave function. Some obvious ways which have been tried
are NO analysis of existing wave functions, direct calculation of pseudo-
natural orbitals followed by a CI calculation for the wave function, and
iterative natural orbital calculations. Even MC-SCF methods, which have
no apparent direct connection with natural orbitals, have in fact been
strongly influenced by NO’s in setting up the initial choice of configurations.

Analysis of existent wave functions has been limited by a lack of
accurate wave functions. Hurley (1960) reported the natural orbitals for a
minimum basis valence bond calculation of carbon monoxide. Barnett
et al. (1965) analyzed several beryllium atom wave functions and one LiH
function. D. Smith and Fogel (1965) also reported an analysis of Watson’s
Be atom function. V. Smith (1967) analyzed Boys’ function for C('S).
V. Smith and Larsson (1968) analyzed some functions for Li with r;,
explicitly included. Macias (1968) has studied a wave function for H;~.
Olympia (1970) reported natural orbitals for the first excited 'S state of Be.
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Olympia and Fung (1970) gave the results for a one center expansion for
CH;~, NH, and OH,*. Kouba and Ohrn (1970) did an extensive CI study
of the electronic states of boron carbide with natural orbitals used to reduce
their wave functions to understandable form.

These analyses for beryllium have established that the wave function is
nearly separable into an inner shell and an outer shell. The correlation
orbitals tend to be localized in one shell or the other. The 1s? pair of
electrons, for example, have a whole set of p, d, f ... orbitals the size of the
1s core. These are disturbed only slightly by the presence of the outer shell
electrons. The work of Allan and Shull (1962) supports the idea of Hurley
et al. (1953) that the Be wave function can be approximated as

¥ = Ag(1, 2)9,(3, 4)

where g, and g, are strongly orthogonal geminals,

j%*(l, 2)g,(1,3)dry =0

and & is the antisymmetric projection. The error in such an approximation
for Be seems to be about 10% of the correlation energy.

Since g, and g, are two-electron functions they have natural expansions
of the form (20). Arai (1960) has proven that the natural expansions of g,
and g, span disjoint subspaces if g, and g, are strongly orthogonal. That is,
in this case, the natural orbitals of g; and g, are also NO’s of { and the
NO’s appearing in g, do not appear in g, . This very important result also
holds for the generalized form

¥ = slg,(1, 2)9,(3,4) - 'gN/z(N -1,N)

known as an antisymmetrized product of strongly orthogonal geminals
(APSG). This wave function has a very simple form with N/2 “intra”

N
pairs correlated just as in two-electron problems, and ( ) ) — N/2 uncor-

related ““ inter >’ pairs.
Ebbing and Henderson (1965) reported a direct calculation of the

APSG function for LiH. Miller and Ruedenberg (1965, 1968) calculated
the APSG function for Be. Both of these calculations proceeded by
solving iteratively a complicated coupled set of equations for the natural
orbitals and expansion coefficients. The relatively high accuracy achieved in
these two examples have inspired many calculations for other systems with
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more electrons. Hindsight has shown, however, that the good resuits for
LiH and Be resulted because the electron pairs were localized with little
mutual penetration, rather than from any general tendency for interpair
correlation to be small.

For more than four electrons, the direct calculation of the APSG
function is difficult and time consuming. Nevertheless Silver et al. (1970a,b)
and Mehler er al. (1970) solved the appropriate equations for expansion
of the geminals in a finite basis set for LiH, BH, and NH. The results of
these calculations agree with estimates derived by methods to be discussed
later that the APSG correlation energy is seriously in error for more than
four electrons. For NH they recovered only 22 9/ of the correlation energy,
so 78 % is due to interpair correlation. Further, about 64 9, of the correla-
tion error in the dissociation energy is due to interpair effects.

Kutzelnigg (1964) and Ahlrichs and Kutzelnigg (1968b) have developed
an algorithm for finding approximate natural orbitals. This method begins
with SCF orbitals and finds the approximate g for each pair correlation
independently by solving equations like those given previously for two-
electron systems. A difficulty with this method is that the SCF orbitals,
and hence the pairs, are arbitrary within a unitary transformation. Calcula-
tions as done by Silver, Mehler, and Ruedenberg get this transformation
correct but the decoupled pair approximation of Ahlrichs and Kutzelnigg
requires much additional work to find the best transformation. A study
of the best results so far obtained has shown that the canonical SCF
orbitals are generally closer to the best orbitals than are the localized SCF
orbitals. Besides Be and LiH, the method has been applied to BeH,
(Ahlrichs and Kutzelnigg, 1968a), BH,;, CH,, BeH, BH,*, and BH
(Jungen and Ahlrichs, 1970), and Be,H,, Be3Hy (Ahlrichs, 1970). In most
of these calculations, independent electron pair calculations were made for

N . . . L
each of the ( 2) pairs in natural orbital form. Again the conclusion is

drawn that, in aggregate, interpair effects are larger than intrapair effects
for most molecules.

In a somewhat similar approach, Edmiston and Krauss (1966, 1968)
and Sanders and Krauss (1968) have found natural orbitals for independent
electron pairs by doing a CI calculation including only excitations from a
particular pair and then factoring into natural orbital form. By repeating
this for each of the intrapair correlations, a set of pseudonatural orbitals
can be developed that are suitable as a basis for a full CI calculation. While
these are not really natural orbitals, they span the essential correlation
orbital subspace. In these calculations the authors have generally used
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localized SCF orbitals to define the uncorrelated pairs. This tends to
maximize the intrapair contribution to the correlation energy.

Bender and Davidson have developed an iterative method for calcula-
tion of natural orbitals. In this scheme an initial CI wave function is
analyzed into NO’s and these are used as basis orbitals in a new CI calcula-
tion. Improvement in the wave function is usually dramatic for the first
few iterations although convergence is slow if it occurs at all. The difficul-
ties with convergence are closely associated with the fact that the NO’s are
determined in zeroth order by second-order terms in the density matrix.
Hence the NQO’s are very sensitive to the wave function.

This procedure has been applied to a series of molecules [Bender and
Davidson, 1966 (HeH, LiH), 1967 (HF), 1968a (HF), 1968b (LiH),
1969a (BH), 1969b (LiH, BH, CH, NH, OH, HF); Chan and Davidson,
1968 (BeH), 1970 (MgH); Matsumoto et al., 1967 (He,); Siu and Davidson,
1970 (CO)] and atoms [A. Bunge, 1970 (C); C. F. Bunge, 1968 (Be)l.

The two major problems in any CI calculation are the choice of orbitals
and the selection of configurations. If natural orbitals are to be used, a
good initial guess is still required. Various schemes have been tried for
getting an initial guess to the NO’s. For the first work on HeH, LiH, and
He,, the occupied and virtual orbitals were chosen by the Roothaan
SCF procedure. Since only Is shells are present in these molecules (to the
first approximation), this starting set was good enough to get convergence.
The slightly occupied NO’s finally obtained were quite different, of course,
from the virtual SCF orbitals. For the hydrogen fiuoride molecule, the
virtual SCF orbitals were so bad an initial guess that no reasonable results
could be obtained by that method. For this molecule, a method similar to
that developed independently by Edmiston and Krauss was employed. The

N
natural orbitals for all ( 2 ) pairs of electrons were found by independent-

electron-pair calculations followed by factorization of the wave function.
The energy contribution from the individual terms in each pair and the
overlap between natural orbitals from different pairs was examined in
detail (Bender and Davidson, 1968a). From this it was obvious that the
interpair contributions were about two-thirds of the correlation error in
the dissociation energy. It was also obvious that the idea of strongly
orthogonal geminals, even for the intrapair part of the correlation, was not
a good approximation since the correlating orbitals for many of the pairs
were very similar. These pseudonatural orbitals were merged to form a
linearly independent set which spanned the most important correlation
effects. These were then used to start the iterative NO procedure.
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For BeH another procedure was tried. This procedure maximized a
weighted average of the square of the exchange integral between a slightly
occupied NO and the occupied SCF orbitals. This was time consuming but
gave a reasonable first guess to the NO’s. A better procedure, which
requires less computer time, is to calculate the wave function to first order
by perturbation theory (based on virtual orbitals) and then to take the
initial NO’s from the resulting density matrix. This was used in several
subsequent calculations. At present this is probably the best procedure in
terms of accuracy achieved per unit of computer cost.

The choice of configurations is a great problem when very few are used.
For large scale calculations with over 1000 configurations, a useful pro-
cedure is to estimate the contribution of each possible double replacement
by perturbation theory. Then the more important of these (based either on
energy, or coefficients, or contribution to some other property) plus all
single excitations and any other configurations believed to be important can
be used in a CI calculation. This eliminates the need for arbitrary choices of
configurations implicit in MC-SCF and APSG wave functions. The single
excitations, while making very small contributions to the energy, are
essential if better than SCF results are wanted for molecular properties.
Generally ypnc gives much better values for one electron operators than
does Yo - This is partly because the singly excited configurations actually
have smaller coefficients in the NO basis than in the SCF basis.

The results from these extended iterative NO calculations warned that
much of the effort expanded on APSG functions would be unsuccessful.
The dominant correlation effect in the HF molecule, for example, is of the
form 3g1n — 462r. This represents a (n in, o left)-(n out, ¢ right) correla-
tion between the bonding pair and the = electrons. This is as responsible as
the expected 3% - 462 excitation for the correlation error in the dissocia-
tion energy. This type of effect is missing from the APSG function and is
suppressed in most MC-SCF calculations.

Independent-electron-pair calculations have shown that the interpair
effects are large. But these same calculations have shown that the pair
energies fail to be additive by as much as 20-309; for diatomics with full
octets (CO, HF). This suggests that for larger polyatomic molecules such
as naphthalene the independent pair approach may collapse completely.
The sum of the independent-pair correlation energies depends on a unitary
transformation among the occupied orbitals (Davidson and Bender,
1968 ; Bender and Davidson, 1969a). This suggests that methods which
seek to maximize the intrapair energy may run into trouble for large mole-
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cules because that also seems to nearly maximize the sum of all the pair
energies and hence to maximize the error in the independent-pair method.

A fair question to pose is ““are natural orbitals worth the trouble it
takes to get them?” In terms of maximum accuracy for a fixed cost the
answer to this is “ probably not.” Use of pseudonatural orbitals found by
perturbation theory is probably more economical. Certainly use of some
type of approximate natural orbitals for large basis sets is essential since
any other basis set leads to intolerable costs. For small basis sets with all
single and double replacements included in the CI calculation, natural
orbitals raise the cost with little change in the results. The real advantage of
natural orbitals is in getting maximum understanding for a fixed cost.
Reduction of wave functions to easily interpreted canonical terms makes
possible an understanding of the correlation effects. This should prevent
heading up blind alleys by assumption of unsuitable simplified wave
functions, In this respect, it is now clear that the results for two- and four-
electron systems were misleading for ten-electron systems. It is probable
that the independent-electron-pair calculations for up to ten electrons may
be deceptively accurate if used as a basis for extrapolation to many-
electron polyatomics such as naphthalene. The insignificance of higher
excitations for ten-electron systems may also break down in polyatomics
with large numbers of interlocking octet centers. At this point in time
NO-based Cl calculations for polyatomic molecules are feasible; but it is
premature to try to predict which types of configurations will prove
important.
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1. Introduction

For an important class of many-electron problems, namely, those governed by
spin-free or nearly spin-free Hamiltonians, it is practically and theoretically useful to
formulate many-electron wavefunctions which, in addition to being antisymmetric, are
also eigenfunctions of the total spin operators %2 and <.

The most widespread method of constructing antisymmetric wavefunctions is by an
expansion in terms of Slater determinants of orthonormal orbitals (Slater, 1929).
Thereby quantum mechanical problems are transformed into matrix problems and the
matrix elements are integrals involving two Slater determinants and certain dynamical
operators. The formulas expressing these matrix elements in terms of one- and/or
two-electron integrals between orbitals, known as the Slater-Condon rules (Slater,
1929; Condon, 1930), are particularly simple for Slater determinants, and this has
been a major attraction of this approach. The generalization of the Slater-Condon rules
to operators involving more than two electrons and to nonorthogonal orbitals has been
given by Lowdin (1955).

Slater determinants have, however, one shortcoming: In general, they are not
eigenfunctions of the total spin operator &2. Only certain linear combinations of
Slater determinants have this property. Over the years a variety of formalisms have
therefore been invented for the construction of many-electron wavefunctions that are
antisymmetric as well as eigenfunctions of &2,

The earliest approach, known as ** the method of bonded functions,” grew out of the
work of Heitler and Rumer(1931). Related to it is Pauling’s (1933) method forsinglet states.
Matsen (1960) and Matsen et al. (1966) showed that Pauling’s approach is equivalent to
projecting spin eigenfunctions by means of Young operators (Rutherford, 1968) and on
this basis made a generalization to the case of arbitrary spin eigenvalues. Other generaliza-
tions were given by McLachlan (1960) and by Shull (1969). General matrix element
formulas for the bonded-functions approach were derived by Boys (1952) and Reeves
(1966), by McWeeny (1954, 1961), by Cooper and McWeeny (1966), and by Sutcliffe
(1966). The bonded spin eigenfunctions are linearly independent, but non-orthogonal.

A second route can be considered as originating with Dirac’s vector model (1929,
see also Corson, 1951). An interesting modification was suggested by Serber (1934).
Yamanouchi (1935, 1936, 1937, 1938, 1948) and Kotani ez al. (1955) reformulated and
generalized this method with the help of the representation theory of the symmetric
group, as developed by Schur (1904), Frobenius (1907), and Young (1931). In this
approach orthogonal representations are deployed, in contrast to the aforementioned
method of bonded functions, which is based on the nonorthogonal representations

generated by. the" Young operators. It was shown by Koster (1956) and, in greater
depth by Matsen (1960) ‘that this approach can be elegantly formulated in terms of
projection operators that can be constructed with the help of the Frobenius algebra (see,
e.g., Boerner, 1963) of the symmetric group. Such an algebraic approach has also been
followed by Goddard (1967, 1968, 1969), Gallup (1968), Sullivan (1968), Gerratt and
Lipscomb (1968), and Poshusta and Kramling (1968) in the context of self-consistent-
field theory. It has also been pursued by Kaplan (1961, 1963, 1965, 1967) in the context
of atomic and molecular calculations. This second route is closely related to methods
used by nuclear theorists (Jahn and van Wieringen, 1951 ; Jahn, 1954) as exhibited, for
example, in the derivations of nuclear matrix elements by Kramer and Seligman
(1969a,b). In a recent investigation, Salmon (1972) has shown how to modify Young
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operators so that they can be used to algebraically construct the orthogonal projection
operators required for the Yamanouchi-Kotani approach. The basic drawback of the
latter is that the matrix elements contain complicated sums over many permutational
terms, whose number increases rapidly with the number of particles. The method is
therefore practical only for systems with few electrons.

A third route was initiated by Lowdin’s suggestion (1955, 1960, 1964) to construct
spin eigenfunctions with the help of projection operators that are not derived from
group theory. This construction was computationally implemented by Rotenberg (1963).
Formulas for special matrix elements in this approach were obtained by Pauncz ef al.
(1962), by de Heer and Pauncz (1963), and by Pauncz (1967, 1969). Harris (1967b) has
extended this approach to handle general superpositions of this type of spin-projected
determinants with arbitrary spin values that are composed of orthonormal orbitals. The
resulting matrix element expressions require the evaluation of so-called Sanibel coeffi-
cients which have been the subject of considerable study (Percus and Rotenberg, 1962;
Sasaki and Ohno, 1963; Smith, 1964; Shapiro, 1965; Smith and Harris, 1967; Harris,
1967b; Manne, 1966). Reviews of this approach have been given by Harris (1967a) and
Pauncz (1967).

In all of these methods, the construction of wavefunctions with the desired charac-
teristics is the simpler task. It is in the evaluation of the expectation values and matrix
elements of the many-electron operators that complexities and complications arise, It
is always possible, of course, to decompose the antisymmetric spin eigenfunctions in
terms of Slater determinants, if the space part is a superposition of orbital products, and
then to apply the simple Slater-Condon rules. This procedure leads to lengthy summa-
tions, however, and does not exploit the available group theoretical knowledge concern-
ing the spin representations. In several of the aforementioned methods, “direct”
matrix-element formulas, that do not rely on a decomposition in Slater determinants,
have therefore been derived. The resulting expressions for expectation values and matrix
elements have, however, remained more cumbersome than one would wish and no really
simple expressions have been available.

The Yamanouchi-Kotani method and the Slater method can be considered as two
extremes. The former takes advantage of the group theoretical relations resulting from
the orthogonal representations of the symmetric group, but largely ignores the fact that
the dynamical operators involve only two (or in general p) electrons. The latter, on the
other hand, embodies the simplifications characteristic for two-body (or p-body)
operators, but does not take into account the representation properties of the spin
functions. A synthesis of these two approaches is clearly desirable and this is the goal of
the present investigation. Our formulation of antisymmetric spin eigenfunctions is simi-
lar to that of Kotani. However, certain essential additional conventions are introduced,
in particular, Serber’s (1934) spin eigenfunctions are used, as had been done previously
by Miller and Ruedenberg (1968). Explicit direct formulas are derived for the matrix
elements of p-particle operators. The spatial factors are clearly separated from the
spin-dependent factors and the latter are simply identified in terms of representation
matrices of permutations. The resulting formulas are very similar to the Slater-Condon-
Lowdin rules and contain them as special cases. They are finally used to obtain corres-
ponding expansions for reduced density matrices. The specialized formulas resulting for
one- and two-electron operators, which are also given in the sequel, have been previously
reported (Ruedenberg, 1971) and for them an alternate derivation is possible (Salmon
and Ruedenberg, 1972).
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Il. N-Electron Basis Functions

A. Definition
Antisymmetric N-electron functions which are eigenstates of &2 and
&, can be expressed as expansions of the form

W(spin, space) = 3, cx, Y3+ (spin, space) (1
K,s
with the W§¥ defined by
W3 (spin, space) = NE' o {©;"(spin)Uj(space)}, (2

where N3¥ are normalization constants to be determined below and
o =(N)TV2 Y (~1pP
Fd

is the antisymmetrizer over N electrons. Here and in the entire paper,
permutations apply to electron coordinates unless otherwise specified.!

The functions O, @3, ..., ©3¥ form a complete basis of
. 2S5+ DN+
IO = e (3
N+D)UN-S
pure spin functions which satisfy
F2OM = WS(S + DO,  #,0M = hMOM, @

where S can assume the values (4N), 3N —1), BN —=2),..., }, if N is
odd) or (0 if N is even), and M is limited by —S <M < S.

The functions U (space) form a complete basis of N-electron functions.
In cases of spatial symmetry, they may be restricted to the irreducible
representations of the appropriate point group. In principle, the number of
U’s is infinite; in practical applications, it is large but finite. In the present
analysis, we consider those complete bases which are obtained by choosing
all possible products of the members of a complete set of orthonormal real
one-electron functions (orbitals): f,(), fo(r), /3(r), .. ..

The spin-eigenfunctions O are linear superpositions of the
[NV/GN + M)!(3N — M)!] products which can be obtained from the one-
electron spin functions « and f by choosing a for 3N + M) electrons and
B for 3N — M) electrons. The N-electron basis functions can therefore be
expressed as linear combinations of Slater determinants, and it follows
then that any one of the space orbitals f, cannot occur more than twice
as a factor in any one of the products Uy; i.e., any orbital can only be
* unoccupied,” *“ singly occupied,” or “ doubly occupied.”

! The following notation will be used for permutations: # for permutations on
electrons, P for permutations on orbital indices, P for the representation matrix cor-
responding to P.
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B. Relation to the Symmetric Group

The spin eigenfunctions @™ can be chosen to form an orthonormal
basis for an irreducible representation of the symmetric group of N
elements, Sy . This is to say that the relations

Is
PO = 3 OO | 2|05) (5)
s=1
hold for any permutation £ out of Sy, where the matrices (@™ | 2| @5M)
form an irreducible and orthonormal representation of Sy.

This fact leads to a reduction in the number of Ug’s which are required
to form a complete set. Namely, let U, UV, U@, ..., U@ be all those
among the basis functions Uy which differ from each other merely by
permutations among the electrons, then only one of these functions must
be included in the basis set. This is so because the set of functions #{@¥ U},
s=1,2,...,fs, and the set of functions H{@OM(PU)}, s=1,2,..., %,
both span the same linear space if 2 is an arbitrary permutation out of
Sy . Indeed, one finds

A OMPU)} = (4 P)(2 ' OF")U}
= (—1)"%’{2@?” (95“19"‘|95M>U,

= ﬁ @M|(-1)'2™ OM){OMU}. 6
s=1

Consequently, for any one choice of N orbitals £, , f.., f5,s -5 fiy»
there exists exactly one set of functions Wy, s = 1,2, ..., fs, and a unique
order can be arbitrarily chosen for the arrangement of the orbitals in the
product Ug. In the present analysis the following ordering principle is
adopted. Let Uy = U, and denote the orbitals in U by u;, uy, 1y, ..., uy,
ie.,

Ulr, va, -, Ty) = uy (1)U, (ry) <o uy(ry), @)

and suppose that U contains the orbitals f;, f,, ..., f; with “double
occupancy” and the orbitals f; , f;,, ..., f; with “sinsle occupancy.”
Then the ordering in U is fixed by the identity

{uguyuy -+ “N}={filfi1fizfiz flflfhsz e fih ®
where the orbital indices follow the order
h<ih<iz<-<I; ji<j,<jz<--<J 9)

That is, the doubly occupied space orbitals are written first in the order
of ascending indices, then the singly occupied orbitals are written in the
ordering of ascending indices.
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C. Geminal Spin Harmonics

There exists considerable freedom in choosing an orthogonal basis in
the space spanned by the f spin eigenfunctions oM s=1,...,fs, and,
correspondingly, there exist various explicit forms of the irreducible
representations of Sy . The most common choice is that of the spin eigen-
functions obtained by adding the spin of one electron at a time and using
the angular momentum addition rules. This method has been described
by Kotani er al. (1955). The irreducible representations can be obtained
by the methods of Yamanouchi (1935 to 1948) and Kotani (1955), or,
alternatively by the older method of Young’s orthogonal representations,
which, recently, has been adapted by Goddard (1967-1969).2 The equiva-
lence of the two has been proven by Pauncz (1967).

In the present treatment we find it useful to make a different choice,
which was first suggested by Serber (1934). A detailed discussion of these
spin functions, and a method for their construction is given in separate
investigations (Salmon 1972; Salmon and Ruedenberg, 1972; Salmon et
al.,1972). They are characterized by the fact that all of them have the property

205M = ¢ S(2)OM (10)

where 2 is any one of the transpositions (12), (34), (56}, (78), ..., (N — 2,
N —1) or (N — 1, N), depending upon N being odd or even, and where
£5(2) can be either +1 or —1. The same holds for any product of the
transpositions mentioned, i.e., for all elements of the geminal subgroup of
Sy Wwhich is defined as the direct product of the groups {1, (12)}, {1, (34)},
.o, {1, (N=2,N—D}or{l, (N — 1, N)}. These spin eigenfunctions will
be called geminal spin harmonics. That is is possible to choose spin-func-
tions satisfying Eq. (10) is evident from the fact that the * geminal spin-
operators” (&£, + £2)% (L3 + L)% (Fs + F6)?, ... etc., all commute
with the total spin &2 and with each other.
Specifically the geminal spin harmonics can be written in the form

O™ = (af — Ba)(@p — fo) -~ (af — B)OM, (11)
That is, first the factor (¢ — Ba) occurs m,® times, corresponding to the
electrons 1, 2, ..., 2mS, then follows a factor @ which is symmetric in
the electron pair 2mS + 1, 2m.S + 2) at least. Hence, £%2) = —1 for
2=(12),34),...,2m5-1,2m5 +1), but +1 for 2=02mS +1,
2m.S + 2). Furthermore, the order of the geminal spin harmonics can
be chosen such that, as the index # of @™ increases, the number of factors
(2B — B=) in Eq. (11), i.e., m,5, decreases, or remains the same.
A first consequence of this choice of spin eigenfunctions is that for a
space product U of the type characterized by Eq. (8), where the first I

2 The best introduction to Young’s theory is Rutherford (1948, 1968).
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orbitals appear with double occupancy, a nonzero basis function ¥ of the
kind defined in Eq. (2) results only for those geminal spin harmonics
for which

AOM = —OM, (12)

where # is any of the transpositions (12), (34), ..., (2I — 1, 2I). This
means that only the geminal harmonics ©%™ which have m,° >1 can
combine with U to give nonzero antisymmetric ¥’s. Because of the
ordering these will be geminal harmonics whose index does not exceed a
certain value fg(U). Thus, there will only be fs(U) nonzero basis functions
of the type defined in Eq. (2), corresponding to the s index values s = 1, 2, 3,

(%)

D. Normalization

With the aforementioned choices and conventions the normalization
constants in Eq. (2) can be evaluated. Considering the space function U
defined in Egs. (7)-(9), one finds, by a familiar rearrangement?

(AOMU|AOMUY = T (—1Y<OMU| POSMU
=T (~DOM|2|OMN(UI2|UY (132)

In view of Eq. (8) and the orthogonality of the orbital basis, one has

1 if #belongsto Sy,
0 otherwise. (13b)

Here S, is that subgroup of Sy which consists of the transpositions (12),
(34), (56), (2I — 1, I) and all their products. It is the direct product of the
groups {1, (12)}, {1, 34}, ..., {1, 2I — 1, D)}. It is a subgroup of the geminal
subgroup of Sy. It contains all permutations which leave the product U
invariant and is therefore called the invariance group of U. It contains
2¥ permutations, where n(U) is the number of orbitals with double
occupancy in U.
From Eq. (12) it follows, on the other hand, that

(@M 2|OMy = (1)  if 2 belongstoSy. (13¢)

U|2|UD = (uguy - uy|Plugy - uyy =

3If ®(1,2,...,N)and ¥(1,2,..., N) are arbitrary and the operator ¥(x, --- x,)
is totally symmetric, then

(AD| G| AY> = (N) 12T (—1)FPD|F| AV
= (N!)'”zi P g|(-1)fP'HY)
=(N!)—1/22P (D| 9| AV
— (V)R O| 9]y = S| 9|
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Hence, Eq. (13a) together with Eqs. (13b) and (13c) yields

(AOMU | A0MU) = number of permutations in Sy
= 280),

The normalization constant for the function W§¥ of Eq. (2) is therefore
NSM = 2 ~n(K)2 (14

where n(K) is the number of orbitals with double occupancy in Uy. It
may be noted that the normalization constant is independent of the indices
S, M, s.

1. Matrix Elements for p-Electron Operator

A. Prototype Matrix Element

If the electronic wave functions W is expressed by an expansion such
as given in Eq. (1), then all quantum-mechanical calculations are reduced
to matrix problems, involving matrices of the form (¥3M|4|¥PiX’
Here ¢ stands for any one of a number of linear operators, all of which
have the following properties: They are symmetric in all electrons and
they can be classified as no-particle, one-particle, two-particle, etc.
operators, a p-particle operator having the form

g =% g(i), (15)

(0]
where the summation is p-fold and goes over the electron indices as follows
N N N N
Y=Y Y ¥ - ¥ with i, <i,<iy<--<i, (16)

- . , . p
(1) i1=1i2=1i3=1 ip=1

and g(i) is an operator that operates on the coordinates of electrons

iy, i3, ..., i, in symmetric fashion. Thus, if £ is a permutation between
the electrons iy, i,, ..., i,, then
gg(i) = gg(ib iZ 30 ip) = g(ils i2 3y ip) = g(i)‘ (17)

In the present analysis we limit ourselves to spin independent operators.
In this case nonvanishing matrix elements occur only between basis
function W3 with the same value of S and M. In the sequel, these super-
scripts are therefore omitted from the derivation, unless their presence is
necessary. We, furthermore, eliminate the subscript K by writing the two
basis functions occurring in the prototype matrix element in the form

Yy, =| Usy =27 "2 {0, U}, (18)
Yy, =|Vt) =2"""12 {0V}, 19
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with
U=ulu2"' Uy, (20)
V=vlv2"' UN. (21)
Here and in the sequel the orbitals are occupied by the electrons 1, 2,
... . N in the order in which they are written. It should also be remembered
that nonzero ¥ functions exist only for s < f5(U), ¢ < fo(V) due to double
occupancies.

With these assumptions and conventions the prototype matrix element
becomes

(Us|g|Vty = 27D+ @ U | 4| A0, V. (22)
Since ¢ is symmetric in all electrons, a familiar arrangement yields*

(Us|g|Vity = 27 O+=MI2Y(_ 1)@, U|¥9| 20, V),
4

and since % is spin independent

(Us|g|Vty = 2‘["‘”’”‘"”’2;PS,<UlgIQ’V) (23)
where the matrix P,, is definea as
P, =(~1)%0,|2|0,). 29
If we define the matrix,
G, V) ={G,(U, V)} = {(Us|9| Vi)}, (2%)
the result of Eq. (23) can be expressed as the matrix identity
GU, V)= 2'["(”’*"""]/2;(01?Ig’V)P. (26)

It should be remembered that nonzero matrix elements for this matrix
exist only for

I<s<f(U), 1<t=<fy(V) 7N
It should also be noted that the matrices P depend on S but not on M:
P, = P5, = (= 1)XOM|2|0M). (28)

The matrices P~! form the irreducible representation of Sy which is
conjugate to that given by (85| 2|65M>,

B. The Line-Up Permutation
An essential role in the calculation of G(U, V) is played by the permuta-
tion #(U, V) which * lines up V with U.”

4 See footnote 3 page 273.
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Suppose that V and U have (N — g) orbitals in common, i.e., among the
orbitals u;, u,, ..., uy there are (N — ¢) which are identical with certain
ones of the orbitals v, v,, ..., vy. The remaining g orbitals in U have
no orbitals in common with the remaining ¢ orbitals in V. Then there
exists a permutation % such that the orbital product W= £V has the
following properties:

(1) The (N — q) orbitals which ¥ and U have in common are occupied
by the same electrons in W and in U;

(2) the remaining g orbitals occur in W in the order of ascending
orbital index with ascending index of the occupying electron, i.e., they
occur in the same order as in V.

For example, if U= fif2f3fsfs and V = f, f, fs /7 fs then W= f( f, f;
Jufs. In general, we shall use the indices j;, j;, ..., j, to denote those

electrons which occupy different orbitals in U and W. Hence, the orbitals
occupied by the remaining electrons are identical in U and W. Thus, if

PV = W=w(1) wy(2) - - wy(N), 29)
then

W, = U, for n#ji,ja,..sdps (30)

W, # U, for n=j,js,....J;

For the example given, one has ¢ = 3 and j;, j,,j; =1, 3, 5.

A line-up permutation exists always. It depends of course upon U
and V. ¥ = 2(U, V). However, in the presense of doubly occupied
orbitals it is not unique. In those cases, we require & to satisfy the follow-
ing conventions. Suppose that the orbital £, is doubly occupied in U so
that, e.g., g = g4y = f,, where f is an odd number. Suppose, further-
more, that the orbital f, occurs once among the orbitals of V. Then we
stipulate that wg # uz, wgiy = f,, so that the index B belongs to the
indices jy, ..., j,, and the index (8 + 1) does not. Similarly, if f, occurs
twice in V, say v;=1v;, = f, (6 =0dd), and once in U, then &
should line up v;,, (and not v,) with the identical orbital, f,, in U. Finally,
if f, is doubly occupied in U and V: f, = u; = ug,, = v, = v,,,, then the
permutation % should line up u, with v, and u,,; with v,, ;. With these
conventions, one has Z(V,U)=.2"!(U, V) and hence, for the cor-
responding matrices of Eq. (24), L,(V, U) = L, (U, V), since the representa-
tion of Sy is orthogonal.

When the permutation & runs through the whole symmetric group
Sy, then the permutation 2’ = 2.%, does too. Hence the basic equation
(26) can also be written in the form

G(U, V) = 2”0 +=M12Y (| 4| W SPL (31)
P
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where W is lined up with U according to Eqs. (29) and (30).
For a p-particle operator, such as defined in Egs. (15), (16), (17), the
basic equation (31) becomes

G(U, V) = 27 =O)+=(NY 2ZGU)(U, V) (32)
with N
Gy, V)= ; (Ulg(®|2W>PL
=; Cugtty +* uy|gQiyiy- - i,)| Pwywy - wy)PL, (33)
where the summation over (i) covers the indices
1<ii<N, 1<i<N, -+ 1<i,<N, (34

subject to the conditions

i <ip<iz<-: ' <li,. (35)
C. Reduction of Sum Over (i, i, - - i,)

In Eq. (33), the orbitals u, with indices n # (;i,* - * i,) form overlap
integrals with certain orbitals among the wy, ..., wy. In order that these
be nonzero, all orbitals u, with n # (i1i,*+* i,) must occur among the
orbitals wy, ..., wy, and hence among the orbitals of V. This can however
be the case only for certain selected index sets (i;i," - i,), because W is
lined up with U.

A first case is that when the index set (iyi," - - i,) contains the entire
index set (j,j,* -+ j,) which, according to Eq. (30), labels the electrons
which occupy different orbitals in U and W. Clearly, the remaining orbitals
are identical in U and W. The sum over all possible index sets of this kind
can be written

%*g(i)=k2;'“kz gUriz " Jokika kp_y) (36)
where the k’s are summed according to
1 <k, <N, 1<k, <N, ..., 1<k, ,<N;
k1<k2<"' <kp—q (37)
and none of them assumes any of the values ji, ..., j,. In writing Eq. (36)

use has been made of the fact that g(j;i,* - i,) is symmetric in all its
indices [see Eq. (17)].

Other cases arise only when U has doubly occupied orbitals which are
singly occupied in V. Let ug = ug ., be such an orbital in U, then B is among
the indices jj, j, ..., j, and (B + 1) is not, as discussed in the previous
section. In this case, it is clearly only necessary that the index set (i, i3,
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.., 1,) contain either the index B or the index (f + 1) in order that the
remaining orbitals can have matches in W. Let us, then, consider an index
set (/) which contains the index f§ and another index set (1) which differs
from (i) merely by having f replaced by (8 + 1). Then both g(i) and g(i)
give nonzero contributions, and one can write

KUJg®|2W) = <U[(B, B + Dgli)(B, B+ D|2W)
=<8, B+ DU|g()B, B+ D|2W)
= Ulg()B, B + D|2W),

where (8, B + 1) denotes the transposition between the odd electron f
and the even electron (f + 1). Now, if (§ + 1) does not occur among the
indices (ky, k;, ..., k,-,p), then g(i) yields an additional non-zero term,
that is not contained in Eq. (36). However, if it so happens that (8 + 1) does
occur among the indices (k, k,, ..., k,_,), then one has g(i) = g(i), and
this term is already contained in Eq. (36). Hence all cases yielding a non-
zero G;, are taken into account by expanding Eq. (36) to the following
form

Y =YY ¥ ¥ (ij2 ki kg ok, 2¥27" D (38)

ki ky kp—q 2%

where the k, k;, ..., k,_, sum over the same indices as defined in Eq.
(37) and where the summation over 2* covers the elements of the subgroup
obtained as the direct product of all geminal subgroups of the form
{1, (B, B+ 1)} corresponding to orbital pairs (ug, ug.,), which represent
doubly occupied orbitals in U that are singly occupied in V. Furthermore,
#'(U, i) is the number of these orbital pairs, for which the indices of both
partners are contained in the set (iy, i, ..., i,).

Consequently Eq. (26) can be rewritten as
G(U, V) =2~ "W O+=MI2Y G (U, V) 39)
with v
Guy(U, V) =; ; UlgGy-- Jpkytee kp—q)|-@*g”W>PL
where the sum over (k) is given by Eq. (37). Replacing now the sum over

2 by a sum over #' = 2*2 and using the fact that (2%¥)"! = 2* (being a
product of commuting transpositions), we obtain

G(k)(U’ V)= ; Cuguy -+ uy|giyiy 'ip)IWWIWZ. e WN>(§Q*)PL (40)
with
(fyip - ip) = (Jyjz " jqklkz' v kp-q)' 1)
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The sum over (k) is defined as follows: Each of the indices ky, k,, ...,
k,.,runs from 1 to N, but cannot assume the value jy, j,, ..., j,. Further-
more, they are subject to the inequalities ky <k, - <k,_,. The sum
over O* has been characterized after Eq. (38).

D. Analysis of Sum over P

The sum over £ in Eq. (40) runs over the entire symmetric group
Sy - In order to make further progress, this has to be decomposed accord-
ing to certain subgroups.

Consider first the subgroups S(;, and 5(,-), where S;, is the subgroup
of p! permutations among the electrons (i, ..., i,) and §(,-) is the subgroup
of (N — p)! permutations among the electrons with indices different from
(i1, iz, ..., ;). Furthermore, let T(;) be a collection of [N!/pY(N — p)!] =

(]Z) nonequivalent right coset generators of the subgroup &, x.?(,-),

so that

Sn = Sqy X Sy X Ty 42)
If we denote the elements of Sy by 2, those of S;, by #, those of §(i)
by &, those of T(;) by 7, then Eq. (42) implies the summation decom-
position

2Py =Y XY f(RST) (43)
Fd A YL T

for any function of 2.

The elements of T, are defined as N!/p!(N — p)! permutations
T, 9 ,,9;,... with the following properties: Each J, establishes an
interchange between electrons with labels (i, i, ..., i,) and electrons with
labels #(iy, i, ...,1,). Furthermore, for any two such permutations,
T, and I, say, the product T, 4 Y must not belong to the subgroup
Siy X §(,-), since otherwise J, and J,; would generate the same right
coset.

Secondly, we have to consider the invariance group Sy of V, and its
relation to the coset decomposition of Eq. (42). If V contains the doubly
occupied orbitals v, =v,, v3 =v,,...,0; = dy4y, then the invariance
group Sy consists of all elements 2 in the direct product

Sy ={L (12} x {1, 3} - {1, (d— 1, d)} = {2}. (44)
Furthermore, since the invariance 2V =V yields the invariance
(2%~ Y)W = W, itis apparent that the invariance group of W is given by

Sw =25, %71, 45)
ie.,
FLIL twiw, Wy = wyw,yt oWy (46)
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for all elements 2 of S;, . Since all elements of Sy, commute, the same holds
for Sy . We shall now show that S, can be expressed as the direct product

of three commuting subgroups, S, S, T4, which have the properties
that S{ is a subgroup of S;), S§ is a subgroup of S;,, and T§) is part
of the right coset generator collection T*”. Thus,

Sy =S4 x S x TP . 47
Furthermore, the three subgroups are given by
SW=LALL! (48a)
SP = ¥B,# ! (48b)
TP =2C,2 ! (48¢c)

where A(;, By, Cq; are certain commuting subgroups of &) such that
Sy = Ay % By x Cg (49)

In order to show these contentions let us denote by v, =v,,, the
doubly occupied orbital in V which corresponds to the transposition
(a, a + 1). Then the generating transpositions (1,2), (3,4),...,(d—1,d)
occurring in Eq. (44) can be divided into three categories. First category:

Both orbitals v, and v,,, are among the orbitals w, with n = (i;, i5, ... i,).
If oy, o, ..., &,areall transpositions of this type, then A ;) is defined by

Ag ={1, o} x {1, o} x - x{l, o} (50)
Clearly £A;, &' leaves W invariant and, moreover, interchanges only
electrons between orbitals w, with n = (i, i;, ..., i,). Hence, it is a sub-

group of S, .

Second category: Both orbitals v, and v,,, are among the orbitals w,
with n# Gy, iy, ..., 5,). If By, B,, ..., By are all transpositions of this
type, then By;, is defined as

By = {1, B} x {1, B} x -+ x {1, By}. 51

Clearly #B;,# ' leaves W invariant and, moreover, interchanges only
electrons between orbitals w, with n # (i, i, ..., i,). Hence, it is a sub-

group of §(i) .
Third category: One of the orbitals v, and v, is among the orbitals
w, with n = (i, i;,...,i,), the other is among the orbitals w, with

n# (i, iz, ..., 0). If 6, 6,, ..., %, are all transpositions of this kind,
then C;, is defined by

Ciy=1{1,%} x{1, %} x - x{1,€,} (52)
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Clearly .‘?C(i)ﬁf"l leaves W invariant. Moreover, the product decom-
position (49) and, hence the decomposition (47) holds.

In order to prove that all elements of #C,.% " belong to the col-
lection T(; of right coset generators of S; x g(i), we note that all
transpositions in Eq. (52) commute and are their own inverses. It is then
readily seen that any product (£%,% 'N¥%, ¢ ') ' =¥%,%,%£*
still results in an interchange between electrons with n = (i, i, ..., i)
and electrons with n # (i, i,, ..., i,). Hence this product does not belong
to Sg X Sy and, thus, €, %! and £%, £ belong to different
cosets of S x §(i). All 27 elements of the subgroup T, defined by
Eq. (48¢c) and (52), can therefore be chosen to be among the elements of
the collection T, of right coset generators of §;, x §(,.).

In view of the direct product decomposition of Eq. (47), the sum over
all permutations which leave W invariant can therefore be decomposed as

SHLALHN=YY Y RS T, (53)
2 R ST’

where 2 runs over S, %’ runs over S§, &’ runs over S{, and ' runs
over T.

E. Reduction of Sum over P
By virtue of the coset decomposition of Eqgs. (42) and (43), the sum-
mation of Eq. (40) can be reexpressed as

G(U, V)= ; ; ; uy - uylg(iy - up)"%'spg-wl WN>(§Q*)RSTL
(54)
where &, &, 7 sum over S;, S(iy» and T(;» respectively.

In order that the integral (U|g| #%F W) be nonzero, the integration
over the u,, with n # (i, i3, ..., i,), must give nonzero overlap integrals.
Now W is lined up with U and, hence, we have u,=w, for all
n# (ji, j2» - J,)» hence in particular for n # (i, i,, ..., i,). A nonzero

contribution is therefore obtained for 27 = 1 and for any other product
RS T which leaves these orbitals w, unchanged. In the summations over

& and 7, this is the case only for those elements of §(i) and T, which

belong to the subgroups S and T® defined in Eqgs. (48b), (48c). The
summation of Eq. (54) can therefore be reduced according to

YV RFTY=Y 3 Y (RS T (55)
RYE T RIS T’

where &’ and J' run over §§;) and T{?, respectively [see Eq. (53)].
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Finally, it is possible to make a left coset decomposition of S;, accord-
ing to the subgroup S{ defined in Eq. (48a):

Sy = Sih X SW. (56)

Denoting the elements of the left coset S}, by #’, we can then write Eq.

(55) as
YIVSRPT)=23 Y f(RRS'T),
XL T RRSLT’
and by virtue of Eq. (53) as
YYYARST)=Y Y fIR(L22L M) (57)
RS T R’ 2

where 2 runs over the invariance group of V.

Introducing the identity (57) into Eq. (54), and noting that the sum-
mation over 2 generates all permutations (£2%~') which leave W
invariant, one finds

Gu(U, V) =; Cuye - uy|gQiy - ip)l R'wy - w,Q(;Q*)R"(%LQL”‘)L.

Since #” affects only the electrons (iy, i5, . .., i,), the integration over the
remaining electrons can now be carried out, giving a product of unity
overlap integrals. The summation over #" covers the left coset S(,) of
Eq. (56). However, since the elements of the subgroup S4 leave the
product (w;,, w;,, ..., w, ) invariant, the permutations #” can be replaced
by 2”&’ in the integral, where &’ is an arbitrary element of $§. According
to Eq. (48a), the permutation &’ can, however, be written as o/ . £ 7!,
with o/ 5. belonging to the geminal subgroup of Eq. (50). In the matrix
factor of the expression for G,, we can therefore write

R’LQL"! =R'R'R'7'LQL™! = R'R'LAg. QL.

Since #' may be any element of S{?, the summation over #” in the ex-
pression for G, may be replaced by a summation over &, where 2 = #" %’
covers the whole subgroup S;, if the result is divided by the number of
elements in S{. The latter is 2"*9, with n(V, i) being the number of
doubly occupied orbitals among w;,, w; w;, . Thus one obtains

[P

G(k)(U’ V)= ; Qug, ugy “i,,|g(i1 P iplg’wn Wy, oo Wi,,>M(9”), (58)

with
M(2) = ((;Q*)PLAo(gQ)T”‘”' . (59)
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Here, the summation over &2 covers the subgroup §;,; the summation
over Q covers S,, the invariance group of ¥; and Q* runs over that
geminal subgroup which is the direct product of all transposition groups
{L, (8, B + 1)}, which correspond to orbital pairs {uy, us + 1} representing
doubly occupied orbitals of U that are singly occupied in V.

We now note that the @, the Q*, and the 4, are all products of geminal
transpositions. By virtue of the property expressed in Eq. (10) for the
Serber-type representations, they are all diagonal, with values +1 or —1.
We furthermore recall that, according to Eq. (27), the matrix elements
G,, are nonzero only if s < f(U) and t < f5(V). According to Egs. (12)
and (24), the diagonal elements will be +1 for these index choices, since
the Q* belong to the invariance group of U and the Q and A, belong to
the variance group of V. All matrices Q*, Q, and 4, can therefore be
replaced by unit matrices, and one obtains for Eq. (59)

M(g) = PL21:’(U)+1t(V)—1t(V,i) (60)

where n(V) is the number of doubly occupied orbitals in V, n'(U) is the
number of orbitals that are doubly occupied in U, but only singly occupied
in V.

We now substitute Eq. (60) in Eq. (58) and, then, Eq. (58) back in
Eq. (39). In order to combine the numerical factors in Eq. (60) and Eq. (39),
we note that

7(U) = n(UV) + n'(U) + 2°(U) (61a)
(U, i) = n(UV, i) + «'(U, i) + n°(U) (61b)
where

7(U) = number of doubles in U,
n(UV) = number of doubles common to U and V,
7'(U) = number of doubles in U which are single in V,
7°(U) = number of doubles in U whose orbitals do not occur in ¥,
n(U, i) = number of doubles in U that occuramongu,, 5, ..., #;, = U(i).
a(UV¥, i) = number of doubles common to U and V and occurring in U().
n'(U, i) = number of doubles in U that are singles in V and occur in U(§).

Hence the identity
a(U) — n(UV) — n(U, i) + =(UV, i) = n'(U) — ='(Ui)
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holds, and the exponent of 2, resulting from combining Eqs. (60) and (39),
will be

{—3[n(U) + n(M)] — '(U, D} + {n"(U) + n(V) — n(V, i)}
= —3}[n(U) + o(V)] + [n(U) — o(UV) — n(U, i) + n(UV, )]
+ [m(V) — n(V, )]
= 4[rn(U) + a(V)] — n(UV) — n(U, i) — a(V, i) + n(UV, i).

The resulting expression is therefore

@) ; .
GU, V)= (z; ;X“u ouy (gl Pwy, e Wi,,>PL2A(U’l)+A(V") (62)

with
AU, i) =6U) ~ &U, i) {63)
where
3(U) = H{xn(U) — n(UV)} (64a)
U, i) =n(U, i) — in(UV, ). (64b)

The constants A(V, i) are defined in an entirely analogous manner with
n(V) = number of doubles in V, n(V, i) = number of doubles in V that
occur in (w; w;,* - w;), and n(UV, i) = number of doubles common
to U and V that occur in (w, w;, - w; ). The two definitions for
n(UV, i) are not in conflict because if both orbitals of a double, that is
common to U and ¥, occur in (u;," - * u; ), then both must also occur in
(w;, -+ w,,), since zero overlap integrals would result otherwise.

F. General Resuit

In order to arrive at the master formula, we finally transform the
permutations &, applying to electrons, into permutations P, applying
to orbital indices.

Since 2 is a unitary operator and g(ii,' - i,) is symmetric in
(f " - ip), one has

<ui1 U, " lg(iy i, “'I'@Wh Wi D
=P uy, g, o1 gl iy ) wy, iy o)

and, here, the permutation 2%, which applies to the electron coordinates
can now be replaced by the permutation P which applies to the correspond-
ing orbital indices, whence

{uy, “iz"'lg(il iy ) Pw;, wy, ) = Puy, U, gy iy o)y, Wi, ).



Matrix Elements between Spin Eigenfunctions 285

In this formulation the electrons serve only as integration variables and
their labeling becomes arbitrary. Moreover, since g(i i, i) is sym-
metric in the electron coordinates, the order of the integration variables
in g is irrelevant. The only essential point is that the orbital u; (before
applying P) has the same integration variable as the orbital w;_.

Furthermore, the order in which the orbitals are written in forming
the products (#; u;,"**) and (w; w;,- - ) does not matter. It is therefore
possible to place the orbitals in which U and V differ ahead of those in
which they agree. Let the former be denoted by

ujl=ual,ujz=uaz,--.,qu=uaq; a1<(‘12<"'<dq,
Wf‘=vm,wjz=vﬁ2,..., qu=l)ﬂq; ﬁ1<ﬂ2<"'<ﬁq,

(where j, = a,, but j;, # ), and observe that, for the latter, we have
w, = ;. Then Eq. (62) can be written in the final form

G(U, V) = KUs|g|VD}
— Z (lZ)PL(UV)zA(U’i)+A(V’i)

® P
X (Pug, vt Ugy Uy, o “kp-,lgl')pl Tt Ug Uyttt uk,,_q>, (65)

where the order of the orbitals indicates the integration variables which
may be labeled (x;x,"* x,). The sum over (k) is defined as

1<k, <N, k<ky,<<k

Ak’ 4
k,#a5,05,...,0 (66)

" for all values of y.

The set (i) denotes the collection of indices (jy, ja, ... Jg» k1s K2y oo kpoy).
The summation Y over P covers all permutations among the indices
of the set (i). These permutations apply to the actual values of the orbital
indices and not to the positions of the orbitals. Thus, for the permutation
P = (1347) one would have, e.g.,

Pus(x)uq(x)u, (x3)ug(xs) = ua(x Juy(x2)us(x3)uq(x,).

Among the u orbitals and among the v orbitals, there may occur doubles.
The summations over (k) and (P) count the two members of each couple
as different orbitals and, hence, may generate certain identical terms which
can be collected.

The constants A(U, i) and A(V, i) were defined in Eqs. (64a) and (64b).
The matrix L{UV) is the representation matrix of the permutation £ (UV)
which lines V up with U in the manner discussed in connection with
Eqgs. (29) and (30).
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Equation (65) appears to treat the functions U and V differently. In
order to bring out that the expression is in fact symmetric in U and V,
let 7 be a permutation of the integration variables in Eq. (65). Then, due
to the symmetry in g, we have

<P‘§ua1 "'lg|-§vp, ey = <Pu11 "'Iglv,,l Y

Let us use again the original integration variables, so that the electron labels
are identical with the indices of the orbitals u; and w;, used in Eq. (62).
Hence, on the left of g, J can be replaced by J~*, where  acts on the
orbital indices. To the right of g, the situation is not as simple. There one
has to keep in mind, that the original electron labels are identical with the
orbital indices in V. It follows from this that

W = P(electrons)V = L™ !(orbitals)V

and
(electrons) W = F(electrons).Z(electrons)V
= L~ !(orbitals)J ~ ! (orbitals) ¥’
= L~ *(orbitals)J ~ *(orbitals)L(orbitals) %
whence

<Pua1 ...lglvﬂ1 ) '.> = <PQ—1ua1 ...‘gIL—IQ_ILvﬂl ot '>
Choosing now 2 = #1371, so that
L7'Q0"'L=Q, PQ '=PLQL™'=P*
one can replace the summation over P by a summation over P*, if PL is
replaced by
PL = P*LQ"! =P*LQ",
with Q' indicating the transposed matrix. These considerations can be

made for any of the p! permutations Q among the orbital indices to the
right of g. Hence we can reexpress Eq. (65) in the form

0 () _
G, V)=Y. Y ¥ 2400+ 4. 0oy PL(UV)Q'

&%) P Q

(P, U, Uy, “k,_,|g|va1 g byt vt,,-.,>’ (67

where I, < I, -+ <l,_, are the indices of those orbitals v; for which

v, = U, , after V has been lined up with U. Altogether, there are of course
(N — g) such orbitals

v, = Uy, with Ly <l <y g Kk <ky<-+ <ky_, (68)
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so that one can write [, = I(k,), and the summation over (k) = (k;* - "k,_,)
also implies substitution of the appropriate /, values. The summation over
Q covers all p! permutations among the index collection (j) = (8, - B,
ly--+1,_p). The summation over P covers all p! permutations among the
index collection (i) = (- o, ky- - k,_)).

In order to see that G, (U, V) = (Us|g|V¢t) is symmetric in U and
V we have to show that the expression (67) remains invariant if (Us)
is interchanged with (¥f). Since interchanging U and V in the integral is
equivalent to interchanging P and Q, the total result of interchanging Us
and Vt is, therefore, equivalent to replacing (PL(UV)Q'), by
(QL(V, U)P"),, in Eq. (67). However, we have discussed earlier that
LV, U) = £~ }(U, V) and, furthermore, the matrix L, like all representa-
tion matrices, is orthogonal. Consequently, we find

(QL(V, U)PY),, = (QL'(U, V)PY, = (PL(U, V)Q),,
which establishes the invariance of the expression (67).

IV. Matrix Elements for Special Cases

A. Extreme Values of ¢

From the final result expressed in Eq. (65) it is apparent that g cannot
be larger than p, i.e., for a p-particle operator, U and V cannot *“differ
in more than p orbitals.” Otherwise, one of the orbitals which are different
in U and V would be occupied by electrons other than (i;i, -**i,) and
hence yield a zero overlap integral.

The case g =0 corresponds to U and V being identical. One has,
therefore, & =1, (iyiy *** ip) = (k1 k3 -+ k), n(U) = n(V) = n(U, V), and
(U, i) = n(V, i) = n(UV, i). It follows that

GU, )= ) . ;”"(Puh coug gl o e YP27OR (69)
ki <kl <kp

The opposite extreme ¢ = p corresponds to U and V differing in p
orbitals. In this case one has (f; * - i,) = (j, *** j,) and there is no sum over
(k). The integrals do not contain any of the orbitals which are identical
in U and V, whence n(UV, i) = 0. Then, one finds

G(U, V)= ; (Puy, *+ u, | glvg, -+ 0p YPL2AUD+ATD (70)

where A(U, i) and A(V,i) are given by Egs. (63), (64a), (64b) with the
term n(UV, i) omitted.

If U and V differ in (p — 1) orbitals, one has g = p — 1. In this case,
the summation over (k) is a single sum. Hence the integrals cannot contain
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any ‘‘doubles” which are common to U and V, and one still has
n(UV,i) = 0. Then one finds

GU, V)= Zk: ;(")(Pua,l Uy, Ul glog, c vp  uYPL2ATDHATLD (7]

where k runs from 1 to N, omitting the values (¢ «, *+* ,_;) and the
definitions of A(U, i) and A(V, i) have again n(UV, i) omitted.

B. Unity Operator (p = 0)

The operator 4 = 1 yields the overlap integrals (Us| V). In this case,
the subgroup #;, is #(;, = 1, so that the sum over P reduces to the term
P = 1. Furthermore, the only possible value of g is ¢ = p = 0, so that Eq.
(69) and (70) both apply. Equation (70) shows that there is no sum over
(k) and that n(U, i) = 0. Equation (69) shows then that G = I, i.e,,

KUs|Vt) = byy by (72)

Thus, the ¥, of Eq. (2) form an orthonormal basis.

C. One-Particle Operator (p = 1)
For a one-particle operator,

g =3 90)

where i =1,2,..., N is a single index, the subgroup S, is still S, =1
and, hence, the sum over P still reduces to the term P = 1. Furthermore,
the integrals contain only one u orbital and one v orbital, so that the terms
o8(U, i) and &(V, i), as given by Eq. (64b), vanish. There are two possible
values of ¢, namely,g=p—-1=0,andg=p=1.

If Uand V are identical (¢ = 0), Egs. (69) and (71) both apply. Equation
(71) shows that the sum over (k) is a single sum. Hence, Eq. (69), with
P =1 only, yields

N
(Us| ) 9@ Uty = 5sfh;<uk|g| 2 (73)
= dy Z, (] g|uIN(k, U). (74)

In Eq. (73) the sum runs over all orbitals in U, repeating the doubly
occupied ones. In Eq. (74) the sum runs only over the distinct orbitals
in U, and N(k, U) is defined as

N(k, U) = occupation number of 4, in U (75)
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If U and V differ in one orbital (¢ = 1), Eq. (70) applies. If the two
differing orbitals are denoted by u; = u,, w; = v;, one obtains

(USIZg(i)l VEY = (it gl oppLy 250+ 40,

where 8(U) and (V) are defined in Eq. (64a). It is readily seen that
d(U) = 0 if u, is single and d(U) = 4 if u, is part of a double; and similarly
for 4(V). Hence this equation can be rewritten as

(US|;g(i)| V1) = Cuy| glupd Lo (U, V)IN(, UNB, V) (76)

D. Two-Particle Operator (p = 2)
For a two-particle operator,

£4 =Z Y 90 i), iy <1

iy i2
the subgroup S ;) is the transposition group S;, = {1, (i; i)}, so that the
sum over P yields the ‘“ direct terms” and the *‘ exchange terms,”’

;f(P) = fI11+ f1Gy )

There are three possible values of g: g =0,g=p—1=1,andg=p =2.
If U and V are identical (¢ = 0), Eq. (69) is applicable and yields

(Us| Y g(i, i) UL

iy<ia

N
WUy |G U U0y + U UL G U Uy M7
lZI{< Lglueupdg + (uue] glugu (KD 2~=V¥ - (77)

Mz

1

where (kl)s, denotes the matrix element for the transposition (/k), and
n(U, kl) =1 or O, depending upon (v, u,) being a double or not. If U
contains doubles, then both partners of each couple occur in the summation
over k and /, subject of course to the restriction k < /. Therefore, the case
u, = u, can arise only if k = odd and / =k + 1. Thus we have here

if (kly=(12),34),...,(2I -1, 2I),

otherwise (772)

(U, kl) = {(1)

where I is the index introduced in Eqgs. (7), (8), (9). It follows that Eq. (77)
can also be written as

CUs|YY g(iy i) | Ut) = Z Z [N(k, UN(, U)/(1 + 6,)°)

i1<iz

x {{uuy | glugupdg + Cuyulglugu (kg (78)
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Here the summations go again over distinct orbitals only (with k <)
and §,; has the meaning

: 1 if u=u
5““:0 it 1)

If U and V differ in two orbitals (¢ = 2), Eq. (70) is applicable. Further-
more, one has n(UV,i)=0 in Eq. (64b). If the different orbitals are
denoted by u;, = u,, u;, =g, w;, =v,, w;, = s with a < B, y<é, Eq.
(70) yields

<US|i Z; g(iy i Ve)

= {Cu,ug| 910,05 L + gty | g10,0)[(@P)L]J2° 24779 (80)

where
AU, o) = 6(u) — (U, af),

with 6(U) being given by Eq. (64a) and n(U, aff) by Eq. (77a). From these
two equations it can be seen that, in this case,

-4 fu,=u
0  if u,, ug both are singles
AU, af)=( % if one of the two orbitals is single and the other part
of a double

1 if both u, and u, are parts of two different doubles.

Analogous statements hold for A(V, y6). Hence Eq. (80) can be written
in the form

(Us| Y, gy i)| V)

i1<iz

= [N(a, UYN(B, UIN(y, VING, V)/(1 + 8,)*(1 + 8,5)°]'"*
X {<ua uﬂ\g|vyva>Lst + <uﬂ ua\g\vy v6>[(uﬁ)L]st}' (81)

Finally, if U and V differ in one orbital (g = 1), Eq. (71) applies and,
as before n(UV, i) = 0. Denoting by u; = u,, w; = v, the differing orbitals,
one obtains

KUs| ), g(iy )1V

iy <iy
N
= Z {<ua Uy I g I Uﬂ uk>Lst + <uk U, l g I vﬂ uk)[(ak)L]sl}zA(U' =AY, ﬂk)9
k=1
(82)
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where

AU, ak) = 8(U) — n(U, ak),

with 6(U) and n(U, ak) again defined by Eqgs. (64a) and (77a). It can be
seen that, in this case,
-4 if wu,is double and ¥, = u,,
AU, ak)=¢{ O if u, is single,
1 if wu,is double and i # u,.
Analogous statements hold for A(V, fk). Consequently Eq. (82) can be
expressed as

KUs| ¥ gGi)| V1)

i <iz

=Y [N(& UIN(k, UN(B, VIN(k, V(1 + 62)°(1 + 65)°1'/
k

X {<ua U |g| vﬁ uk>Lst + <uk U, Igl vﬂ uk) [(Gk)L],‘}, (83)

where the summation runs over all distinct orbitals u; # u,.

In the case of doubly occupied orbitals, only one of the two occurs
in the sums over k and / in Eqs. (78) and (83). Thus, there appears to
exist an ambiguity as to which of the two to choose in the transposition
matrices (k) and (kl). It can, however, be shown that the choice is im-
material. In the case of Eq. (78), let k, k" and /, I’ be two different doubles
in U. Then one has

&T);, = [&K)A)KDHEK )W), = (KI),,

The last equality follows because s, t < fi(U) and, hence, the matrices
(kk"), (I') both can be replaced by unity, as discussed before Eq. (60).
In the case of Eq. (83), let k, &’ be a double in U and /, I’ be that double in
V which consists of the identical orbitals. Then it is readily seen that
(kkN% = Z(II"). By similar arguments as before, one finds therefore

[(@k)L],, = [(Kk')(ak)(Kk')L],, = [(Kk")(@k)L{)],, = [(@k)L],,

Thus, Eqs. (78) and (83) are invariant against substituting k' for k and /'
for /.

V. Density Matrices

A. pth Order Reduced Spinless Density Matrix
The operator g(x, ‘- - x,) of Eq. (17) can be expressed as

g =L 2\ fad ) a9l mX o [ fons | =+ {fon, | (84)
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where
n=(nl n2'.'np)’ ;—:n;lnzgl nzl’
v w (85)
m=(mlm2.“mp)’ §=mz=lmzz=l. mz=l’
and

gm|m) = (fo,(x0) Lo, (51900 - x| S (1) -7 S (%)) (86)

The functions f,(x) are the orthonormal basis introduced after Eq. (4),
and the projection operators |f,) {f,.| are defined by

(VAORENVAO2¢ N EERARE Rk {CTRELE #P APREER Y
= fa(x1) - 'fn,(xp) fdéx v dofm(€r) 'fm,(ép)\l’(fl T epXprtTT xN)-

(87)
Since g is symmetric in (x, **: x,), the matrix g(n|m) has the symmetries
g(n|m) = g(m|n), (88)

9(Qnyny -+ ”pl Omymy - my) =g(niny - n, mmy- - m,), (89)

where Q is an arbitrary permutation of the indices (1, 2, ..., p} inn and m.
By virtue of Eq. (84) and the antisymmetry of ¥, the expectation value
of & can be expressed as

Y|9)|¥) = gﬂp(ml n)g(n|m), 90)
with
p(min) = fo (x1) S, (3, )7y o X, XY  X) L, (x1) - S, (D,
én
where

n(xl""x,,'lx'f"'XZ)=()Z)‘[d51"'dSNJpr+1 s Xy

’ ’
X W(xy'sy X, S, Xps1Spa1 " Xy Sh)

X WH(X3Sy Xy S, Xpu1Spay Xy Sy (92)
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It is apparent that this is the kernel of the integral operator
n =§ ;Ifm} | fmprp@i S | 93)
and that the expectation value of Eq. (90) can be written
(Y| ¥9|¥) = Trace(ng) = Trace(gn) 94)

The operator m is the pth order spinless density operator of ¥ (Léwdin,
1955; McWeeney, 1954, 1955). The coefficients p(n|m) form the corres-
ponding density matrix in the basis f, , f,,, ... and, in correspondence to
Eqgs. (88) and (89), can be chosen to have the symmetries

p(|m) = p(m|n) 95)
p(Qnyny - ”p| Om my - mp) =pnyny- - "p‘mx my "'mp) (96)

B. Expansion of p(n|m)
If the wave function V¥ is expressed according to Eq. (1), then the
expectation value of % is

P9 =IZ;C},CJ:<ISW|J0 97

and Eqgs. (65) or (67) are applicable. With g given by Eq. (84), there will
occur in Eq. (67) terms of the type

g, " uk,,-.,|g|v/3, e, )= Z Z g(n{m)

X <fmluau> Tt <f"p|ukp—q><vﬂ‘ If»u) tte <Ul,,_q|fmp>-

Since g(n|m) satisfies the symmetry of Eq. (89) or, equivalently, since g
is symmetric in (x; - -+ x,), the symmetrical formula

<u“‘ u"n-qlglvﬂx e vlp—q> = Z Zg(n‘m)
X (p!)_l;R<nJ'1|ual> e <nj,|ukp..q><v[11|mjl> T (v,p_q|mjp) (98)

is equally valid. Here (n,| stands for f, and ) p runs over all p! permuta-
tions (j, j, -+ j,) of the indices (1, 2, ..., p). It is now necessary to identify
U and V with the indices I and J, and the orbitals u,, u, with certain
orbitals among the basic set fi,f,,.... It may be noted that, e.g., 1,
denotes a certain orbital f, which occurs in U and does not occur in V and,
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hence, depends on I and J. The following index notation is therefore
adequate and consistent:

n=J) if fy=u,, U=I V=J
n=(Jk) if fy=wu, U=I V=J
n=WIp) if fy=v,, U=I V=1J ©9)
n=(@I) if fy=v, U=I V=1

Note that «,, f, denote orbitals in which I and J differ, whereas %, , /,
denote orbitals in which I and J agree.
With these notations, Eq. (67) can be rewritten as

Us|G\Jt) =} Prs, si(n| m)g(n]m) (100)

with the coefficients
ph,h(n | m) = g‘:) Zp(i) ZQ:(J') 2A(I,i)+A(.I,j)(p!)— Z[PL (IJ)QT]_"

x Y R{P{n; |lJa, -+« (ny | a >
R

X (ny M1k =+ g, | 1k

X Q(mjllJIﬂl> i <qulJIBq>
x {mj; , NJILY - (ij|JIlp_q)}. (101)

Jg+1

In this equation the definitions and conventions are exactly the same as
those used in Eq. (67). The summation Y » covers all p! permutations
(J1J2 '+ Jp) of the indices (1, 2,...p), thereby ensuring the symmetry
required by Eq. (96). Furthermore, by virtue of arguments of the type
made after Eq. (68), it is seen that

brs, s@|m) = p;, r(m|n). (102)

Insertion of Eq. (100) into Eq. (97) and comparison with Eq. (90) shows
that the density matrix has the expansion

p(n|m) = IZ ; C1,Cy.Pys, 1(n|m) (103)

with
Prs, 5| m) = {py;, ;(m|m) + pj, ;(n|m)}/2
= {pls, .It(n| m) + pIs, Jt(ml ll)}/2

These expansion coefficients are defined so that, individually, they possess
the symmetries of Egs. (95) and (96).

(104)
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YI. Special Density Matrices

A. First-Order Density Matrix
Combining Eqs. (100), (101), (104) with the previous results of Egs. (73)
to (76), one obtains for the first order density matrix

P X"y =3 ¥ [ () fulx")p(m, n), (105)
with the “bond orders ™
pln|m) = ‘; ‘Jz:, Cis CJths,Jv(nlm)a (106)

The coefficients are given by
Pr1s, 1n|m) = S(n, m)[N(n, DN(m, )12 D(nl, mJ)L(I,J) (107)

where
S(n, m) = {1 + (n, m)}, (108)
and
Oum if I=J,
a>{m|J1, i iffer i i
b | DI st oo,
one orbital. (109)

Here, « and § denote the orbitals in I and J respectively, in which these
two wave functions differ. It may aiso be noted that, for I =J, L, = §,,.
Furthermore, the symbols N(nl), etc. are defined by Eq. (75).

B. Second-Order Density Matrix
The expansion of the second order density matrix has the form

nley % | X(x5) = 3, X Su Gt ) 82V o (X o3

niny mymz
x p(nyny | mymy) (110a)
with the ‘‘ pair bond orders™
plnyny | mymy) = ; j[, C1s Cy2Pr1s, 1(myny | mym,). (110b)
s Jt

Combining Egs. (100), (101), (104) with the previous results of Egs. (77)
to (83), one obtains

N(n;DN(ny, DN(myJ)N(m, J) 12
(1 + 04,)°(1 + Opyym,)’ ]
x {D'(nl, m))M(1J) + D"(nl, m)M(1J)} (111

Prs, 3y [ mym;) =S(n|m) [
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where
P(n, m) = 41 + (nym;) ® (nymy)]. (112)

and the symbol ® denotes that the two transpositions apply independently
of each other.
The matrices M’ and M"” are given by

M’ = H{LU)) + (k, k,,) - LU) * (I 1n,)}
M = Hkn k) - LA, ) + LUT) * (L,
where k, denotes the position held by the orbital f, in the orbital product J,

and [, denotes the position held by the orbital f,, in the orbital product J.
The quantities D’ and D" are defined as follows:

(113)

IfI=1J,
D'(nl, mJ) = 8,1, O, m, (115)
D', mJ) = 6,1, Omyny (116)
If 7 and J differ in one orbital (¢ in I, § in J),
D'(nl, mJ) = S'(n, m){n, | 1Joa){my | JIB) b, m, (117)
D"(nl, mJ) = S’(n, m){n; | [Jo){my | JIB) 6, m, (118)

If I and J differ in two orbitals («, fin I; y, d in J),
D'(nl, mJ) = §'(n, m)<n; | IJa){ny | 1 BY<my | JTyd<m, | JL 6> (119)
D"(nl, mJ) = 8'(n, m){n; | IJad{n, | LIBY{my | JIyY<my|JI 8)  (120)

If I and J differ in more than two orbitals,

D'(nl,mJ) = D"(nl, mJ) =0 (121
In Egs. (117) to (120) S’ denotes the symmetrizer
S'(n, m) = {1 + (n,n,) ® (mym;)}. (122)

If the two-electron operator g consists of multiplication by a function,
as is the case for the electron repulsion operator g(x,x,) = ry, !, then only
the diagonal elements m(x,x,|x;x,) of the density kernel are required,
and it is apparent from Eq. (93) that the further symmetries

plnyng | mymy) = p(ng ny |mymy) = p(nyny | myny) (123)

may be imposed upon the density matrix elements. This can be achieved
by substituting the symmetrizer
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§(m, m) = {1 + (n,1,)} ® {1 + (mym,)} (124)

for the symmetrizer S” in Egs. (117) to (118), and by applying it also in
Egs. (115) and (116).
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I. Introduction

The properties of atoms and molecules are increasingly investigated by
direct mathematical attack on the fundamental quantum-mechanical
Schrodinger equation. This ab initio theoretical approach has been stimu-
lated not only by the availability of high-speed computing machines, but
also by developments in the experimental domain itself, where new tech-
nology is often furnishing accurate and detailed information of an increas-
ingly fundamental nature.

But as chemical theory has reached a new prominence, the question of
the reliability of theoretical predictions has become increasingly acute. The
dilemma originates in the fact that the Schridinger equation cannot usually
be solved exactly, so that approximation methods must be introduced
which are often of uncertain accuracy and dubious predictive value. One
generally hopes that accumulated computational experience and compari-

* Alfred P. Sloan Foundation Fellow.
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sons with experimental data may help to establish the reliability of a parti-
cular theoretical result, but such rules of thumb will be unavailable in
precisely those cases where theory could be most uniquely valuable, i.e.,
where little or no experimental guidance is available. In addition, the
“agreement with experiments™ is too frequently found to deteriorate as
the theoretical methods (or the experiments!) are refined, and this has some-
times led to a certain prevailing skepticism concérning the value of the
theoretical calculations.

Particular importance attaches therefore to a special class of approxi-
mation procedures which lead to upper and lower bounds for the properties
of interest, so that rigorous error limits are attached to the theoretical esti-
mate. Such procedures provide the theory with internal criteria of reliability,
which are independent of whether experimental data are available for com-
parison. They also permit the theoretical predictions to be systematically
improved in an unambiguous fashion. Of course, error limits are routinely
demanded of any experimental result, and one should also hope for a cor-
responding standard of reliability from the theoretical side.

In this article we attempt to survey some aspects of the recent progress
in the development of upper and lower bounds to quantum-mechanical
properties. The survey is necessarily incomplete, with several important
topics barely mentioned or even omitted entirely, and special emphasis has
been placed throughout on the particular line of developments associated
with determinantal inequalities (Weinhold, 1967). In this connection we
wish to refer the reader to the recent review articles of Gordon (1969),
Rebane (1970), Langhoff and Karplus (1970), Langhoff et al. (1971), and
Goscinski and Bridndas (1971), and the monograph of Arthurs (1970),
where certain aspects of the general problem are discussed from alternative
points of view.

In Section II we describe in some detail the general procedure for ob-
taining upper and lower bounds from determinantal inequalities, and the
connection with certain other approaches. Then Section III describes the
application of these and other methods to various quantum-mechanical
properties such as energy eigenvalues, scattering phase shifts, overlap, expec-
tation values, transition moments, and second-order properties. Section IV
offers some concluding remarks and discusses future prospects in this area.

1. Method of Determinantal Inequalities

A general approach to the problem of bounding an unknown quantity x
may be posed quite simply:
Suppose x appears in one element or in several elements of a deter-
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minant D whose sign can somehow be determined, and whose other ele-
ments are all known. Then D may be viewed as a polynomial in x, D =
D(x), whose zeros delimit the permissible values of the unknown x, and
thus give upper and lower bounds. Some schematic examples are sketched
in Figs. 1a and b for the cases D > 0 and D < 0, respectively.

D(x} O(x)

D>0: XS X X, D<O:X 2 X,
(@) (b}
Fig. |

In view of the simple prescription given above, it is only necessary to
inquire (i) how the sign of the determinant D can be determined, and (ii)
how the roots of the determinantal polynomial D(x) = 0 are found. These
two questions are taken up in turn in Sections II,A and II,B, respectively.

A. Determinants of Fixed Sign
An n x n determinant D may be written in the general case as

d11 42 T A
Ay, Ay, ‘' 4

D =det|[ "2t %22 20 = det| A™|, M
an] an2 the ann

but we shall assume at the outset that the matrix A™ = {q; ;1 is at least real
and symmetric,’

aij = a:’ = aﬁ.
It is further convenient to assume that the a;; are matrix elements of a self-
adjoint operator &,

a;; = <fi|dlf}>’ )

1 A more general matrix may possibly lead to complex values of D. Since inequal-
ities cannot be written involving complex numbers, but only their real or imaginary
parts, the restriction to real a,, and symmetric A™ is implicit in the spirit of the
approach (though it could also be relaxed in certain special cases).



302 F. Weinhold

where the f; are some suitably chosen set of wave functions. Although the
formulas of Section 11,B are independent of this assumption, the definite-
ness of the sign of D will most frequently arise from the special properties
of such an operator. The eigenvalue problem for & is

o |0 = o|a, UG Soy <, A3
while that for A™ is
AOP —aPed, o <P <o @

and according to the general ‘‘interleaving theorem” of Hylleraas and
Undheim (1930) and MacDonald (1933), the ordered eigenvalues satisfy

a®>al*V>q, i=1,2...,n ()

Although the spectrum of the operator &/ may be partly or wholly continu-
ous (thereby rendering the ordering relation (5) inapplicable), the finite
matrix A™ has always n discrete eigenvalues, and the determinant D satis-
fies the familiar relation

D =[] a = det|]A®™], 6)
i=1
which is a useful starting point for many of the later developments.
We recall that an operator & is positive semidefinite, o > 0, if

plle)> =20 )

for every wave function ¢. The definition (7) is equivalent to the require-
ment that &/ have only nonnegative eigenvalues,

>0, all g ®)
and we note that the condition & > 0 implies also that
A®>0 )
for each n, since with the definition (for normalized ¢{™),

Q= ; (cgn))kf;t »

the eigenvalues a{™ satisfy
af” = c"AMe = (g,| A @) 2 0 (10)

according to (7). A more general classification of operators according to
the signs of their eigenvalues is given in Table I. Here we will often use
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TABLE |
Type of operator Signs of eigenvalues
Positive definite, &/ >0 all e, >0
Positive semidefinite, & >0 alla; >0
Indefinite some o; > 0, some o; < 0
Negative semidefinite, & <0 all ¢, <0
Negative definite, &/ <0 all g, <0

the simpler term “positive” to describe a positive semidefinite operator
A =2 0.

The types of determinantal inequalities to be obtained now depend
primarily on the choice of the operator &/, whether definite or indefinite,
etc. We consider below the principal choices which lead to a determinant D
of definite sign.

1. Gram Determinants
If o is the identity operator, the elements a;; are simply scalar products
between the basic functions f;,

a;; = <fi|fj>-
Then A™ is known as a Gram matrix, and the corresponding determinant
D = det|A™| =det|{f;| /i)

is called the Gram determinant (or Gramian) for the functions f;. The posi-
tivity of the identity operator implies that the Gram matrix A® is also
positive semidefinite, and that the Gram determinant must have a positive

sign
D = det|(f;| f;>| =0 (11

in view of (6) and (10). Inequality (11) is the basis for most of the deter-
minantal inequalities that have been developed.

The Gram determinant is a well-known measure of the linear indepen-
dence of the functions f;, and of the volume spanned by the corresponding
vectors in Hilbert space (as discussed, e.g., by Shilov, 1961). The condition
D > 0 may also be regarded as a many-dimensional generalization of the
Schwarz inequality, to which it reduces when 7 = 2. Since the positivity of
the Gram matrix is both the necessary and sufficient condition for the
existence of any set of functions having the specified scalar products {f;| f;>,
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the constraint (11) is the strongest possible restriction that can be placed on
a given scalar product in terms of the internal geometry of the vectors | f;).

The general case of a positive semidefinite operator & > 0 can be
handled in essentially the same manner. Such an operator can always be
written in the form (see e.g., Shilov, 1961)

of =RB'B

for a suitable operator # (e.g., # = #'/?), so that the matrix elements a;;
may be written as

a;j = AL =B BSD = <9:l9,»

where g; = #f;. Thus for any positive & >0 the determinant D =
det|{f;|#| f;>| may again be regarded as a Gram determinant, and again

D = det|<fi| | /] 2 0. (12)

Of course, the treatment of negative definite and semidefinite operators
o <0 presents no difficulties, since D again has a definite sign, (—1)"
Alternatively we can find bounds for the matrix element {f;| — /| f;> of
the positive operator — ..

2. Indefinite Operators: Use of Interleaving Theorem

When the operator  is indefinite, i.e., has one or more negative eigen-
values «; < 0, then one or more of the eigenvalues a{™ of A™ may also be
negative and the sign of D, Eq. (6), requires further study. The problem
appears to be soluble only when & has a known finite number v of negative
eigenvalues, and we therefore assume

alsaZS“.sav<0sav+l$'”: (13)

where only the number v, not the detailed values of the eigenvalues, need be
known.

According to the Hylleraas-Undheim-MacDonald “interleaving the-
orem,” Eq. (5), the Rayleigh-Ritz estimates a{” approach the true eigen-
values «; from above as the determinantal order n increases. Then for some
sufficiently high order u (1 > v), the lowest v eigenvalues a{* of the matrix
A® will also be negative

gy <aP<a,<aP’ < <a,<a® <0,

and the sign of the determinants can no longer change as the order is in-
-creased. That is, since

0<a,,,<a®t® all k,m=1,2,..., (14)
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all new eigenvalues of A®**® come in with positive sign as the determinantal
order increases, and the sign of D remains fixed

sgn{det| A% 9} = (-1)" 15)
for all k. Equation (15) may also be written in the form
sgn{det| A®|} = sgn{det| AW |}, x, A > p,
or as
det|A®|/det]AP| >0, «k,A>y, (16)

which is a convenient form for the applications of Section II,B. Note that
inequalities such as (16) apparently no longer have the simple geometrical
significance of the corresponding Gramian inequalities (11), (12), but both
serve equally well as the basis for developing formulas for upper and lower
bounds.

B. Upper and Lower Bounds

1. Zeros of Determinantal Polynomials

The problem of determining the roots of the polynomial equation
D(a;;) = 0 can be settled for the cases of principal interest even when the
determinantal order is arbitrarily large (Weinhold, 1971b). We first define
the determinants D;, D;;, d;, and d;; which are obtained from D, Eq. (1),
by the following prescription:

D;: delete the ith row and column
Dy: delete the ith and jth rows and columns? amn
d;: seta; =0

dy:  seta; =0, and delete row j and column .

Then for a diagonal element a;;, the root of the polynomial D = 0 is
a; = —d;/D;, (18)
while for an off-diagonal element a;; the result is found to be

(= I)deij + (D, Dj)llz

a,= L (19)

j

2 Note that when D has only two rows and columns, Dy, =1.
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The results (18) and (19) may also be used to rewrite D in terms of its roots
in the alternative forms
D/D; = a;; + (d/ D), (20)
D/Dij =(r, — aij)(aii —r.), (21
where r, are the roots

_ (_ 1)i+jdij i (DiDj)l/Z

re= D 2)
ij

obtained in (19).

To obtain upper and lower bounds, we now consider in turn the special
cases of Section ILA.

If Dis a Gram determinant [Egs. (11) or (12)], then D > 0 and we recog-
nize further that the determinants D; and D;; are also Gram determinants
of lower order, so that

D=0, D;>0, D;>0
Then (20) and (21) lead, respectively, to the inequalities
a;+ (d;/D) 20,
(re —a)a;—r.)20,
which in turn imply the upper and lower bounds
a; = —dj/D,, (23)

ry2a;2r-, (24)

for the elements of D.

In the case of the inequality (16), based on the interleaving theorem, we
may momentarily regard i (and j) as the last row(s) and column(s) of A™;
then we only need to assume that n — | > y or n — 2 > p, respectively, in
order to ensure that

det|A™|

D

—_—=— >, 25
D; det|A""V| T @)
D det|A™|

—_— = >0, 26
D,;; det]A"~?| T (26)

ij
In conjunction with (20) and (21), the inequalities (25) and (26) will then
again guarantee, respectively, the validity of (23) and (24). More generally,
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we must only take care to ensure that the matrix left after removing the ith
row and column (or, for an off-diagonal element, both the ith and jth rows
and columns) from A®™ still has the same number of negative eigenvalues as
does o itself, and the upper and lower bounds (23), (24) are then again
guaranteed.

2. Alternative Forms
The upper and lower bound formulas (23), (24) may be cast into an
alternative form which is computationally convenient, and which permits
comparison with certain other approaches in the following Section II,B,3.
Let us first assume that D = det|A®*")| is a determinant of ordern + 1,
and write out the lower bound (23) for the /ast diagonal element of D in
the form

Auit,n+1 = —dys1/ Dy - 27

We introduce the n-dimensional matrix A and column vector u by the
definitions

a4 Gy 7 Ay ,n+1
a a v a a

A= ?2 ?2 :2n , u= 2,:n+l , (28)
AQn Qrp " Qnn an, n+1

and note that the determinants D, and d,,, can then be written in the
form

D,., = det|A, 29)
A u
dn+1 = det uT 0 1) (30)

from the basic definitions (17).
The result we wish to establish is that

dpiy = —(uTA u)det|A|, 3D
so that (27) becomes simply
Quig,ner 2WAT U (32)

and is expressed as a simple expectation value of the inverse matrix A~ 1.
The form (31) may be inferred by expanding d,., down the final column,
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then expanding each resulting cofactor along the bottom row to obtain
still other cofactors which are recognized to be (up to a constant) the ele-
ments of AL, Here we give a simpler proof which, while not so intuitive,
requires less algebra. Write

D,., -1 A7t 0
= = t = D t )
1 det|A] h+1 det| AT n+1 de ot 1
A"l —A"'a
= D,y det ot i 33)

where 0 is an n-dimensional zero vector, and where the partitioning cor-
responds to that used in Eq. (30). The equivalence of the final two forms in
(33) may be verified by expanding both determinants along the bottom row.
Then (I = n-dimensional identity),

A"l —A"!a
Qyiy = sy Dyyy det ot BRE
A u Al —A"ly
= Dn+1 det uf 0 det ' 01. 1 ,
0
= D, det atA"! —u'A )’

= n+1(_qu_lu)1

where the final step is confirmed by evaluating the determinant down the
last column. The desired result (32) is thus established.

An analogous result can be obtained for the off-diagonal matrix ele-
ments, Eq. (24). We now assume that D = det|A®*?)| is of order n + 2,
and we rewrite (24) for the last off-diagonal element of D as

1/2
< T %r+1,n+2 s (Dn+1 Dn+2) !
Arit,n+2 > .

(34)

Dn+1,n+2

We again adopt the definitions (28) for the n-dimensional matrix A and
column vector u, and we introduce in addition

ay n+2

V= az,:n+2 , (35)

an,n+2
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so that the various determinants can be written as

Dn+1,n+2 = detIA|9 (36)
A u
D,,, =det , 37
2 u' Qni1,n+1 37
A v
D, ., =det s 38
hh V' Gui2,n42 (38
A v
dri1,ne2 = det ' 0 (39)
The identities analogous to (33) are then
A"l —Ala
1= Dn+1,u+2 det 01. 1 > (40)
A"l —Aly
= Dn+1,n+2 det 01’ 1 s (41)
and, for example, from (39) and (41),
A Al —A"ly
Gniynt2 = Dyyq,neq det ut B det o I
I 0
= Dpyy,n42 det wlA-! —utA~ v |
= =Dy, ne2'ATNY). 42)
Similarly,
Dn+2 = Dn+1,n+2(an+1,n+1 —“TA-lu)’ (433.)
Dyyy = Dyyi,n+20@nsz,ns2 — viATly)., (43b)

Then with (42) and (43) we obtain finally from (34),

Ay+1,n+2 § wfA"ly + (@41, n+1 = “TA_I“)(an+2,n+2 - viATly) 3,
44)

which again requires only the inversion of the matrix A, Eq. (28), and is
thus a numerically convenient form. We recall that the bounds (32), (44) are
quite generally valid so long as the matrix A has the same number of nega-
tive eigenvalues as does the operator o, though of course this is no restric-
tion when D is a Gramian determinant.
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3. Operator Inequalities

Although the determinantal inequalities were developed to set upper
and lower bounds on elements of a general determinant, the forms (32) and
(44) make it particularly easy to infer certain general inequalities for the
operator & from which the determinantal elements arise. We recall the
definitions (28) for A and u in terms of the matrix elements a;, = {f;| | f}>,
and write out (32) explicitly in the form

Sfarr| 1 ford> Zu'AT e,
= Z (ut)i(A‘l)ij(u)ja

i, j=1
n

Y St ZIDANKSG | fred. (45)

i, j=1

Since (45) is valid for every choice of the function f, ., (so long as A has the
proper number of negative eigenvalues), it implies the operator inequality

n

o> ) AXAN)LS L, (46)

i, j=1
where the notation ““ &/ > £’ means that the operator & — 4 is positive
semidefinite.
The operator inequality (46) is usually written in a convenient and sug-
gestive notation (Sugar and Blankenbecler, 1964; Lowdin, 1965a) based on
the definitions

S| =A={fi|lL| /D)
|£> = row vector of the | f;)’s, 47
| = column vector of the (f;|’s,

where f represents the set of functions fi, /5, ..., f,. Then (46) is

A > A || |7 A, (48)
where the choice of f is evidently arbitrary so long as & and the matrix
(f| | ) have the same number of negative eigenvalues. Different forms of

the inequality (48) result from different choices of the basis set f. For ex-
ample, the choice |g) = &/ |f) leads to the form

o = |g)glo ™ g> (el, (49)

and still other forms have been described by Léwdin (1965a,b, 1966) for
the case when & is a positive operator.

Operator inequalities of the type (49) were employed by Bazley and Fox
(1961a,b), and were then further developed by Sugar and Blankenbecler
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(1964) and by Lowdin (1965a,b, 1966) for the special case of the positive
operators, & > 0. For the more general case of an indefinite operator with
a finite number of negative eigenvalues, the essential step was taken by
Rosenberg et al. (1960), and the results were then further developed by
Sugar and Blankenbecler (1964), Miller (1969), and others. In addition to
the applications to be discussed in Section IIL A, the operator inequalities
have been fruitfully applied (see, e.g., Goscinski, 1967; Brindas and
Goscinski, 1970a,b, Goscinski and Bréndas, 1971) to the analysis of
perturbation series, Padé approximants, and other problems.

Il. Upper and Lower Bounds to Properties

The discussion of Section II describes only one set of techniques which
may be useful in the general problem of developing upper- and lower-
bound formulas for quantum-mechanical properties. In the present section
we wish to survey the various quantum-mechanical properties for which
bounds may be sought, and describe the rigorous bound formulas which
have been developed by various methods.

A. Energy Levels and Phase Shifts

Historically, upper- and lower-bound formulas were associated mainly
with the determination of bound-state energy eigenvalues E, , due of course
to the central importance of the Schrédinger equation

.}f\yk:-Ek\Pk, EoSElsn' (50)

in the complete description of a quantum-mechanical system. The best
known upper-bound formula in quantum mechanics is undoubtedly the
Ritz variational principle

(@ H#|DHKD| D) = Eo, (1)

and the related inequalities furnished by the “interleaving theorem” (5)
for the higher eigenvalues E, . Formula (51) is remarkably accurate in that
first-order errors in the approximate wave function ® are easily shown (see,
e.g., Pilar, 1968, p. 235) to lead only to second-order errors in the estimate
of E, . Thus, even crude functions ® can lead to eigenvalue estimates which
are unexpectedly accurate and are, in addition, rigorous bounds to the true
E, . This happy conjunction of virtues is the basis for much of the success of
modern atomic and molecular physics. But it has sometimes stimulated
unrealistic expectations with respect to other calculations in quantum
mechanics.
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With (51) in hand it is natural to seek a corresponding lower bound to
E, so that the true value can be bracketed between rigorous theoretical
limits. The early formulas were based principally on the idea that the oper-
ator (# — Ey)(H# — a) could have no negative eigenvalues so long as « lay
below E,, the first excited state of the same symmetry as E,, so that

(O|(H# —ENH —a)|®>=0 if a<E,. (52)
Unfortunately, the resulting formulas usually involve the “ width> As#,
(AX) =<D| #2| D) — (@] #|D)?, (53)

and thus require the difficult matrix elements of #2. The maximum choice
a = E, is optimal in a certain sense® and leads to the time-honored Temple
(1928) formula (see also Kato, 1949)

(A#)?
E —<(®|#|D)
Similar formulas of Weinstein (1934) and Stevenson and Crawford (1938)

have also been extensively studied. More recently Switkes (1967) pointed
out that the transition energy ¢

S=E —E, (35

Eo 2 (0| #|®) - (54)

is the quantity much more likely to be known from experiment* so that one
can choose

a=90+ E, (56)
and obtain the useful formula
Ey 2 (®|#|D) — (6/2) +{(6/2)* — (A#)*} 2. (57)

The difficulty of calculating #2 integrals largely prevented any serious
applications of the Temple-like bounds, the notable exceptions being Wilets
and Cherry (1956), Kinoshita (1959), Pekeris (1962), and Conroy (1964).
The numerical results were generally of low quality compared to the varia-
tional upper bound, and various reasons have been proposed. Thus, Caldow

* Formula (54) is known (Kato, 1949) in fact to be the best possible lower bound to
E, for the specific amount of information ((®|s#°|®>, (®|#2| D>, E;) which it
contains. See the discussions of Walmsley (1967b) and of Schmid and Schwager (1968).

4 Although energy differences such as (55) are directly measured in spectroscopic
experiments, these generally involve transitions between states of different symmetry,
so that at least two spectral lines (e.g., Eo —> E*, E; - E*) will be required to get an
experimental 8.
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and Coulson (1961) pointed out that the virial theorem was not satisfied
by trial functions chosen to optimize lower bounds, and Froman and Hall
(1961) discussed more generally the proper choice of scale in lower-bound
calculations. Schwartz (1967) stressed the unfavorable emphasis on regions
of high kinetic energy in the lower-bound formulas, and this effect was
noted also by Keaveny and Christoffersen (1969). These latter authors dis-
cuss the evaluation of the #* matrix elements in terms of Gaussian-type
orbital basis sets, while Conroy (1967) and Goodisman and Secrest (1966)
have advocated numerical methods, and Birss and co-workers (Solony et
al., 1966 ; Messmer, 1969; Messmer et al., 1969) have developed formulas
for these integrals in the Slater-type orbital basis.

Interest in this area was strongly revived with the papers of Bazley (1959,
1960) and of Bazley and Fox (1961a,b, 1962, 1966b), based on the methods
of Weinstein and his school (see Gould, 1966). The key to this approach is
the ““ordering theorem”* which states that if operators &, # satisfy

A > B, (58a)
then their ordered eigenvalues a;, f;, respectively, must satisfy
% = By, all k. (58b)

Note that the converse is not generally true unless the operators commute.
Bazley and Fox then construct “ intermediate Hamiltonians ” s with
the property

‘#(ll) < #(”*’1) <0< ”, (59)
and where each #™ is explicitly solvable:
HOYP = .

Then in view of the ordering theorem (58), the eigenvalues ¢{” furnish a non-
decreasing sequence of lower bounds to the true E,,

e < etV < <E,. (60)

The construction of intermediate Hamiltonians #™ is based usually on a
splitting of the Hamiltonian 4 into a solvable problem 5, and a multi-
plicative remainder ¥,

H=Ho+V, (61)

5 A simple proof is given by Léwdin (196521
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with subsequent application of operator inequalities (see Section I1,B.3) to
either ¥, or ¥ (or to both). The general features of this approach, and of
the related bracketing theorems based on the partitioning technique, were
developed from several points of view by Lowdin (1965a,b, 1966), Gay
(1964), Miller (1965, 1968, 1969) and others, and various extensions and
numerical applications have subsequently been given; see Johnson and
Coulson (1964), Bunge and Bunge (1965), Choi and Smith (1965), Reid
(1965), Walmsley and Coulson (1966), Larsson (1967), Jennings (1967a),
Walmsley (1967a), Wilson (1967a,b), and Wang (1968). Wilson (1965) was
able to show how the older Temple-like formulas could be recovered in
this approach by applying operator inequalities to the full 3# (up to a
constant) instead of to ¥, or ¥". Indeed, this choice seems to be necessary
when (as appears usual in three- or more electron systems) the convenient
X, has an infinite number of eigenvalues below the lowest eigenvalue of
M, and the treatments based on the splitting (61) break down, as discussed,
e.g., by Jennings (1967b). Recent work by Miller (1969) based on the oper-
ator inequalities has therefore tended back toward the Temple-like formulas
and their many-dimensional generalizations.

Although determinantal inequalities have not been extensively applied
to the problems of bounds to eigenvalues (see, however, Weinhold, 1969a;
Cohen and Feldmann, 1969), many of the results in the ‘“ method of inter-
mediate Hamiltonians” end up in determinantal form, and it is possible
that the point of view developed in Section I1 could shed additional light on
these problems.

A wholly different approach to energy bounds has been given by Rosen-
thal and Wilson (1967, 1968, 1970), based on the asymptotic form of integ-
rated solutions of the wave equation for incorrect eigenvalues. The method
was applied successfully by them to H,*, H3*, and He, and by Alexander
(1969a) to the Stark effect in hydrogen, but a number of difficulties have
thus far prevented applications to more complex systems.

Finally, we may mention that the calculation of upper and lower bounds
to bound-state energy levels is closely tied to the calculation of scattering
phase shifts in the unbound problem. Early work of Kato (1951) was ex-
tended in a powerful manner by Spruch and co-workers (see Spruch, 1968,
and references cited therein) to provide bounds on the scattering length,
which characterizes the zero-energy limit of the elastic process.® Then Sugar

S As stressed by Burke and Smith (1962), the extrema principles of Spruch and co-
workers played a significant role in the proper understanding of the low-energy scattering
of electrons from hydrogen.
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and Blankenbecler (1964) showed how one could obtain bounds for all the
scattering phase shifts and cross sections under very general circumstances.
The important result is that the phase shift is monotonic in the strength of
the potential, so that if the true potential is replaced by an upper or lower
bound (whose scattering problem is solvable), one obtains corresponding
bounds to the true phase shift. To construct such solvable “ intermediate
potentials,” one can employ the various operator inequalities, very much
as in the bound-state problem. For further details, we refer the reader to
the original papers cited above.

B. Overlap of Wave Functions

A central problem in the evaluation of upper and lower bounds to
quantum-mechanical properties is the estimation of the overlap integral S =
{®|¥) between an approximate wave function @ and the unknown true V.
Since S cannot be determined exactly so long as ¥ is unknown, we must
instead seek upper and lower bounds S, , S_, (S- < § < §,) where the
lower bound S_ is particularly important. We assume that @ and ¥ are
normalized and that their phases are properly chosen so that S is a real
number lying in the interval 0 < S < 1.

Generally speaking, the available bounds for overlap require some
knowledge of the true eigenvalues E,; e.g., the well-known Eckart (1930)
criterion for the ground state ¥,

E — (0| #|D)

2 _ 2>
§* = (@|¥oy 2 S

(62)
bounds S from below in terms of known values of E,, E,, the two lowest
states of the same symmetry. But in general the energy levels E, are known
much more accurately (often from direct experimental measurements) than
are the other properties whose error we seek to estimate, so their use in
formulas such as (62) is quite reasonable. In any event one can usually, as in
(62), simply replace the true values E,, E, by corresponding lower bounds
if a strictly theoretical result is necessary.

The method of determinantal inequalities proves to be a valuable tool
for comparing, unifying, and extending the various formulas for upper and
lower bounds to overlap, and here we shall simply refer the reader to a
rather comprehensive treatment (Weinhold, 1970b), where many additional
references can be found.” A similar approach was also taken by Cohen and

7 Formula (2.6) of this paper should be credited to James and Coolidge (1937).
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Feldmann (1970a,b), and by Bonelli and Majorino (1970). Other aspects
of overlap bounds have been discussed recently by Bazley and Fox (1969),
Wang (1970a,b), Shimamura (1970), Rebane (1970), and Weinhold and
Wang (1971).

C. Expectation Values
Given the Gramian determinantal inequalities of Section II one can
readily write down several formulas for lower bounds to the expectation
value (¥ |F|¥) of a positive operator F > 0 (Weinhold, 1968a). A simple
example can be obtained from the 3 x 3 Gram determinant D of the func-
tions ¥, Fy, and @
1 lF¥y S
D= D(¥, Fy, ®) = Kx[FI'¥) (| F?|x> {x|F|®) =0, (63)
s lFley 1

where ¥ is regarded as the true wave function, and y and ® are arbitrary
variational functions. We solve the determinantal inequality (63) for the
unknown (x| F|¥) to obtain the important inequality (Weinhold, 1970a),

QUF|¥Y S S F| @) £ elCx | F2[x) — e[ FI®Y2, (64)
where
S=(®|¥>, e=(-S5H)" (65)

and where S must be replaced by appropriate bounds; see Section III,B.
Introducing the assumption that F > 0, we employ the Schwarz inequality

QUFIY) < | FIt ¥ | FI ey (66)

together with the lower member of (64) to complete the rigorous lower-
bound formula

{S{ F| @) — e[<x| F2| x> — <x|F|®)*]'/*?
UFle

where the term in braces must be positive. A slight modification of the
argument gives the more general result

{SQUUF | @) — e[Kx | F> | 1) = x| F* [ @))%
GIF My ’

where the exponent v can be chosen freely (along with ® and y) to maximize
the lower bound.

(Y| F|Y) > ,  (67)

CY|FIY) 2 (68)
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The limit v — 0 leads, for the special choice ® = g, to the result
CPIFIY) 2 Q¥ [DXO|F7H D) O|Y) = S*’KD[FH @), (69)

which is suggested by the operator inequality (49). But clearly the general
formula (68) is capable of much greater flexibility. For example, the lower
bound (68), for @ = yx, converges to the true value (W|F|¥) as S 1,
whereas (69) does not.

A variety of more complicated, but more accurate, formulas are ob-
tained by including additional functions in the Gramian determinant
(Weinhold, 1968b, 1969b, 1971b), but these may involve matrix elements of
F# or #2.

These lower bound formulas have been numerically tested on several
properties of the ground-state helium atom in the simple screening approxi-
mation

@ = (c*/n)exp(—cr, — cry), (70)

and an overview of the results can be gained from the plot in Fig. 2 for
each of the operators F=r", ri{,, n= +1, +2. The two envelopes repre-
sent the span of the various lower-bound formulas for two different esti-
mates of the overlap S': (i) the Eckart formula (62), and (ii) an *“ improved
method described, e.g., by Weinhold (1968b). For comparison, the ordinary
estimate (@ | F|®) (computed with the energy-optimized ®) is included in
the figure, and all results have been expressed as percentages of the essential-
ly exact Pekeris (1959) values. As one can see, the rigorous bounds may
occasionally rival or even surpass the accuracy of the direct estimates
{®|F|®)> when the overlap S is accurately calculated.

A related set of lower-bound formulas were suggested by Wang
(1969a,b) which can be regarded as Gram determinantal inequalities based
on the choice

o =P(# —E)P, where P=1— [Wo)(¥,|

for the positive operator & of Section II,A.1. However, these formulas
appear less satisfactory than those based on the choice & = 1, because of
the more difficult matrix elements which arise (such as Fi#F, even in the
simplest formula of this type) and because the bounds may not reduce to
the true values even in the limit S — 1.® Figure 2 includes the best results

& For example, when an exponent v, analogous to that of (68), is chosen to optimize
the simplest Wang formula in the screening approximation (70), the result is usually
Vopr —>0, which corresponds again to the simple formula (69).
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Fig. 2. Lower bounds to helium expectation values in the screening approximation
as calculated with the Eckart overlap (horizontal shading) and an *“improved” overlap
(vertical shading). Wang’s lower bounds (o---0), using improved overlap, and the con-
ventional estimate <®|F|®)> (0—o) are included for comparison.

obtainable from the Wang formula with the *“ improved”’ value of overlap,
and shows that they compare unfavorably with the previous bounds.

The foregoing formulas provide only the lower limit to {¥|F|¥), and
are restricted to the particular class of positive semi-definite operators,
F = 0. Of course, we eventually seek both upper and lower limits for arbi-
trary operators F, but for this more general problem the situation seems less
secure.

Apparently the first significant work on error bounds to expectation
values was carried out by Kinoshita (1959), who attempted to account for
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certain relativistic corrections in his careful calculation on the helium atom
ground-state energy. This work was extended by Rédei (1963) to Fermi
contract terms, spin densities, and atomic form factors; but the bounds,
while rigorous, were quite crude. Similar methods were applied more re-
cently by Aranoff and Percus (1967) to a wider variety of properties. A
general characteristic in this approach is that a different formula is con-
structed for each operator considered.

The general problems of bounding expectation values were more for-
mally posed® by Bazley and Fox (1963, 1966a), who obtained certain bounds
based on pointwise estimates of the wave function W, as well as a simple
formula for the positive operators. A significant forward step was then
achieved by Jennings and Wilson (1966, 1967) who developed error-bound
formulas which, while not mathematically rigorous, were expected to give
a good indication of the true error, and which could be readily applied to a
variety of problems with good results. For positive operators, their formula
could be shown (Weinhold, 1968a) to coincide with the rigorous formula
(67) in the limit S — 1. Somewhat similar formulas were recently developed
by Alexander (1969b) for the special case of one-electron operators and
Hartree-Fock wave functions, but again the results are only semi-rigorous.®

More recently an interesting approach has been suggested by Mazziotti
and Parr (1970), based essentially on eigenvalue bounds for perturbed
Hamiltonian operators of the form

# =H + uF.

Upper and lower bounds to eigenvalues of 57 can then be converted to
upper and lower limits for the expectation value of F. Unfortunately, these
formulas suffer from the usual difficulties of the eigenvalue bounds (Section
IIL,A), including the difficult #2 matrix elements, and in addition special
problems arise when, for many choices of F, the operator 52 is no longer
bounded below.

As we shall show in Section IILE, it is also possible to apply the deter-
minantal inequalities such as (64) to calculate both upper and lower bounds
to (¥ | F|¥) for arbitrary operators F. However, this approach requires in
advance some finite upper limit (perhaps very crude) to the true value of
(¥|F?|¥), which might in turn be obtained from one of the formulas
discussed above.

9 Cf. also the stimulating remarks of Lowdin (1960) and Preuss (1961, 1962).
10 5y fact, to the same order that these bounds are rigorous, the Hartree-Fock
one-electron expectation values are already formally correct, so that the significance of
these “bounds” is problematical.
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A number of authors have discussed the related problems of finding
variational principles'! for expectation values (Delves, 1963 ; Aranoff and
Percus, 1968 ; Shustek and Krieger, 1971), or of calculating first-order cor-
rections to the zero-order estimate {(®| F|®) (Dalgarno and Stewart, 1956,
1960; Schwartz, 1959a,b; Hall, 1964; Sanders and Hirschfelder, 1965).
Since these alternative approaches, while often useful in improving the
numerical accuracy, leave unresolved the basic question of the possible
error in the results, we do not discuss them further here.

D. Overlap of Density Matrices

The formulas of the previous Section IIL,C, such as (67) for the parti-
cular choice @ =y, typically provide a bound for the expectation value
(¥|F|¥) in terms of other expectation values (such as {(®|F|®) and
{®|F?| ®)) and the overlap S of the corresponding wave functions @ and
Y. However, it is well known that expectation values of one- and two-
electron operators can equally well be written in terms of the corresponding
one- and two-particle reduced density matrices I and I'® (Husimi,
1940)!2

) = j‘l’*(l’, 2,3,..,N)¥(1,2,3...,N)d2d3...dN, (T1a)

rea,2)1,2) EJ“P*(I’, 2,3...,N)¥(1,2,3...,N)d3...dN. (71b)

Corresponding definitions hold for the reduced density matrices I'y}’, I'$?
of the approximate wave function ®. The variable 1 denotes the collective
space-spin variable of particle 1, etc. Then if Fis a one-electron operator,
F = F,, a sequence of simple operations (based essentially on the Pauli
principle) permits one to write

CY|FIY) =Tr{FF$y”}EJ{FW"(HI’)}V-.; di (712a)

where F works only on the unprimed variable of the density matrix, after
which the prime is removed and the integration performed. Similarly, if F
is a two-particle operator, F = Fy,,

(Y| F|¥) = Tr{FI"ﬁl,z)} = J{Frff’(l, 2|1, 2Wia1,22d1 d2,  (72b)
with a similar convention on primed and unprimed variables.
11 That is, stationary or saddle-point principles, as opposed to the true extremum

principles we have been discussing.
12 We adopt the normalization convention of Coleman (1963).
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1t is of interest to inquire what forms the bound formulas might take in
a formalism based on the reduced density matrices instead of the wave
functions. For this purpose, we introduce the natural spin orbitals 8; and
their occupation numbers #; for the wave function ¥ in the usual manner
(Lowdin, 1955),

A1) = 3 n,006,4(1). (73)
The corresponding quantities for the approximate function @ will be de-
noted with tildes,

(1) =Y #8081 (74

It is now useful to introduce a new scalar product [, n] between vectors
£ and #, whose components are spin orbitals,

¢:(1) ni (1)
(= 62(1) s n= 7’2(1) s

by the definition
(6, nl= ; f&k*(l)ﬂk(l) dl. (75)
In particular, for the vectors vy, y¢ defined by
ni/26,(1) #1126,(1)
Yo = (n;/zgz(l)), Yo = (ﬁ;ﬂéz(l)), (76)

we can write, using (72) and (73),
CPIFIY) = [ye, Frel,  (P|F| D) = [ye, Frol

for any one-electron operator F.
The scalar product [, ] of (75) allows us to construct the Gram deter-
minant D from the vectors yy, Fye, and yq :

lve, 1el e, Frgl e, el
D = | [Fro, v¢] [Fya, Frol [Fre, Vel
Vo, el Vo> Frel [Ve, Vel

1 [ve, Frel o
=|[yy, Fro] (®|F?|®) (®|F|®)
G (D|F| D) 1

’

>0, an
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where o is defined by

k

6=0,=[yo, Vel = z (m AR)'? Jgk*(l)ok(l) di, (78

and will be called the (one-particle) density matrix overlap. The unknown
[ye, Fre) from (77) will satisfy the Schwarz inequality if F > 0, exactlyasin
(66),

e Frol < Ve, Frol' [y, Frel'? = <®|F‘®>”2<\FIF| wH2,
so that we shall be led by analogy to the result

{0D|F| @) — (1 — o)) /2 K®| F?|®) — (@|F| ®)?])'/})
{®|F|®)

CY|FIP) >
(79)

which is identical in form to (67) for @ = g, except that the overlap integral
S = (®|¥) has been everywhere replaced by the overlap o, Eq. (78), of the
one-particle density matrices. Similarly, if we considered two-particle oper-
ators F = F,,, we would be led again to (79) with ¢ now defined as

0 =0, = 24: (Pkﬁk)llz fgk*(ls 2g,(1,2) d1 42, (80)

where g, are natural spin geminals of ¥, p, their pair occupation numbers,
and where tildes again label the corresponding quantities for the approxi-
mate wave function @.

We can use available literature data to estimate, in a simple case, the
relative advantage of using the o’s in place of the wave function overlap S.
For the Li atom ground state, Larsson and Smith (1969) have carefully
analyzed some very accurate wave functions (Larsson, 1968) in terms of the
natural spin orbitals. If ® is taken to be the Hartree-Fock wave function
®,r, the overlap with the (essentially’?) exact wave function ¥ was cal-
culated as § = (Oyp| V> = 0.99813 while the corresponding overlap o, of
the one-particle density matrices can be worked out from their data to be
o = [Yur, Pw] = 0.99877. The overlaps enter most critically in the combina-
tions

(1 - S$H2=00611, (1 -0, =0.0497,

13 Actually, ¥ is a 25-term Hylleraas-type function (labeled W4) giving about 99.9%;
of the correlation energy.
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so that in a typical case ((®|F|®) ~ AF),'* ¢, might serve to tighten the
error limits by about 209 .

Thus it appears that the one- and two-particle density overlaps oy, ¢, of
(78), (80) might be preferred to the wave function overlap S as basic criteria
of accuracy. It would be interesting to obtain bounds for g, o, analogous
to those available for S, and this problem should certainly be studied
further.

E. Transition Moments and Oscillator Strengths
The basic inequality (64) of Section III,C

CGUFIYY S SCUFI®) £l FP x> — r| FlOY 12 (64)

is quite useful in any situation where an unknown wave function ¥ is to be
replaced by a known approximate ® while still keeping track of the possible
error. This idea can be profitably applied to a general transition value w,,

Wap = <‘Pa! WI\Pb>’ (81)

where both ¥, and W, are unknown. When (64) is used first to replace ¥,
with @, (holding x = ¥,), then used again to replace ¥, with ®@, in the
integrals (\¥,| W|®,), the result is (Weinhold, 1970c)

Wab § Sa Sb v'vab i €, Sb Aab i eb{<‘PaI W2 I lPa) - [Sa Wab —& Aablz}llza (82)

where W, is the ordinary approximation
Wap = D, | W| D, (83)

and where

Sa = <(I)a’\Pa>1 Sb = <(Dbl Tb)a

g=(-83"¢=(~1-852"7,

Ay = (@y| W?|®,) — WE)'2
The overlap integrals S,, S, are replaced by appropriate bounds as before,
and the matrix element (¥, | W?|'¥,> must also be replaced by some upper
limit to its true value. Because ¢, — 0 as S, — 1, the final term will vanish and

the upper and lower bounds (82) will converge to the true value w,, even if
this upper limit for (¥,| W?|¥,) is quite crude.

14 AF is defined as in Eq. (53).
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The application of formula (82) to the calculation of dipole oscillator
strengths has recently been discussed by Weinhold (1971a), to whom the
interested reader is referred for complete details. Here we wish to mention
only the significant contribution of Rebane and Braun (1969a) to the
understanding of these problems.

It appears that direct calculations of oscillator strengths based on the
error-bound formulas (82) may in favorable cases be competitive with the
conventional methods, and calculations are in progress to explore this pros-
pect numerically for low-lying transition in some light atoms and ions. Of
course, both theoretical and experimental determinations of oscillator
strengths are subject to very gross errors (see, €.g., Crossley, 1969), so that
the prospect of rigorous error limits is unusually attractive in this area.

It is evident that formula (82) applies equally well in the special case
¥, =¥, when w,, becomes an ordinary expectation value. Since the oper-
ator W is in no way restricted to be positive semidefinite, etc., formula (82)
gives the desired upper and lower bounds for the general expectation value
or transition value of an arbitrary operator W under the fairly modest
assumptions:

(i) all matrix elements are assumed real;
(ii) W, is assumed positive (if necessary, simply by changing the sign
of W, rotating the coordinate system, etc.);
(iii) S, is sufficiently close to unity that

Sa/sa 2 Aab/wab .
Even assumption (iii) is an insignificant restriction for any reasonable @, .
F. Second-Order Properties
When an unperturbed atom or molecule
Kool = eV (84)

is placed in a static external field (associated with the perturbation operator
¥7), the resulting wave equation

(#o + VW, = E Y,y (85)

is customarily solved by developing the eigenfunction and eigenvalue in a
perturbation series
Yi=a” + o + o+,

Ey =@ + &) + 62+,
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according to powers of the field strength ; see the extensive review of Hirsch-
felder et al. (1964). In terms of the perturbative wave function corrections
o', the first few terms in the energy series are

e =L@V #5102,
&V = (o017 |9,
i = o1 = o1,

with the normalization {¢{>]| p{>) = 1. Here &\” is an eigenvalue and &{"’
an expectation value as considered in Sections 111,A and II1,C, respectively,
but the second-order property &*’ is of a different type. For example, if ¥~
represents the interaction with a uniform electric field, then &2’ is related to
the electric dipole polarizability of the atom or molecule in state k. We
shall assume here that &'’ = 0 (e.g., no permanent dipole moment)'® and
concentrate for simplicity on the ground state k = 0, so that the property of
interest is

g6 = (8”17 196" (86)

Since the first-order correction ¢§! cannot usually be found exactly, we
can only hope to bracket the true (2’ between upper and lower bounds.
For this purpose, one has the Hylleraas (1930) upper bound

e < K@V If> 12K S 16 — Holf> (87)

and the Prager-Hirschfelder (Prager and Hirschfelder, 1963) lower bound!®
<1 ¥ (Ho = 7))

(g1(# o — N H o — ) gD

where f and g are arbitrary variational functions. Only the Hylleraas prin-

ciple (87) has been extensively applied to the practical calculation of second-

order properties; it is equivalent, as shown, e.g., by Slater and Kirkwood
(1931), to a variational solution of the perturbed eigenvalue equation (85)

(o +f|3fo + Vo8 +
o + o +1>

i
(2 0 2 V]
%’ 2 0 g0 o8 1772 1067>

L@

2 Eo, 89)

15 Although the assumption !’ = 0 represents some loss of generality, we note that
this condition is often satisfied in situations where the second-order correction &{® is
important physically.

16 See Miller (1969) and Lindner and Lowdin (1968) for the derivation of these and
more general forms from the operator inequalities of Section II,B.3.
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with subsequent identification of &>’ as the term quadratic in the field
strength.

Although the formulas (87) and (88) are completely rigorous, they con-
tain the exact solution ¢’ of the eigenvalue equation (84), which cannot
usually be solved for systems more complicated than hydrogen. With any
approximate eigenfunction, @3, (87) and (88) are no longer rigorous
bounds. Moreover, it was noticed even in the earliest calculations of Hassé
(1931) and Baber and Hassé (1937) that the variational estimate calculated
from (89) is highly sensitive to the particular representation of ¢{*’ which
is chosen. Thus the apparent utility of the variational formula (87) is
severely diminished; for some alarming examples of its failure, see Epstein
and Epstein (1964).

It is therefore desirable to replace the exact but unknown function ¢{
of (87) with a variational approximation ¢{’ in such a way that the strict
inequality is maintained. For this purpose, the ubiquitous inequality (64)
may again be adapted with

X=f’ \IJ:(PSO)’ (D=¢§)0)a F= —V’
to give

= SCEONY I — el f1V21f) = {1V 1> 3
{fle? = Holf> ’

where the term in braces must be positive, and where the overlap §
S = (38198

should again be replaced by any rigorous lower bound. In formula (90)
both 3’ and f may now be freely varied to minimize the upper bound.!”
Formula (90) strengthens and generalizes the related result of Rebane and
Braun (1969b) which can be shown to correspond to the particular, but by
no means optimal, choice of the Eckart formula (62) for the estimation of S.
We note finally that some rigorous bounds have also been developed
for third-order energies by Dmitriev and Yuriev (1969), and for Lamb shift
corrections by Dmitriev and Labzovsky (1969). Other applications of a
related nature are discussed by Rebane (1970) and Ahlrichs (1971).

(90)

17 In a similar manner the Prager-Hirschfelder formula (88) might be generalized
to include the variational g{”; the expectation value <@§”’| ¥ 2| {™> could be replaced
with a lower bound from Section III,C but the matrix elements which result when the
remaining term <{p{"|¥ (#o — &) |g> is treated with (64) would usually be quite
complex.
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G. Semiempirical Methods

A completely different class of rigorous bound formulas has recently
been rather intensively developed. The objective is to find bounds for a
particular property in terms of the known (measured or calculated) values
of other properties, based on a knowledge of the underlying mathematical
structure which connects these properties in the quantum-mechanical des-
cription. These bounds are thus in the nature of consistency conditions
among the set of quantum-mechanical properties.

Because such formulas employ measured values of some properties in
order to calculate bounds for others, they may be characterized as semi-
empirical in nature. One should be careful to note that the basic formulas
are formally correct and rigorous within the framework of quantum mech-
anics, so that the term ““semiempirical ” should be divested in this context
of some of its normal connotations. But, of course, the rigor of the numerical
results will be subject to possible uncertainties in the measurements on
which the calculations are based. It is remarkable that the error bounds are
often so accurate that these uncertainties must indeed be rather carefully
investigated to obtain consistent results.

Among the properties which have been treated in this general manner
are dispersion interactions, frequency-dependent polarizability, index of
refraction, and the class of properties corresponding to the multipole oscil-
lator strength sum rules (see, e.g., Dalgarno, 1962). Mathematical methods
which have been adopted to such problems include generalized Gaussian
quadratures (Gordon, 1968a,b), Padé approximants (Langhoff and Kar-
plus, 1967; Tang, 1969a, 1970), operator inequalities (Goscinski, 1968),
linear programming (Futrelle and McQuarrie, 1968), determinantal inequal-
ities (Weinhold, 1968c), continued factors (Tang, 1969b), and others (Alex-
ander, 1970). Here we shall only refer the reader to a recent striking illustra-
tion of the power of these techniques by Starkschall and Gordon (1971), as
well as to the review articles of Langhoff and Karplus (1970) and Goscinski
and Briindas (1971) on the Padé approximants.

1V. Conclusion

It is now possible to write expressions for rigorous upper or lower
bounds to many quantum-mechanical properties of interest. These may be
used to judge the accuracy of estimates calculated from other methods, or
they might themselves be made the basis for new computational procedures.
The latter possibility is particularly appealing for properties such as oscil-
lator strengths which are determined only poorly or erratically by the usual
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energy-minimization procedure. Of course, one should expect the useful
domain of the completely rigorous methods to be rather small compared to
the full range and scope of chemical phenomena, but even in this context
one could recall that the bounds described in Section I11,G are being rou-
tinely applied to surprisingly complex systems.

An important general question is whether and how additional miscellane-
ous information can be systematically incorporated into the error bounds.
It is often felt that the accuracy of certain calculations is enhanced when
the trial wave function satisfies certain auxiliary conditions (e.g., the virial
theorem, cusp conditions, Brillouin’s theorem), but how could this intui-
tion be converted rigorously into improved limits of error? It seems that
the study of such questions could lead to a more complete understanding
of the expected reliability of quantum-mechanical calculations.

In the past, theoretical conclusions have been able to directly challenge
experimental results only in the event of gross discrepancies, or after the
most heroic calculations, and even in such cases there was often ample room
for the skeptically inclined to doubt the theoretical findings. While it is
perhaps premature to summon up the image of experimentalists struggling
to attain agreement with the theoreticians(!), the availability of rigorous
theoretical bounds could, in favorable cases, cast a wholly different light
on the interplay between theory and experiment. Thus, the upper and lower
bounds are potentially of more than purely formal interest, but as yet their
numerical potential remains to be thoroughly explored.
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I. Introduction

During the twenty years since the advent of large-scale digital computers
(ca. 1950-1970), enormous advances have taken place in computational
quantum chemistry. These include the formulation of procedures that
allow the quantification of quantum chemistry via digital computers [e.g.,
HF-LCAO-MO-SCF theory (Hall, 1951; Roothaan, 1951), techniques
for the recovery of correlation energy (Wahl and Das, 1970)?], and appli-
cation of these procedures to the calculation of physical and chemical
properties of molecules (Krauss, 1967). Perhaps equally important, many
of these developments have created techniques as well as computer
programs that are usable by chemists otzer than quantum chemists. Thus,
the realization of computational quantum chemistry as an ‘‘analytical
tool”” for chemists in general is now well underway.

However, if computational quantum chemistry is to provide a general
“probe” for chemical problems, it must be capable of investigating a
broad spectrum of chemical systems, including large, medium, and small

1 Alfred P. Sloan Research Fellow, 1971-1973.
2 This paper reviews recent advances in this area.
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molecules, as well as interactions among molecules. The following dis-
cussion attempts to review briefly the efforts that have been made to
develop procedures for treating large molecules in a practical manner, and
describes in some detail a procedure that has been under development in
this laboratory.

For the purpose of the following discussion, we shall take an arbitrary
and perhaps myopic definition of a large molecule as one in which there
are >36 electrons, and containing atoms including hydrogen and others
from the first row of the periodic table. Two notable types of molecules
that will be excluded from this definition are molecules containing a large
number of electrons but only a few nuclei (e.g., HCI), and molecules
containing translational symmetry. However, the definition will not be
restricted to single molecules, and small aggregates of molecules will be
considered, whenever data are available. This will allow examination of
the various procedures as to their capabilities to describe intermolecular
forces, as well as intramolecular forces in isolated molecules.

The discussion will also be limited to procedures that are based upon an
ab initio formalism. In the past, the only viable approaches for examination of
large molecules were semiempirical. While several of these approaches [e.g.,
CNDO (complete neglect of differential overlap) (Pople et al., 1965), EHT
(extended Hiickel theory) (Wolfsberg and Helmholtz, 1952; Hoffmann,
1963; Hoffmann and Lipscomb, 1962), INDO (intermediate neglect of
differential overlap) (Pople et al., 1967; Gordon and Pople, 1968), MINDO
(modified INDO) (see Baird and Dewar, 1969, and other references con-
tained therein), MCZDO (multi-center zero differential overlap) (Brownand
Roby, 1970), and NEMO (nonempirical molecular orbital theory) (Newton
etal., 1966)] have provided useful and informative results, it seems clear that
an ab initio approach is desired for several reasons. First, the identification
and improvement of inadequacies is more straightforward in an ab initio
approach, since only a model (e.g., Hartree-Fock) plus a basis set need to
be examined. Addition of further approximations to the previous two (e.g.,
neglect of certain integrals) complicate the analysis considerably. This
makes it difficult to establish for a given basis set whether improvement is
needed in the model or in the approximations used to evaluate the model.
Second, the parametrization techniques are developed typically for the
determination of the total energy, and will not be applicable in general to
other properties. Third, the evaluation of integrals over Slater-type
orbitals (STO’s, the most commonly employed basis sets for semiempirical
calculations) for properties other than the energy present formidable
problems, which are solved usually by invoking additional parameterization
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procedures. Consequently, these and other theoretical and practical diffi-
culties associated with the use of semiempirical techniques have led to the
search for alternative formulations of an ab initio nature.

The following sections describe some of the progress that has been made
using ab initio quantum mechanics as the probe. By this it is meant that the
complete nonrelativistic Hamiltonian is employed (within the Born-
Oppenheimer approximation), and all electrons are considered explicitly.
In addition, after the basis set and model (e.g., Hartree-Fock) are chosen,
no further approximations are made. In practice, this usually implies that
the integrals that arise over the various operators in the Hamiltonian are
evaluated using either an analytical formula (in the case of GTO’s), or
suitable combinations of analytical and numerical techniques (in the case
of STO’s) so as to guarantee accuracy of the integrals concomitant with the
remainder of the calculations. In some cases this implies values which are
precise to the extent allowed in single-precision arithmetic (seven to
cight significant figures), and in other calculations (usually involving
Gaussians) this implies precision consistent with the use of double-
precision arithmetic (14-16 significant figures) throughout the calculations.

Il. Currently Available Procedures

In order to assess the characteristics of the various procedures, it is
useful to examine the various applications that have been made to date.
Table I presents a summary of ab initio calculations that have been carried
out on large molecules (as defined previously) to date. As is apparent from
even a cursory glance at the entries in this table, a large majority of the
investigations to date have been approximate Hartree-Fock calculations
on the ground state of the molecule or aggregate of interest. Only a few
ions have been investigated [cyclopentadienyl anion (Diercksen and
Preuss, 1966; Preuss and Diercksen, 1967), pyrrole cation and anion
(Kramling and Wagner, 1969), pyridinium cation (Clementi, 1967c), and
benzene cation (Schulman and Moskowitz, 1967)], and attempts to obtain
correlation energy of ground and excited states through configuration
interaction techniques have been limited to only a few examples [benzene
(Buenker et al., 1968; Petke and Whitten, 1969; Gilman and deHeer,
1970; Peyerimhoff and Buenker, 1970), borazine (Peyerimhoff and
Buenker, 1970), and thymine (Snyder et al., 1970)].

A few studies have also appeared which involve intermolecular inter-
actions. These have been limited to various aggregates of water, the formic
acid dimer, and the cytosine-guanine base pair, and have been at the
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TABLE |}

BIBLIOGRAPHY OF AB INITIO CALCULATIONS ON LARGE MOLECULES®

No. of
Molecule electrons References Properties®© calculated Comments
BsH;,(C,) 36 Switkes et al. Er= —129.4281 hartrees LCAO-MO-SCF; 36 STO basis (mini-
(1970a) LP.=10.92 eV mum basis set).
| p=13.17D Orbital exponents obtained from a
N diborane calculation.

(B}/\/ B Electronic structure is discussed using
B\/[}\ electron density contour maps and
a Mulliken population analysis.
(Mulliken, 1932, 1935, 1949, 1955,
1962) Relation of electronic struc-
ture to magnetic properties and

reactivity is also discussed.
Cyclopentadienyl 36 Diercksen and Er= —189.42 hartres SCF-MO-LCGO; 75 GTO, contracted

anion Preuss (1966) Electron affinity (CsHs) = 0.9 eV to 40, 45, and 50 “groups.”
(0)*(0)*(0)*(0)*(0)*(0)*(7)? Comments concerning the interspers-
(0)*(0)* () () (m)*(mr)? ing of o and 7-MOQO’s are made.
<> © The irreducible representations of
the individual MO’s were not given.

Pyrrole 36 Clementi et al. Er= —207.93135 hartrees LCAO-MO-SCF; 95 Gaussians (ob-

1967)

LP. =10.56 eV
(a1)*(a;)%(b2)*(a,)*(b2)?
(@1)%(a)(b1(m)*(b2)*(b2)*
(a1)%(bs(m))*(a2(m)?

tained from atomic calculations)
contracted to a 30 orbital basis for
the SCF study.

C,N basis:
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Genson and
Christoffersen
(to be
published)

Kramling and
Wagner (1969)

E = —178.34748 hartrees
LP.=4.17 eV
(a1)?(@1)*(b2)*(a1)*(b2)?
(a1)*(a1)*(b2)*(by(m)?(b,)?
(@:)2(bs(m)*(a,(m))*

Ey = —207.93070 hartrees
LP. = 10.56 eV
(21)%(a1)*(b2)*(a,)*(b2)?
(a1)*(a1)*(b1(m)*(b,)?
(b2)*(a)*(by(m)*(ax(m))?

1s = 5 contracted GTO.
2s == 2 contracted GTO.
2p = 3 contracted GTO for each
component (e.g., 2px)
H basis:
1s = 3 contracted GTO.
Discussion of the molecular orbital
structure and the charge distribution
is given, including a Mulliken popu-
lation analysis (Mulliken, 1932, 1935,
1949, 1955, 1962).

LCFO-MO-SCF; 30 FSGO basis set,
obtained from molecular fragment
studies. Discussion of the molec-
ular orbital structure and charge
distribution is given.

SCF-LCAO-MO; 95 Gaussians, con-
tracted to 30 orbital basis set (same
basis as Clementi et al., 1967).

Discusses the molecular orbital struc-
ture of pyrrole cation and anion as
well. Gives electron density difference
maps for o- and m-electrons to aid in
comparisons.

Discusses the validity of o~w separa-
tion, including a Mulliken population
analysis (Mulliken, 1932, 1935, 1949,
1955, 1962).

(continued)
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TABLE 1—Continued

No. of
Molecule electrons References Properties® calculated Comments
Pyrrole 36 Mely and ILP.=9.73 eV LCAO-MO-SCF; “Molecule-calibra-
(continued) Pullman (1969) u=2.16D ted ” basis set, consisting of 65 GTO,
(a1)?(a1y*(b2)*(ar)*(b2)? contracted to 30 functions for the
(@1)*(a1)?(b2)*(bs(m)? SCF study.
(b2)*(a)?(bs(m)*(a,(m)? C,N:
1s = 3 contracted GTO
2s =1 GTO
2p = 2 contracted GTO per
component
H:
1s = 3 contracted GTO
Analysis of the charge distribution in
terms of a Mulliken population
analysis (Mulliken, 1932, 1935, 1949,
1955, 1962) is given.
Lithiumcyclo- 38 Janoschek and Ex = —196.231 hartrees SCF-MO-LCGO; 72 GTO, contracted
pentadiene Preuss (1967) Ryt = 1.68 A to 51 ““ groups.”
R=2.13 x 10°® dyne/cm Eleven different Li-CsHs positions
D o (w=750cm™") were examined.
LP.=4.1eV

Binding E= 6.9 eV
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1,2 —-B,C;Hg¢
and
1,6 —B,C,Hg

Hexaborane
(BsH;o)

I
=N

| >
| s>
Skl

Cyclopentane
(CSHl 0)

Vare

38 Epstein ef al.
(1970)

40 Epstein et al.
1971)

40 Hoyland (1969)

E+(1, 2) = —177.601 hartrees
E+(1, 6) = 177.625 hartrees
LP.(1,2)=99 eV

IP. (1,6)=9.25¢eV

B, 2= 295D

E; = —153.5174 hartrees
LP.=1042eV
p=369D

Er(half-chair) = —194.091447

hartrees
Eq(envelope) = —194.091069
hartrees
Ex(planar) = —194.078591
hartrees

LCAO-MO-SCF; 36 STO basis (mini-
mum basis set).

Orbital exponents taken from B,Hs
and C,Hg calculations.

1,6 isomer is found to be more stable
by ~15 kcal/mole.

Analysis of the charge distribution by
means of electron density contours
and a Mulliken analysis (Mulliken,
1932, 1935, 1949, 1955, 1962) is given.

LCAO-MO-SCF; 40 STO basis (mini-
mum basis set). Orbital exponents
taken from an optimized diborane
calculation.

Localized orbitals were constructed
from the SCF orbitals.

Comparison of Mulliken analysis
(Mulliken, 1932, 1935, 1949, 1955,
1962) for different calculational pro-
cedures is given, electron density
maps are presented, and a discussion
of reactivity is given.

LCAO-MO-SCF; 100 GTO, contrac-
ted to a 35 orbital basis for the SCF
study [called a (5,2,2) basis}:

C: 1s=5 contracted GTO
2s = 5 contracted GTO
2p = 2 contracted GTO for
each component
H: 1s=2 contracted GTO

(continued)
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TABLE 1—Continued

Molecule

No. of
electrons References Properties®< calculated

Comments

Water tetramer
(H:0),

Pyridine ion
CAz)

)
\IIIG)
H

40 Del Bene and AE(D,y) = —0.027434 hartrees
Pople (1969), AE(C,) = —0.060468 hartrees
(1970) AE(S,) = —0.067423 hartrees
AE(open chain) = —0.039156
hartrees

41 Clementi (1967c)  Ep = —245.19708 hartrees
LP. (pyridine) x 13.46 eV

LCAO-MO-SCF; 112 GTO basis
(28 GTO/H0), contracted to repres-
ent a minimum basis set STO calcula-
tion (4GTO/STO); orbital exponents
optimized in calculations on H,O
monomer. Calculated AE = inter-
action energy = E(polymer)-E(sep-
arated monomers).

Cyclic structures are found generally
to be more stable than open chain
structures.

Hydrogen bond energies appear to be
nonadditive. Some geometry opti-
mization carried out.

LCAO-MO-SCF; 111 GTO (obtained
from atomic calculations) contracted
to a 35 orbital contracted basis. Same
basis set as for pyridine (Clementi,
1967a).

Discussion of the molecular orbital
structure and charge distribution is
given, including a Mulliken popula-
tion analysis (Mulliken, 1932, 1935,
1949, 1955, 1959).

Discussion of agreement expected for
calculated and observedI.P.’s is given.
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Benzene

42

Janoschek et al.

(1967)

Schulman and
Moskowitz
(1965)

Schulman and
Moskowitz

(1967)

Ey = —227.27 hartrees
LP.=85¢eV
(61)%(02)%(03)%(04)*(05)*(06)?
(07)4(08)*(09)*(010)%(m1)?
(011)%(012)4(772)*(772)?

E1(I) = —219.397 hartrees
E(IT) = —220.068 hartrees
LP.(I)=4.53 ¢V

ILP.() =783 eV
(a'X.)z(e1u)“’(eZ:)4(311)20)1“)2
(elu)4(32n(ﬂ))2(b2u)2(e2l)‘
(e1,(m))*

Ey = —230.463 hartrees
IP.=10.15eV
(@15)%(€10)*(C20)*(21)?(b10)?
(b2 u)z(cl u)‘(aZu(ﬂ))z(CZ')‘
(el'(‘”))‘

SCF-MO-LCGO; 78 GTO, contracted
to 54 ““groups ™.

Investigated geometric predictions, and
found Roc = 1.39 A.

Force constants for the four normal
modes are calculated.

Some comments concerning the inter-
spersing of o and 7-MO’s are made.

The irreducible representations of the
individual MQ’s are not given.

LCAO-MO-SCF; uncontracted GTO
basis;
Setl: C: 3s-type GTO
(42GTO) 3 p-type GTO
H: 1 s-type GTO
Set 11: C: 3 s-type GTO
(43GTO) 4 p-type GTO
H: 1s-type GTO
Molecular orbital structure and esti-
mates of excitation energies are
discussed.

LCAO-MO-SCF; 162 GTO, contrac-
ted to a 60 GTO basis;
C: 3 s-type contracted functions
9 GTO)
6 p-type contracted functions
(5 GTO)
H: 1 s-type contracted function
3 GTO)

(continued)
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TABLE | —Continued

Molecule

No. of
electrons References

Properties®* calculated

Comments

Benzene
(continued)

42 Schulman and

Moskowitz (1967)

Praud et al.
(1968)

Buenker et al.
(1968)

Petke and
Whitten (1969)

Ey = —229.701 hartrees
LP.=11.62 eV
(a1)*(€1u)*(€29)*(a1)*(b2u)?
(bra)*(e1a)*@z2u(m))?(e20)*
(ell(ﬂ))4

E+(SCF) = —230.3745 hartrees
E(CI) = —230.4543 hartrees
LP.=1031eV
(alg)z(elu)‘(CZg)‘(alu)z(blu)z
(qu)z(elu)‘(aZu(ﬂ))z(ezl)‘
(ell(7"'))4

Molecular orbital structure and charge
distribution [via a Mulliken analysis
(Mulliken, 1932, 1935, 1944, 1955,
1959)] are given.

The benzene cation (E,;) and (CA,,),
molecular orbital structures are also
discussed.

LCAO-MO-SCF; 114 GTO, contrac-

ted to a 36 orbital basis for the SCF
study.
C: 1s = 5 contracted GTO
2s = 2 contracted GTO
2p =3 contracted GTO for
each component
H: 1s =3 contracted GTO.
Molecular orbital structure and charge
distribution [via a Mulliken popula-
tion analysis (Mulliken, 1932, 1935,
1944, 1955, 1959)] are given.

LCAO-MO-SCF plus CI; 180 Gaus-
sian lobe functions, contracted to a
42 orbital basis set for the SCF
studies.

C: 10 s-type Gaussian lobe
functions
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Hehre et al.
(1969)

Gilman and
de Heer (1970)

Newton et al.
(1970)

Ex(SCF — 'A,;,) = —229.84
hartrees
E(*A,;) — ECB,;)=4.212eV

Rey=1.08 A

Rec=1.39A

ken(stretch) = 7.7 mdynes/A
kec(stretch) = 10.5 mdynes/A

15 p-type Gaussian lobe
functions
H: 5 s-type Gaussian lobe
functions.

Considered 400 configurations, corre-
sponding to all possible excitations
involving = MO’s.

Presents CI results for 47 electronic
states, and spectral assignments are
suggested.

Determined optimum orbital exponents
for use in GTO representations of
STO’s for C and H in benzene.

LCAO-MO-SCF; using 132 GTO,
contracted to 48 basis orbitals;
studied the 'A,; and 3B,, states.

Correlation studied in 7-electrons only;
o-core taken from 'A, state. 7-MO’s
optimized separately in the twostates.
Basis set taken from Clementi et al
(1967).

Minimum basis set STO calculation,
with three GTO representing each
STO.

Extensive geometry optimization carried
out. Force constants estimated.

(continued)
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TABLE 1—Continued

References

Properties®:© calculated

Comments

No. of
Molecule electrons
Benzene 42
(continued)
Fulvene 42
(Czy)

n

Peyerimhoff and
Buenker (1970)

Christoffersen
et al. (1971a)

Christoffersen,

Maggiora et al.
(1971)

Praud et al.
(1968)

Er = —230.3934 hartrees

LP.=10.29 eV

Ex{best CI) = —230.4570
hartrees

(alc)z(elu)4(621)4(a1l)2(blu)2

(qu)z(el u)"(azu(’ff»z(ez:)‘

(e1(m)*

Er= —197.364 hartrees
LP.=5.90¢eV
@1p)*(era)*(€20)*(@1)*(b10)?
(bzu)z(el“)4(31“(17'))2(82')4
E1e(m)*

Er = —229.630 hartrees
LP.=10.74 eV

pn=097D
(a1)*(@1)*(b2)*(a1)?(b2)*(as)?
(a1)°(b2)*(a1)*(b2)*(bs(m))?
(a)?(b2)*(by(m)*(ax(m))?

LCAO-MO-SCF plus CI; 180 Gaus-
sian lobe functions, contracted to 48
groups for the SCF study; CI involv-
ing multiple excitations of the -
MO’s is carried out.

The theoretical spectrum is compared
with experimental results and the
results of other calculations.

SCF-MO-LCFO; 36 FSGO basis,
determined in molecular fragment
studies.

Discussion of electronic structure, com-
pared to other procedures, is given.
The aromaticity of benzene is discus-
sed.

A variety of one-electron properties
are calculated, and their accuracy
assessed.

LCAO-MO-SCF; same basis set as
described for benzene.

Molecular orbital structure and charge
distribution {via a Mulliken popu-
lation analysis (Mulliken, 1932, 1935,
1949, 1955, 1962)] are discussed.



SPE

2,3-Dimethylene-
cyclobutene
(sz)

|

Trimethylenecyclo-
propane

(D3s)

A

Dewar benzene
(Czv)

A}

42

42

42

Christoffersen
(1971)

Praud et al.
(1968)

Christoffersen
1971)

Christoffersen
1971)

Christoffersen
1971)

E; = —197.23617 hartrees
LP.=4.34¢V
(a:)*(a1)%(b2)%(a1)*(b2)*(a,)?
(a1)’(b2)*(ar)*(bz)*(as)?

(b1 (m))*(b2)*(by(m))*(ax(m))*

Eq = —229.576 hartrees
LP.=11.02 eV

p=0.56D
(a)*(b2)*(as)*(ar)*(b2)*(a,)?
(b2)*(a1)*(b2)*(a,)*(bs(m)*
(b2)*(a1)*(a2(m)*(b(m))?

Er = —107.15547 hartrees
ILP.=491¢eV
(a1)%(b2)*(ar)*(a,)*(b2)*(b,)?
(21)%(a1)*(b2)*(a1)*(b1(m))?
(b2)*(a1)*(az(m))*(bs(m)?

Er = —197.01341 hartrees
LP. =548 ¢V

(@) () *(a)?(e)*(a)(e)*
@)@ (@)Y (e"(m)*

Er = —196.78401 hartrees
ILP.= 149 ¢V
(a1)*(b1)?(b2)*(a1)*(az)*(b2)?
(a,)*(b1)*(a1)*(b;)?(b2)*(a2)*
(@)*(b))*(a,)?

SCF-MO-LCFO; same basis set as
described for benzene.

Discussion of the electronic structure
is given, and comparisons are made
to other procedures and other
molecules (e.g., benzene).

The aromaticity of fulvene is also dis-
cussed.

LCAO-MO-SCF; Same basis set as
described for benzene. Molecular
orbital structure and charge distri-
bution [via a Mulliken analysis
(Mulliken, 1932, 1935, 1949, 1955,
1962)] are discussed.

SCF-MO-LCFQ; same basis set as
described for benzene. Discussion is
similar to that for fulvene and
benzene.

SCF-MO-LCFOQ: same basis set as
described for benzene.

Discussion is similar to that for fulvene
and benzene.

SCF-MO-LCFO; same basis set as for
benzene, except at bridging carbons,
where FSGO from methane frag-
ments were employed.

Discussion is similar to that for benzene
and fulvene.

(continued)
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No. of
Molecule electrons References Properties®© calculated Comments
Borazine 42 Peyerimhoff and E«(SCF) = —240.8970 hartrees LCAO-MO-SCF + Cl1; same basis set
(Din) Buenker (1970) LP.=11.87eV as for the benzene study.
(a1)?()(ar)2e)*(e)* Contour diagrams of various MO’s are
| (a2")*(a,)*a"(m)*E)* given, and the charge distribution is
By € (m)* discussed.
é }13 CI involving the 7 MQ’s was carried
IENNTTS out, and the low-lying states were
' identified, along with estimates of the
energy separations.
Pyridine 42 Clementi Ex= —245.62194 hartrees LCAO-MO-SCF; 111 GTO, contrac-
(Csy) (1967a) LP.=12.17 eV ted to 35 functions for the SCF study.
(a1)%(@1)*(b2)*(a1)*(by)*(a,)? Discussion of the molecular orbital
= (b2)*(a1)%(b2)*(ay)*(by(m))* structure and charge distribution is
- | (b2)*(a)*(bi(mM)*(ax(m))? given, including a Mulliken popula-
N tion analysis (Mulliken, 1932, 1935,
1949, 1955, 1962).
Comparison between pyrrole and pyri-
dine is made.
GTO’s obtained from atomic cal-
culations.
Petke and Er = —246.3265 hartrees LCAO-MO-SCF and hybrid orbital
Whitten (1969), LP.=11.05¢eV study. 175 component functions,
Petke et al. p=261D contracted to 41 functions for the

(1968)

(an)z(al)z(bz)z(a1)2(b2)2(ax)2

SCF study.



42

Genson and
Christoffersen
1971)

Clementi
(1967b)

(b2)*(a;)*(b2)*(a;)*(bs(m))*
(b2)*(ar)*(bs(m)*(a-(m))*

Eyr= —210.47796 hartrees
LP.=6.33 eV
(a)*(a1)%(b2)*(a1)*(bz)*(a)?
@1)?(b2)?(b2)*(a1)*(bs(m))?
(b2)2(bs(m))*(a,)*(a(z1?

Et = —261.55432 hartrees
ILP.=12.01 eV
(a1)%(a,)*(b2)*(ar)(b,)*(a,)*
(b2)*(a1)*(b2)*(bs(m))? (b2)?
(a,1)%(b1(m)*(@2(m)*(a,)?

Comparisons of the adequacy of basis
sets of hybrid orbitals with SCF
calculations are made.

The lone pair MO (highest a,) is de-
localized, in opposition to the result
of Clementi (1967a).

SCF-MO-LCFO; 36 FSGO basis, de-
termined in molecular fragment
studies;

Discussion of the molecular orbital
structure and charge distribution is
given.

LCAO-MO-SCF; 108 GTO, contrac-
ted to34 functions for the SCF study.

GTO’S obtained from atomic calcula-
tions.

The HOMO is a lone-pair MO.

The two lone-pair MO’s appear to be
quite different in character.

Discussion of the molecular orbital
structure and charge distribution is
given, including a Mulliken analysis
(Mulliken, 1932, 1935, 1949, 1955,
1962).

Comparisons to pyridine are given.

Orbitals are labeled from C,v point
group instead of D,h.

(continued)
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TABLE 1—Continued

Properties® < calculated

Comments

No. of
Molecule electrons References
Pyrazine 42 Petke et al.
(continued) (1968),
Petke and
Whitten (1969)
1,3,5-trans-Hexa- 4 Christoffersen
triene (CsHg) (1971)
(Czn)
Cyclohexane 48 Hoyland (1969)
(CGHIZ)

Ex = —262.25466 hartrees
LP.=11.97 eV
(al)z(blu)z(qu)z(ag)z(ng)z
(a')z(bzu)z(bl||)2(b2v.\)z(b’.in(7r))2
(b3:)2(b1u)z(bZz('”»z(az)z
(big(m)?

Er = —198.14464 hartrees
1.P.=4.03 eV
(a,)%(by)?(ag)*(bu)(a;)*
(bu)?(ap)*(bu)*(by)*(ap)?
(2)*(bn)*(ag)*(au(m))?
(b(m))*(au(m)?

Ey(chair) = —232.910588

hartrees
E(twisted boat) = —232.90054
hartrees
Ex(boat) = —232.899136
hartrees

LCAO-MO-SCF; 170 component func-
tions, contracted to 40 functions for
the SCF study.

Comparisons with calculations using
hybrid orbitals as basis orbitals are
made.

The HOMO is found to be a = MO, in
contrast to the Clementi (1967b) resulit.

SCF-MO-LCFO; same basis set as for
benzene; discussion is similar to that
for benzene and fulvene.

LCAO-MO-SCF; 120 GTO, contract-
ed to 36 orbitals basis for the SCF
study.

The transition energy required to go
from the chair to the boat form was
calculated to be 11.22 kcal/mole.
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Formic acid dimer 48
(HCOOH),

Water pentamer 50
(H,0)s

Clementi et al.
(1971)

Del Bene and
Pople (1969)

LP.~ 133 eV

AE(C5s) = —0.084769 hartrees
AE(asymmetric) = —0.092822
hartrees

LCAO-MO-SCF; variety of contract-
ed GTO bases used to test sensitivity
of results to basis set choice.

Potential curves for single and coupled
motion of hydrogen bonded protons,
using a 9/5 basis:

C,0: 9s-type GTO
5 p-type GTO per

component

H: 4s-type GTO

Orbital energies of the dimer are com-
pared with those for the separated
monomers.

A double well potential curve is ob-
tained for coupled motion of the two
hydrogens.

LCAO-MO-SCF; same basis set as for
water tetramer calculation.

AE = interactionenergy = E(polymer)
— E; (separated monomers).

Both polymers have a planar structure
for the oxygen atoms, and a chain
of OH---OH--- OH hydrogen bonds
around the ring.

Cyclic polymers are found to more
stable than open chain polymers.

A pentamer structure similar to ice I
was also investigated and found to be
only slightly more stable than four
isolated H-bonds.

(continued)
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TABLE |—Continued

Molecule

No. of

electrons References

Properties®c calculated

Comments

Urazole
(C.N:H;30,)
(CZV)

Cytosine
(C.N;H;0)

NH,

oAy

52 Kramling and
Wagner
(1969)

58 Mely and
Pullman (1969),
Pullman et al.
(1970)

Er= —338.21540 hartrees
IP.=10.99 eV
(a)%(b,2)*(ar)? (a1)*(b2)?
(b2)*(a1)?@1)?(b:1(@))*(bz)*
(a1)*(a,)*(a2(m)*(b2)*
(b1(m))*(a1)*(b2)*(by(m))*
(@:(m)*

LP.=9.79 eV

pn=676D
(0)*(0)*(0)*(0)*(0)*(0)*(0)*
(0)*(0)*(0)*(0)*(0)*(m)*(0)*
(@*(0)*(m)*(0)*(m)*(a)*(n)?

LCAO-MO-SCF; 121 GTO, contract-
ed to 38 functions for use in the SCF
procedure.

Discusses the electronic structure of
the urazole anion and cation as well.

Discusses the charge distribution via
electron density contours and the
Mulliken population analysis (Mulli-
ken, 1932, 1935, 1949, 1955, 1962), as
well as the validity of o—= separation.

Comparisons are also made to the
electronic structure of pyrrole.

LCAO-MO-SCF; ‘““molecule-calibrat-
ed” basis set, consisting of 95 GTO,
contracted to 45 functions for the
SCF study:

C, N, O: 1s =3 contracted GTO
2s =1 GTO
2p = 2 contracted GTO
per component
H: 1s =3 contracted GTO

Molecular orbital structure is discussed,
and a Mulliken population analysis
(Mulliken, 1932, 1935, 1949, 1955,
1962) is carried out. Electron density
contours are also given.
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Water Hexamer

(H:0)6

60

Clementi et al.
(1969)

Del Bene and
Pople (1969)

Er = —390.93564 hartrees
LP.=8.83 eV

p=2640D
(0)2(0)*(0)*(0)*(0)*(0)*(0)?
(0)%(0)*(0)*(0)*(m)*(0)*(0)?
(M) (M) (@) (o) (1)*(7)*

AE(Cé) = —0.102926 hartrees
AE(Ss) = —0.114795 hartrees
AE(D3p) = —0.041295 hartrees
AE(chair) = —0.106385 hartrees

LCAO-MO-SCF; 143 GTO basis,
contracted to 45 functions for the
SCF study. GTO basis taken from
atomic calculations.

C,N, O: 1s =5 contracted GTO
2s = 2 contracted GTO
(s-type)
2p=3 contracted GTO
(p-type) for each
component
H: 1s = 3 contracted GTO
(s-type)

Discussion of the electronic structure is
given, including a Mulliken popula-
tion analysis (Mulliken, 1932, 1935,
1949, 1955, 1962).

LCAO-MO-SCF; same basis set as for
water tetramer.

AE = interaction energy = E(poly-
mer)-E¢ (separated monomers).

Most stable form of the hexamer (S)
has alternate external hydrogens
above and below the oxygen plane.

Chair form is similar to that of ice L.

(continued)
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TABLE {—Continued

No. of
Molecule electrons References Properties®< calculated Comments
Water Hexamer 60 Sabin et al. AE,(Ice I) = —0.09211 hartrees LCAO-MO-SCF; several basis sets

(H;0)6
(continued)

(1970)

AE;(Dss) = —0.10710 hartrees used:
Basis Set No. 1:
1 GTO/AO = 42 basis orbitals
Basis Set No. 2:
132 GTO, contracted to 42 func-
tions for the SCF study:
O: 7 s-type GTO, contracted to
two s-type functions.
3 p-type GTO (for each com-
ponent), contracted to 1 p-
type function.
H: 3 s-type GTO, contracted to
1 s-type function.
Basis Set No. 3:
Atomic Hartree-Fock basis [a
(10, 5, 5) basis].

Examined the planar hexamer, and an
ice I-like puckered configuration.

AE = interaction energy = Ex(poly-
mer)-Er (separated monomers).

The subscript on AE refers to the basis
set used.

For Basis No. 1, both cyclic hexamers
are unstable, relative to six mono-
mers.

For Basis No. 3, the planar hexamer is
unstable, relative to six monomers.
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C,Fs 66

Thymine 66
(CsN:H60,)
(o]
~ CH,

Newton et al.
(1969)

Mely and
Pullman
(1969),

Pullman et al.

(1970)

Clementi et al.
(1969)

Snyder et al.
(1970)

E+(STO-3G) = —663.05394
hartrees

Ex(STO-4G) = —667.75554
hartrees

LP.=10.16 eV

uw=422D
(0)2(0)*(0)*(0)*(0)*(0)*(0)?
(0)%(0)*(0)*(0)*(7)*(0)*(0)?
(m2(0)*()(m)*(0)*(0)*(0)?
(0)X(m)*(m)?

Er= —449.59107 hartrees
LP. =10.54 eV
p=329D

Er = —446.790 hartrees
LP.=8.6¢eV

p=3.450D
(0)*(0)*(0)*(0)*(0)*(0)*(0)?
(0)*(0)(0)(0)*(7) (o) (w)?
(0)*(0) (o)X (m)*(0)*()*(0)?
(@) (m)?

LCAO-MO-SCF; minimum STO basis,
with each STO represented by
K-GTO. The cases of K= 3, 4 are
examined.

Atomization energies are reported.

Comparisons with semiempirical pro-

cedures are given.

LCAO-MO-SCF,; basis set chosen in
same manner as for cytosine.

Discussion is similar to that for cyto-
sine.

The labeling for ¢ and =-orbitals is not
strictly correct, due to the CH;
group.

LCAO-MO-SCF; basis set chosen in
same manner as for cytosine.

Discussion is similar to that for cyto-
sine.

Symmetry of MO’s relative to approxi-
mate ¢ and s orbitals is not given.

LCAO-MO-SCF; Minimum AO basis
(51 functions), obtained from a con-
traction of a set of 138 GTO.

C,N, O: 1s, 2s = 4 s-type GTO.
2p =2 p-type GTO
for each
component.
H: 1Is =2 s-type GTO.

(continued)
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Molecule

No. of

electrons References

Properties®¢ calculated

Comments

Thymine
(CsN:Hs02)
(continued)

Naphthalené
(Ci0Hs)
(Dzn)

66 Synder
et al.
(1970)

68 Preuss (1968)

Buenker and
Peyerimhoff
(1969)

I.P.=3.8¢V
(equal bond lengths)
LP.=45¢eV
(experimental geometry)

E; = —382.7883 hartrees
ILP.=9.20 eV
(25)*(D32)*(b20)(a)*(b1)* (b30)
(b2u)2(ax)2(b1l)z(bBu)z(ax)z(blu)z

GTO’s obtained from atomic calcula-
tions.

Calculations were also reported for
two anions related to thymine, with
protons at each nitrogen removed,
respectively.

Detailed discussion of the electronic
structure and charge distribution is
given, including a Mulliken popula-
tion analysis (Mulliken, 1932, 1935,
1949, 1955, 1962).

Discussion of several excited states is
also given, using CI techniques.

LCAO-MO-SCF: 40 GTO

Some nonlinear parameters chosen
from ethylene calculations, and
others chosen arbitrarily.

Some interspersing of o- and m-orbitals
was reported.

Total energy and molecular orbital
structure were not reported.

LCAO-MO-SCF; Basis set consists of
140 s-type and 150 p-type Gaussian
lobe functions, contracted to 68
groups for the SCF study.
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Christoffersen
(1971)
Azulene (C;oHjg) 68 Buenker and
€20 Peyerimhoff
(1969)
Christoffersen
(1971)

(at)z(bl g)z(bSu)z(qu)z(bl u(ﬂ'))2
(b30)%(b15)*(@5)* (b24(m))?
(b3g(m)*(b1u(m)*(au(m))*

Er= —328.109695 hartrees
ILP.=420eV
(25)*(b3u)*(b20)(24)*(b10) *(b3u)*
(b20)*(a) %(b14)*(b30)*(a)*(b3u)*
(@9)*(b15)*(b3u)*(b24) (b1u(m))
(03.)*(@9)*(b14)*(b24(m)*
(b3¢(m)*(b1u(m))*(au(m))*

E;= —382.7082 hartrees
ILP.=8.26¢eV
(a1)*(a1)*(b2)*(a,)*(b2)*(a,)?
(b2)*(a;)*(a1)?(b2)(as)*(a,)?
(b2)(b2)*(a,)*(ar)*(b2)*
(b1(m))*(b2)*(a1)*(bs(m))?
(a2(m)*(by(m)*(ax(m))?

Er = —327.96566 hartrees
LP.=3.53 ¢V
(a1)*(a1)?(b2)*(a1)*(b2)*(a1)*(b2)?
(2,)%(a,)%(b2)*(21)*(a1)*(b2)*(b2)?
(a1)*(b2)*(a,)%(b,(m)*(b,)*(a,)?
(b1(m))*(a2(m))*(br(m))*(ax(m)*

Comparison of molecular orbital struc-
ture with azulene is given, and an
analysis of the charge distribution is
carried out.

LCFO-MO-SCF; 60 FSGO basis set;
basis orbitals obtained from study of
the .CH; molecular fragment.

Discussion of the electronic structure
is given, and comparisons are made
to azulene fulvalene.

The concept of aromaticity is also dis-
cussed, using the molecular orbital
structure.

The relative stability of various isomers
is discussed.

LCAO-MO-SCF; same basis set as for
naphthalene.

Discussion is similar to that concerning
naphthalene.

LCFO-MO-SCF; same basis set as for
naphthalene.

Discussion is similar to that concerning
naphthalene.

(continued)
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No. of
Molecule electrons References Properties®¢ calculated Comments
Fulvalene (C,oHjg) 68 Christoffersen Ey = —327.89342 hartrees LCFO-MO-SCF; same basis set as for
(D3n) (1971) 1.P.=4.38 eV naphthalene.
(@) %(b34)%(a)*(b20)%(b1)%(b3,)? Discussion is similar to that concerning
(a9)%(b24)?(b1)?(b3u)?(a,)?(bsu)? naphthalene.
Q—O (b24)?(b1,)*(ag)?(b2u)*(ag)X(b3.)?
(b1u(m)? (b1 (b2e(m))?(b1(7))?
(bsg(m)*(au(m))*
Adenine (CsNsHj) 70 Mely and I.P.=941eV LCAO-MO-SCF; basis set chosen in
Pullman (1969), p—=2.83D same manner as for cytosine.
NH, Pullman et al. (@)%(0)*(0)*(0)*(0)*(0)*(0)? Discussion is similar to that for
(1970) (0)2(0)(0)*(a)(0)*(a)*(m)*? cytosine.

N N\
SN ee

trans-Decapentaene 72
(Cl OH 1 2)

Clementi et al.
(1969)

Christoffersen
(this chapter)

(0)*(0)(0)(m) () (0)*(a)?
(m)*(0)(0)*(m)*

Er = —462.55284 hartrees
LP. =998 ¢V

p=261D
(0)%(0)*(0)*(0)*(0)*(0)*(0)?
(0)*(0)*(0)*(0)*(0)*(0)*(m)?
(0)2(0)* (o) (m)2(m) (o)X (7)?
(0)2(m)*(0)*(m)?

Er= —329.68292236 hartrees
ILP.=3.55eV
(a5)*(b.)*(a,)*(bu)*(a.)*(b.)*(a,)?
(bu)(b,)*(a,)*(bu)?(a,)%(b,)*(a,)*
(a)%(b,)*(b,)*(a,)*(az)*(b,)*(a,)*
(ay(m))*(be(r))*(au(m))*(by(m))?
(a,(m))?

LCAO-MO-SCF; basis set chosen in
same manner as for cytosine.

Discussion is similar to that for
cytosine.

LCFO-MO-SCF; 60 FSGO basis set.

Basis orbitals found by study of -CH3
fragment.

Discussion of the electronic structure
is given, relative to naphthalene
isomers.
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Guanine 78 Clementi et al. Er = —537.13942 hartrees
(CsNsH;0) (1969) I.P.=9.11eV
0o u=694D
N H (0)*(0)*(0)*(0)*(0)*(0)*(0)?
X N~ (6 (cY*(c)*(0)*(0) o) (o)
i, P (m(0)H(0) (70} (o) (m)?
NT N7 CNH, (0)2(m)*(m)*(0)*(m) (o) (m)?
H
Cytosine-guanine 136 Clementi et al. LP.~7.89 eV
base pair: (1971)
(CsNH,002)

LCAO-MO-SCF; basis set chosen in
same manner as for cytosine.

Discussion is similar to that for
cytosine.

LCAO-MO-SCF; 334 GTO, contract-
ed to 105 functions for the SCF study
C, N, O: 7-s type functions
3 p-type functions
per component
H: 3 s-type functions
Seven different H,; positions were
examined.
Eight different H, positions were
examined.
Eight different H; positions were
examined.
Potential curves for each hydrogen
motion are reported.
No double well observed for single
proton motion.
HOMO of dimer is a m-type MO.
Orbital energies for the guanine-cyto-
sine pair are compared with those of
separated guanine and cytosine.

4 The survey is intended to include all papers appearing during 1970 and previously. A few articles from 1971 have also been

included. Any additions or corrections to the table would be welcomed.
¥ I.P.=First ionization potential [from Koopmans’ theorem (1933)].
¢ Only valence shell molecular orbital structure is given.
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approximate Hartree~Fock level. These are very important beginnings,
however, since they represent the first ab initio studies on large systems that
relate to important topics such as solvent effects and other areas involving
intermolecular forces.

Examination of these studies reveals that the various methods that have
been employed can be classified in terms of three different approaches to
the choice of basis set. The first approach, employed by Lipscomb and
co-workers (Switkes et al., 1970a, b; Epstein et al., 1970, 1971), uses
STO’s directly as the basis orbitals of the calculation. These orbitals can be
defined as

\Pnlm(r9 0; (P) = Nrn_ le—Cr Ylm(67 (P)s (1)

where the Y,,(8, ¢) can be employed either in their real or complex form,
N is a normalization constant, and { is the ““ orbital exponent >’ which must
be chosen. Since the values of the orbital exponents often vary rather sub-
stantially from atomic to molecular systems, the values chosen for molecular
computations are usually obtained by direct optimization in small proto-
type molecules. The advantages of such a basis-set choice are clear, since
an exponential function is the correct solution for the hydrogenlike atoms,
and a wealth of information on small molecules is available concerning the
accuracy to be expected when an STO basis of a given size is employed.
The difficulties of such a basis-set choice are also well known, and are
centered around the problems associated with the evaluation of electron
repulsion integrals in which basis orbitals on more than two centers
are involved. That calculations on large polyatomic molecules are
being carried out indicates that progress is being made in this area, but
major obstacles remain. First, most available programs are restricted to the
use of s- and p-type STO’s only. However, of greater concern is that the
accuracy which is usually tolerated as a compromise between economics
and the mathematical state-of-the-art of integral evaluation is often of
marginal acceptability. For example, if integrals are calculated to five
decimal place accuracy (Switkes et al., 1970a, b), and the magnitude of the
total energy of the molecules is of the order of 100-500 hartrees, then
energetic differences only of the order of 0.01-0.09 hartree (6.3-56.4 kcal/
mole) can be discerned. This also assumes that no numerical differencing
problems arise in any other phase of the calculation (e.g., the formation and
diagonalization of the Fock matrix). Consequently, the calculation of
properties dependent upon differences in total energy (e.g., studies of
various conformers and isomers, and transition states) will be severely
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hampered until greater accuracy can be obtained routinely for these
integrals.

The second approach avoids the integral accuracy problem by the
introduction of Gaussians as basis orbitals. These orbitals can be defined as

gnlm(ra 0’ q’) = Nrn—le-ar2 Ylm(g’ (P)’ (2)

where the Y,,,(0, ¢) are the spherical harmonics referred to earlier, N is a
normalization constant, and « is the ““ orbital exponent.” The immediate
advantage that accompanies this choice of basis set is that the troublesome
electron repulsion integrals can all be evaluated in closed form (Boys,
1950), and the question of numerical accuracy of individual integrals is no
longer present. However, since these orbitals are not the solution to any
prototype atomic problem, questions such as how many orbitals, what kind,
and what orbital exponents should be chosen, become of major concern.

These questions have been attacked by several different groups (Cle-
menti and Davis, 1966; Hehre et al., 1969; Huzinaga, 1965; Schulman and
Moskowitz, 1967; Schulman et al., 1967, Whitten, 1966) although the
major emphasis is similar in each case. To begin with, the data manage-
ment and numerical difficulties associated with the use of each Gaussian
as an individual basis orbital have caused most studies to be carried out
using *“ contracted ”” Gaussian type orbital (GTO) basis sets. However, the
basic assumption underlying each of these methods is that, since STO’s
placed on the various nuclei have provided satisfactory basis sets for small
molecules, the Gaussian basis ought to be chosen so that it also resembles
an atomic orbital basis set. This procedure consists of consideration of
a group of GTO’s as a separate entity (i.e., a single orbital),

'7:=Zlcﬁgi’ i=1,2,....,N ©)

where the g; are members of the GTO basis, and the contraction coefficients
c;; (and orbital exponents of the g;) are chosen in separate studies. Conse-
quently, the SCF problem typically is reduced considerably in magnitude,
since the number of contracted orbitals () is usually much less than the
number of “ primitive” GTO’s (} ; P;). The particular method of choosing
the contraction coefficients and orbital exponents as well as the form of the
g; is where the approaches differ somewhat.

In studies by Pople and co-workers (Hehre et al., 1969), the 5, are used
strictly as least-squares mathematical approximations to STO’s. They have
investigated the number of GTO’s that are needed per STO in order to
achieve essentially the same results (e.g., for geometric predictions) as when
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a minimum basis set of STO’s is used directly. In the basis sets employed by
Clementi and others (Clementi and Davis, 1966; Schulman and Mos-
kowitz, 1967; Schulman et al., 1967), the n; are also meant to be representa-
tions of STO’s, but are usually optimized by means of calculations on
atomic systems. The basis sets employed by Whitten (1966) and others
differ primarily in the choice of the basis functions g;, where “lobe
functions™ are used as the basis set. In these calculations, the g; may
themselves be linear combinations of GTO’s. However, regardless of the
particular method employed, the contraction of the original GTO basis has
been an essential ingredient in making the calculations viable.

A third approach has been employed by the current author and
co-workers (Christoffersen, 1971; Christoffersen et al., 1971a,b; Maggiora
et al., 1971; Shipman and Christoffersen, 1971) and by Preuss and co-
workers (Diercksen and Preuss, 1966, 1967; Janoschek and Preuss,
1967; Janoschek et al., 1967; Preuss, 1968; Preuss and Diercksen, 1967).
In this approach, the notion that GTO basis sets must be chosen to mimic
exponential orbitals based on nuclei is abandoned, and alternative pro-
cedures are chosen. The major departure in these procedures consists in
allowing the Gaussians to be placed at points of space other than on
nuclei (e.g., in bonding regions). Preuss and co-workers have used a
variety of techniques to choose the position and orbital exponent of the
various Gaussians, including direct optimization on the molecule of
interest, transference of parameters from other molecules, and the arbitrary
assignment of parameters.

In the following section, another approach that appears to hold some
promise for large molecules is described, which attempts to systematize the
choice of position and orbital exponent of the basis Gaussians by means of
optimization studies on molecular fragments.

I1l. Molecular Fragment Approach

One of the benefits of the large number of studies that have been
carried out on small molecules is that it has been confirmed that, in
practice as well as in principle, the role that electronic and geometric
structure play in determining the chemistry of a molecule can be extracted
from a sufficiently accurate solution of the Schrédinger equation. Perhaps
more interesting, however, are the observations that the prediction of many
properties of interest may be made with satisfactory accuracy using very
approximate wavefunctions (see Allen and Russell, 1967, and other
references contained therein; Freed, 1968; Geratt and Mills, 1968; Hall,
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1961; Stanton, 1962). Recent efforts in this laboratory have been directed
toward exploiting these observations to investigate whether the techniques
of ab initio quantum mechanics can be modified or reformulated to include
consideration of large molecules.

In order to place in perspective the description of the method to
follow, it is appropriate first to consider the goals that were sought for a
method that was to be applicable to large molecules:

(1) 1t should be an ab initio procedure, applicable in a practical
manner to systems containing <200 electrons, and <75 nuclei.

(2) 1t should be capable of easy modification for improvement of
accuracy. This implies that accuracy improvements should be possible
without having to discard or substantially aiter the framework of the
approach.

(3) It should be possible to describe and interpret the results in terms of
concepts useful and understandable to other chemists, i.e., it should
reflect a high degree of chemical intuition.

(4) It is desirable, but not essential, that the method be capable of
describing all molecular properties of interest with equal and acceptable
accuracy. However, the self-evident desirability of such a capability must
be carefully weighed against the effort needed to attain it using currently
available theoretical and computational techniques. In fact, it appears that
the previous assumption made by quantum chemists that this could be
achieved only through very accurate wavefunctions has probably been a
significant barrier in the development of ab initio computational techniques
that can be applied to large molecules. In addition, this type of *“dogma
does not take into account the fact, noted earlier, that many properties can
be predicted with acceptable accuracy by the use of a very crude approxi-
mation to the true wavefunction.

A. Description of Molecular Fragments

The first step in the method consists of examination of small mole-
cules or molecular fragments that appear in larger systems. The intent is to
obtain an adequate description of the electron distribution in these frag-
ments using as small a basis set as possible, but not restricting the basis
orbitals to lie on nuclei. Of course, many criteria are possible for judgment
of the adequacy of the fragment description. In this approach, some con-
sideration is given to the energetics of the various fragment descriptions,
but it should be stressed that the ultimate decision as to the acceptability of
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a fragment description is obtained by an examination of small- and medium-
sized prototype molecules containing the fragment.

The first possibility that has been explored for the description of mole-
cular fragments involves a slight generalization of a method suggested and
developed by Frost and co-workers (Chu and Frost, 1971 ; Frost, 1967a,b,
1968a,b; Frost and Rouse, 1968; Frost et al., 1968; Rouse and Frost,
1969). In this procedure, normalized, floating spherical Gaussian orbitals
(FSGO) are used as the basis orbitals, and both the location and size of the
FSGO are varied until the energy is minimized. The FSGO are defined as

Gyr) = (2"/1’:'2)3/4 exp{—(r — Ri)z/piz b C))

where p; determines the size of the FSGO (and is often referred to as the
orbital radius), and R, is the location of the FSGO, relative to some
arbitrary origin. It is of interest to note that, in the absence of symmetry,
there are four nonlinear parameters to be determined for each FSGO. This
restricts the practical utility of the procedure to descriptions involving only
a relatively small number of FSGO. For molecular fragments that consist
of a closed-shell system of 2N electrons, the trial wavefunction is taken to
be a single, normalized Slater determinant of doubly occupied, nonortho-
gonal orbitals, i.e.,

¥, 2, ..., 2N)
= {[(2N)!] det A}~1/2 det{y;(Da(1) 1, (2)B2) - - xn(2NIBQRN)},  (5)
where
(A)ij = j Xi*Xj dv. (6)

In some of the studies, y; will be taken to be a single FSGO. In other
studies, a ““split FSGO” description will be used, in which a linear com-
bination of two FSGO is used for a given ;. In this case, both the linear
and nonlinear parameters are included in the parameter variations. How-
ever, neither of these choices represent restrictions on the method, but
rather, are convenient for initial investigations. In fact, they illustrate the
ease with which the procedures can be modified to improve the accuracy
of the description, if needed.

The other type of molecular fragment that arises contains a single
unpaired electron, and the trial wavefunction for this open-shell system is
taken to be

W(1,2,...,2N + 1) = {[(2N + 1)!]det A}~/

det{y,(Da(1) - - tw(N)BCN)xn+ (2N + DGR (D
where the (N + 1)st orbital may have either « or § spin.
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The general expression for the nonrelativistic electronic energy that
results from these choices of trial wavefunctions can be written as

N+P

E°‘=2.Zl<i|h|i> —0p N +1|h|IN +1)

N+P N
+ ,Zl _;{2(1711']') —<ijliD), 8)

where
pl0 for the 2N-electron case, ©)
B for the (2N + 1)-electron case,
al} .
=—iv:= } ZJr,. (10)
a=1
and
<jlkty = [[ o2 Do ris 04Q)o(2) dv, dV,, (1)

where o, is a member of an orthonormal basis set. The current method uses
a nonorthogonal basis set %, which can be transformed into an orthonormal
basis set © by means of

Q=yA 12, (12)

A list of the molecular fragments that have been found to be useful in the
description of molecules consisting of C, N, O, F, and H nuclei is given in
Table II. Several comments are appropriate regarding the entries in
Table II. First, it is interesting to note that only a relatively small number of
molecular fragments are needed in order to form an enormous number of
molecules of interest to chemists. Second, the number of independent non-
linear parameters that must be varied is reasonable and tractable in each
case. However, it should be noted that simple extension of this notion to
large molecules is not possible, since the simultaneous determination of both
linear and nonlinear parameters for a large molecule of low symmetry is
not a viable possibility at this time.

Third, it is not necessary that the molecular fragments correspond
to actual stable molecular species, since they are merely useful constructs
that approximately describe a variety of anticipated molecular environ-
ments. In fact, the purpose of the hydrogen atoms in these fragments is
only to allow determination of the basis-set parameters in a polarized
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TABLE 11

MOLECULAR FRAGMENTS OF INTEREST

*“ Nonsplit™ “Split >
Description Description®
Molecular fragment Common No. of No. of No. of No. of
use FSGO independent FSGO independent
nonlinear nonlinear
parameters parameters

Saturated
CH, (tetrahedral) hydrocarbons 5 3 6 5
+CH; (planar) Unsaturated

hydrocarbons 6 5(4) 7t 7(6)
{NH; (tetrahedral)  Amines 5 6 6 8
:NH; (planar) Amides,

pyrrole 6 5(4) 7 7(6)
*NH, (planar) Pyridine 6’ 87 7° 10(9)
*NH;* (planar) Pyridinium ion 6" 5(4) 7° 7(6)
NH,* (tetrahedral) Ammonium salts 5 3 6 5
H,0 (bent) Ethers, alcohols 5 7(6) 6 9(8)
*OH (sp?) Carbonyls 6* 9(7) 7° 11(10)
H,O (sp?) Furan 6 87 7° 10
H;*O (planar) Hydronium ion (Y 5(4) 7 7(6)
HF (tetrahedral) Fluorides 5 6(5) 7 8(7)

“ This description corresponds to the use of two FSGO for each inner shell x; on
heavy atoms (C, N, O, F). An alternative or additional description can be obtained by
““splitting** lone-pair orbitals.

b These fragments employ the =-orbital description of Eq. (13).

environment, similar to that expected in the large molecule. Consequently,
the bond distances and angles chosen for the fragment studies do not
necessarily correspond to the values observed for the actual molecule.

Finally, in some of the molecular fragments of interest, orbitals appear
which will become n-type orbitals in larger molecules. The particular choice
for these orbitals is

G, = [2(1 = ADI"VX(G, — Gy, (13)
where G, and G, are FSGO that are symmetrically placed above and below

the central atom, on a line perpendicular to the plane of atoms. The choice
of CH distance that has been found convenient for fragments containing
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these orbitals can be illustrated for ‘CH;, in which the following procedure
was used:
Re-c(C,H,)

Rey(*CH3) = R H,) » ——————
cu 3) cu(CH.) Roc(C,Hy)

In the determination of optimum parameters for fragments containing
n-type orbitals, (e.g., ‘CH;), a computational difficulty arises. If free
variation of all parameters is allowed, the FSGO describing the n-orbital
will coalesce onto the central atom (Frost, 1967b). Consequently, these
FSGO positions need to be chosen using other considerations. After
examination of several possibilities (Christoffersen et al., 1971a), it has been
found that a placement of these FSGO at 0.1 bohr above and below the
plane of the -CH; fragment provides a satisfactory compromise between
the minimum-energy criterion and the linear-dependence problem. This
choice has also been suggested by Frost (1967b).

The optimum parameters for several of the molecular fragments are
given in Table 111, and the details of the energy-minimization procedure

TABLE 1ll

OPTIMIZED MOLECULAR FRAGMENT DATA®

Distance from the Molecular

Fragment Orbital radius (p) heavy atom parameters
CH, (tetrahedral) pcn = 1.67251562 1.23379402 Rey=  2.05982176
pec = 032784375 0.0 E = —33.98985962
*CHj; (planar, sp?) pca = 1.51399487 1.13093139 Rcu=  1.78562447
pc = 0.32682735 0.0 E = —33.39001656

p==1.80394801 410.1
NH; (tetrahedral)  pnu = 1.52791683 0.87735349 Ryp=  1.91242167
pn = 0.27732014 0.00099090" E= —47.46744156
pL.p. = 1.58328000 0.25523498

*NH; (sp?) pnu = 1.43795015 0.89783593 Ruu=  1.75153951
pn = 027701574 0.00089020° E= —47.01983881

pr.p. = 1.51385733 0.30432616

pr = 1.35806635 0.08571429
NH; (planar) pnu = 1.50617853 0.95498776 Ruu=  1.93131910
pn == 027832598 0.0 E= —47.46552515

Pz = 1.50765136 0.08571429

¢ See Shull and Hall (1959). All distances and energies in this paper are reported
as unscaled quantities using hartree atomic units.

b This position is along a line including the lone pair and the nitrogen atom, and is on
the hydrogen side of the nitrogen atom.



366 Ralph E. Christoffersen

have been described earlier (Christoffersen et al., 1971a). The entries in this
table correspond to what is believed to be the optimum fragment descrip-
tion for the “ nonsplit > basis set of one FSGO for each pair of electrons
(with the exception of the n-type orbitals). As indicated earlier, the choice
of these particular fragment descriptions was made on the basis of calcula-
tions carried out on prototype molecules, assembled from these fragments.

Further details of the characteristics of the various fragment choices
will be given in later sections. However, it should be reiterated at this point
that one of the distinguishing characteristics of this procedure is that a
deliberate attempt has been made to avoid using the Gaussian basis as one
which somehow mimics the behavior of STO’s. In addition, the potential
field in which the basis orbitals are determined is a molecular field (as
opposed to the use of atomic calculations for this purpose), with hydrogen
atoms serving as an approximation to the environment expected when new
bonds are formed.

B. Large Molecule Formation

After the description of the appropriate molecular fragments has been
completed, the fragments and their associated FSGO are combined appro-
priately to form large molecules. This procedure can be considered con-
veniently as consisting of several steps:

(1) Bring the appropriate molecular fragments and their associated
FSGO together to the desired distances and angles.

(2) Remove the extra hydrogen atoms (including their electron) from
the Hamiltonian. However, retain the FSGO that were used to describe
X-H and Y-H bonds, that will now describe a newly formed X-Y bond (a
pair of FSGO for each new bond).

(3) Obtain an optimum molecular orbital description for the molecule
for this basis set by the solution of the ordinary SCF equations (Hall, 1951;
Roothaan, 1951). In particular, the molecular orbitals can be written as

P N
b= 2 Y caris (14)
A=1kS1

where the y,4 are the previously determined fragment orbitals, (3,4 = G4
for most studies discussed here), and the summations are taken over all
fragments P, and all orbitals within a fragment N,. Thus, the changes
in electronic and geometric structure that are brought about by formation
of new bonds are reflected in the MO-coefficients (c).
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This procedure is illustrated pictorially for the formation of ethane
from two CH, fragments in Fig. 1. As is illustrated in the figure, the
basis set is no longer a minimum basis set, and the SCF procedure will
improve the energy, giving rise to one virtual orbital and nine filled orbitals

Amh A gBgB... 5B
{61 Gz Gs’ 61 (32 Gs}

er /H
pe— Rz

-

5
¢, = : Z ,C/,«‘PG/(F

P48 k=1

Fig. . Formation of ethane from two CH, fragments. X denotes the approximate
position of the FSGO.

in this case. We also see the role of the hydrogen atoms more explicitly
through this figure. It should be clear from this example that any one or
more of the hydrogen atoms in a molecular fragment may be removed, with
the formation of an additional bond with each removal.

For the closed-shell molecules of interest in these studies, the wave
function determined by the SCF procedure has the form

¥(1,2, ..., 2N)=[CN)!]"" det{$(Da(1)¢1 ()B2) - - px(2N PN )},

(15
and the SCF equations to be solved are given by
Fc; = Ac;¢, (16)
where
AB A B 2 g J¢ Xz CD A, B Cc,D
FE7E = < 1h1x™ +CZ1 DZI Zl Zle (s Vo™
= =1t=1 u=

- %<XrAXuD | XtCXSB>}’ (17)
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and ¢ is a diagonal matrix of orbital eigenvalues. Also, P is the charge and
bond order matrix, defined as
PP =2Y ccb. (18)
=1

J

C. Computational Considerations

Before discussing the results that are obtained by the use of the pro-
cedure just described, several comments regarding computational con-
siderations are in order. In fact, the development of procedures in general
that are adequate and applicable in a practical manner for large molecules
is perhaps a ““ classic”” example of the difference between the solution of a
quantum-mechanical problem in principle and in practice. In almost every
approach to the treatment of large molecules, at least two aspects of the
computational procedure must be considered very carefully. For the
procedure considered here, two of the important computational considera-
tions are:

(1) the procedures used for two-electron integral evaluation, and
(2) the efficient manipulation of millions of two-electron integrals in
the SCF procedure.

Let us consider the evaluation of integrals over FSGO. The integrals
that are most troublesome are the electron repulsion integrals over FSGO,
which can be written as

<ijl ety = [[ 616 ()i} Gu2)G2) av, dv, (19)
where G; is a normalized FSGO, located at position i. The integral in
Eq. (19) can be evaluated analytically (Boys, 1950), and can be written as

27312
(a;+a)(a, +aj)la;+a; +a,+ al]”z:

Cijlkiy = NN, NV
aiaj —"2 aka, )_2}
—|———\1J* - |——|KL*}F R 20
X exp{ (ai + aj) (ak +q o) (20)
where

U= ¥ (,-J3 I=R=Q.1. 1) @n

1=Xx,¥,2

a; = 1/Piz, N, =1[2/n Piz ]3/4’ (22)
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_ (@; + aj)(a, + az)féz

= > 23
(ai+aj+ak+a1) ( )
PO*= Y (P,- Q) 24)
t=x,9,2
T J
Pt=h;+.a_"t’ t_—_x’y,z’
a; + aj
K L (25)
a K, +al,
=T t= » Js &
2 a + a % 2
and
t 2
Fo(x) = f e~ du. (26)
0

Several computational aspects of the electron repulsion integral evaluation
have been discussed earlier by Shavitt (1963), and several other considera-
tions that have emerged in the current studies are given below.

First, since many intergaussian distances are large in a molecule of the
size considered here, there will be a fraction of integrals [Eq. (19)] that will
be essentially zero, within the accuracy of the computer. As we shall see
shortly, the number of zero integrals is often surprisingly large, and sub-
stantial savings in integral evaluation times can be effected by not compu-
ting the integrals that are effectively zero. When FSGO are employed, itisa
simple matter to establish before calculation of the integral whether or not
the integral will be zero due to the position and size of the various FSGO in
it. To see this, we rewrite Eq. (20) in the form

Cijlkly = K exp(—v)Fy(x), b))
where
2N;N;N,N,n*"?
K = P4V j4VEAVl , 8
(a; + a)a, + a)a; + a; + a, + a)*? (28)
and
V= (i‘ﬁ_)sz + (ﬂ.)ﬂz (29)

Let us assume that an absolute error of less than 1073 is desired in the
calculation of (ij|kl). It is easily seen from examination of Eq. (26) that

0< Fy(x) <1, x> 0. (30)
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However, Fy(x) goes to zero so slowly as a function of x [Fy(x) ~ x~1/?]
that a test on x to determine whether Fy(x) should be calculated is not a
useful test to employ. On the other hand, exp(—v) < 6 x 107!¢, when
v 2 35. Also, if a minimum value of @; & 10~ 2 is assumed, it is easily seen
that

K <50 31)

These observations can be combined to provide the desired test. Under
worst-case conditions, the integral value will be essentially zero whenever
v > 35, with an error of <3 x 10714, This test can be made before any of
the exponential, the constant K, or Fy(x) are calculated, thus reducing the
computation times substantially if a significant number of integrals are
zero. In the current programs, a test is also performed to establish whether
the final value of each *“ nonzero ” integral is > 10713, If not, the integral is
not stored. This test is useful in eliminating the integrals which are zero by
symmetry (e.g., those that are zero due to o-r interactions).

A detailed estimate of exactly how many integrals will be zero is not
easily obtained, since it depends strongly upon the geometry of the large
molecule. However, ad hoc estimates have been made for several molecules
that have been investigated in this laboratory, and are given in Table IV.
As is obvious from this table, important economies in calculation of
integrals can be effected by implementation of a simple test.

In addition to the noncalculation of zero integrals, it is also important
not to use memory or peripheral devices to store the zero integrals.
Since the data manipulation problems grow approximately as (N */8),
where N is the number of basis orbitals, it is important to limit the table of
stored integrals to only those that are nonzero. In practice, one usually
avoids storing zero integrals by keeping an additional array that indicates
how many zero integrals appear between any two nonzero integrals. This
additional array adds slightly to the memory requirements, but substantial
savings are still possible. In the particular procedure employed in this
laboratory, if 2N words are required to store N integrals (zero and nonzero)
in double precision and f'is the fraction of zero integrals, then 3N(1 — f)
words are required to store the nonzero integrals (in double precision) and
tabulate where the zeros occur. Thus, when more than one-third of the
integrals are zero, a net savings in space occurs,

For those integrals that are nonzero, it is essential that the evaluation
of the exponential and Fy(x) be accomplished as rapidly as possible, con-
sistent with the previous accuracy requirements.

The evaluation of Fy(x) is carried out using one of two different pro-
cedures (Shipman and Christoffersen, 1971), depending upon the value of
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TABLE IV

FRACTION OF ZERO INTEGRALS FOR SEVERAL MOLECULES OF INTEREST

Fraction of

Molecule zero integrals (f) F=3N(l —f)2N =31 —f)/2
H,C=CH, 0.43 0.855
¥
N.
(chy), ' O NHe 0.55 0.675
H,C
¥
N.
/C\
H,C—~(CH,), o wm, 0.56 0.660
i
N.
,/C
d Y, 0.149 1.276
i
N
C
>;——?/§” ¥, 0.389 0.916
(CHy),
H,C

the argument x. If x = 28, an asymptotic formula given by Shavitt (1963) is
suitable, i.e.,

=34

- (=D, (=1D(=3)  (=1}=3}(=3)

() <f 5 @0)° O
—1(=3) (-2 3

+( X (;x)NEI N + )}’ (32)
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where N is the number of terms employed in the asymptotic expansion.
Use of this formula guarantees that the relative error will always be less
than 8 x 10714, since

Fo(x) — (m/x)'?
Fo(x)

(e77/2x) (e77/2x)
Fo(x) — 4(r/x)'"* — (e7*/2x)
1
T ) A 1

Rel. error =

(33

In the region 0 < x < 28, Fy(x) is approximated by an eight term
Chebyshev series in each of several subintervals within three intervals:

7
FO(x)gzanTn(y)’ —ISyS+1,
n=0

= 27: b,x", (34

where T,(y) is the nth order Chebyshev polynomial, and the second form of
the series is the rearranged form which is better suited for rapid computa-
tion. Also, the various subintervals are mapped onto —1 < y < + 1 by the
use of

_ mij - X
(Sij/z) ’

where m;; is the midpoint of subinterval j in interval i, and s;; is the sub-
interval size. The three intervals that have been found to be convenient are:

y 33)

0<x<6.125 (with 14 subintervals),
6.125<x< 14 (with 9 subintervals),
14<x<28 (with 8 subintervals).

Use of this procedure gives a relative error of less than 4 x 10713 for
0<x <28

Another point concerning numerical procedures is appropriate here.
The accuracy of the final eigenvalues and eigenvectors of the SCF pro-
cedure will be limited by the accuracy of the various bond distances and
angles, which is much less than the approximately seven significant
figures which result if single precision arithmetic is employed on most
computers. However, when large molecules are studied, the Fock matrices
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that arise are quite large, (e.g., 100 x 100), and the number of operations
that are involved in the formation and diagonalization of the Fock
matrix places rather severe requirements on the internal precision that is
necessary in order to assure final eigenvalues and eigenvectors whose
accuracy is comparable to the bond distances and angles used. Quantita-
tive estimates of the degree of internal precision that is required to achieve
this result are difficult to make, since they will depend upon the particular
method of coding a given algorithm, as well as computer and programmer
idiosyncrasies. However, work in this laboratory indicates that the use of
single-precision arithmetic (eight significant figures) does not provide
sufficiently high internal precision to give acceptable final results. Conse-
quently, all programs have been written using double precision arithmetic,
and the desired accuracy has been obtained successfully for the molecules
studied to date.

Even if careful consideration is given to the evaluation of integrals and
the precision needed for subsequent manipulation, major problems remain
with regard to the SCF portion of the calculation. In fact, the rate-deter-
mining step is not the integral evaluation, but in the iterations required for
SCF convergence. Two separate problems arise in the SCF iteration
sequence. The first of these is whether the initial guess for the P matrix is
sufficiently close to allow convergence of the SCF procedure to the desired
result, and the second is associated with the rate of convergence, i.e., the
number of iterations required for convergence.

The studies on hydrocarbons (Christoffersen et al., 1971b) have revealed
that satisfactory initial guesses can be obtained by building an initial guess
to the P matrix of interest from P matrices associated with the molecular
fragments that are used to form the molecule. Even in cases where the
iterative sequence using the “‘ usual” initial guesses fails to converge (e.g.,
P =1 or P=0), use of the P matrix formed from the fragments as an
initial guess gives rise to a convergent procedure.

The rate of convergence, on the other hand, remains a difficult problem.
Use of a good initial guess frequently reduces the number of iterations by
one or two, but ~ 10-15 iterations are often needed to satisfy a convergence
criterion of

|Pi+t _ Pl | < 0.00002,

for all r and s, where P._is the (r, 5) element of the P matrix associated with
the ith iteration. Consequently, much work remains in developing general
procedures that can be applied in these calculations to accelerate the rate of
convergence.
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D. Interpretation of Results

Consistent with the views expressed earlier, the interpretation of the
results of these calculations attempts to employ (as far as possible and
convenient) concepts and quantities that are related directly to the wave
function itself. By this it is meant that, whatever quantity is computed
using the wavefunction, it should be done exactly, if possible, in order to
keep from introducing approximations in addition to those necessitated
earlier (i.e., the model employed and the basis set chosen). Fortunately,
there is not a lack of properties that can be employed for comparison
purposes. A list of several first-order electronic properties and their cor-
responding operators that can be used to characterize a molecule once an
approximation to its exact wavefunction is available, is given in Table V.
In addition to these properties, the use of electron density contours,
difference contours, and force constants can also be very helpful in inter-
preting the charge distribution in molecules.

Differences in total energies are obviously important, but the total
energy itself does not seem to be nearly as appropriate as a primary
measure of overall wavefunction utility and accuracy as it has been for
small molecules. This is due in part to the fact that most total energies,
regardless of the procedure employed, will be far above the true energy. In
addition, the energy is rather insensitive to the wavefunction, since a first-
order change in the wavefunction is accompanied by only a second-order
change in the energy. Also, as molecules become larger, the total energy
becomes more and more burdened with large (and often chemically unin-
teresting) contributions from the inner shells. Consequently, other pro-
perties, including those given in Table V, may provide more appropriate
measures of the balance and utility of a given basis set.

Electron density contours provide a particularly useful source of
information concerning the electron distribution in a molecule. Instead
of being a weighted average (as the molecular properties of Table V are),
resulting from an integration over the entire space of all the electrons that
comprise the charge distribution in the molecule, they allow an examination
of the details of the electron distribution at specific points or regions in a
molecule. This information can be very helpful in rationalizing important
characteristics such as the likely points of attack in chemical reactions.

It should be noted that information concerning the details of the total
charge distribution are often extracted by the use of the Mulliken popula-
tion analysis (Mulliken, 1932, 1935, 1949, 1955, 1962), or some modification
thereof (e.g. Christoffersen and Baker, 1971). [For other examples of modi-
fications of the Mulliken analysis, see Cusachs and Politzer (1968a,b).] The
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TABLE ¥

PROPERTIES USEFUL FOR CHARACTERIZATION OF MOLECULES

Molecular property Operator

Molecular dipole
moment (at center of
mass) Mo = ; Zx(Rx — Rc)e — Z‘: (r —Rc).

Molecular second

moment (at center of

mass) Qus = ; Zx(Rx —Rc)(Rx — Ro)s
- z‘: @ — Ro)(r; — Re)s

Molecular quadrupole
moment (at center of

mass) Ou =330 — 825 Y. Q1)
k4
Potential at a point 4 ®(4) = > L -2 1
k(¥4 |Rx —R,| T |ty — Ryl
Electric field (Hellman— E)= T _ZM.
Feynman) atapoint4 ' k&4 |[Rx—R, {3
RA)u

* Z )l‘ 1 — R,

Electric field gradient 3Rk — R)MRx— Ry)s — 85 |[Rg — Ry |2
. a, A)=— Z

at a point A4 9us(4) x(;, x{ |[Rg —R,4[3

30t — R)u(r; — Ry)p — 8oy /1 — R, 2
+tz { il',""RA|s }

One-electron delta
function 8(r—RY

Nuclear quadrupole 2

coupling constant or2

)

drawbacks of the use of such an analysis are well known, since the procedure
requires an arbitrary division of the charge distribution in order to extract
indices for chemical use. On the other hand, electron density contours or
difference contours appear to provide a favorable alternative to the
Mulliken analysis, since they are calculable directly from the wavefunction.
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However, the calculation of electron density contours is a relatively
difficult and time-consuming procedure for large molecules. Furthermore,
the particular regions of interest in a given molecule may not be apparent
at the outset. In these cases, the Mulliken population analysis may prove a
useful first step, not as an end in itself, but rather, as a means of defining
planes or regions of space that are appropriate for further investigation
using density contours.

If the Mulliken analysis is to be used in this manner for the particular
method employed here, some modification is required first, to include
orbitals that do not lie on nuclei. To do this, we write the electron density
at a point r in space as

P =T PG + £ 5[ 290 e
=) mdy() + Y ny;di(r), (37)

where

ni = Pii’ n,-j = 2PUAI and d” = Gl(r)GJ(l‘)/AU (38)

It should be noted that this particular definition of d;; assures that both
d;; and d;; are normalized density functions.

In order to employ the Mulliken population analysis, a division of the
overlap population (n;;) is necessary. One possible choice that has been
found to be useful in these studies is to add the fraction

§GyG,dv
§G;G,dV +[G,;G;dv

i

to n;, where G; is the overlap Gaussian that is formed from the product of
G;and G;. The remainder of the Mulliken parameters can then be calcula-
ted directly. Since these calculations can be carried out quickly and easily,
the establishment of planes or regions of interest for further examination
can be effected in a reasonably efficient manner.

E. Hydrocarbon Investigations

Much of the emphasis to date has been on examination of hydrocar-
bons, in order to establish the characteristics of the methods in cases
where the complications of lone pairs are not present. In these investiga-
tions, the ability of the method to describe three characteristics was
investigated:



Ab Initio Calculations on Large Molecules n

(1) geometrical structure predictions,

(2) electronic structure predictions, and

(3) the ability to interpret the results in terms of concepts useful to
other chemists.

Regarding geometrical considerations, let us consider distance and
angle predictions first. Table VI indicates, by means of calculations on

TABLE VI

DISTANCE AND ANGLE PREDICTIONS FOR SOME HYDROCARBONS®

Calculated
value
Prototype Parameter Observed (*“Nonsplit” Error
molecule predicted value representation) %
Ethane C-C distance 2.90 2.64 9.0
Ethylene C=C distance 2.47 2.56 2.8
Propane X CCC 110.6° 112.4° 1.6

“ See Christoffersen et al. (1971a) for details.

specific molecules used as prototypes, the accuracy that might be expected
for distance and angle predictions for saturated and unsaturated hydro-
carbons. As the entries in the table indicate, the nonsplit representation
provides satisfactory results for C=C distance and CCC angle predictions.
A split inner-shell description appears necessary in order to predict C-C
distances satisfactorily, with the calculated value being 2.82 bohrs for
ethane, representing a 2.8 %, error. These results are very encouraging, for
adequate molecular geometry predictions are practically indispensable if
the procedure is to be usable as a tool by chemists in general.

Another geometrical property that arises from an interaction between
molecular fragments is the barrier to internal rotation. For the case of
ethane (Christoffersen et al., 1971a), a barrier in the correct direction but
whose magnitude is too high is predicted, with the staggered form more
stable than the eclipsed form by 5.38 kcal/mole. Furthermore, the magni-
tude of the error appears to be constant, e.g., in propane the barrier to
rotation of a terminal CH, group is found to be 5.63 kcal/mole. The
slightly higher value of the barrier for propane is consistent with experi-
mental measurements (Kistiakowsky and Rice, 1940; Lide, 1960), indica-
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ting that trends in barriers for a series of similar molecules may be extracted
from calculations using the molecular fragment method.

Concerning electronic structure predictions, the benzene molecule
provides a useful prototype, since several fragments are combined, and a
rather large number of different symmetry types are possible for the MO’s
of the molecule. Consequently, the ability of the procedure to predict the
correct ordering of the molecular orbitals (as measured against more
accurate calculations) was rather strenuously tested for this case. In fact,
this type of test appears to provide a rather sensitive test of the * balance
of a basis set, as will become apparent below. Table VII summarizes the
results using the molecular fragment approach, along with comparisons to
other types of calculations. Confining our attention for the moment to the
non-inner shell “valence” orbitals, we note that the ordering of MOQO’s
predicted by the molecular fragment approach is identical to that found by
the most accurate study available (Buenker et al., 1968). It is also of interest
that extended Hiickel theory (Hoffmann, 1963) predicts half of the MO’s
correctly and INDO (Maggiora, personal communication) predicts the
lowest occupied n-orbital to be much too stable, and the other occupied
n-orbital to be nearly degenerate with the 3e,, orbital. Thus, the desirability
of an ab initio approach for studying large molecules is again emphasized.

However, the use of ab initio techniques does not automatically
guarantee the correct determination of electronic structure. For example,
the ab initio calculations of Schulman and Moskowitz (1965), in which a
48 GTO basis was employed (a 33 9/ larger basis than used in the molecular
fragment approach), predict the ordering correctly for seven of the ten
filled orbitals. Consequently, there is a need to maintain the “ balance” of
the basis set when the size and/or nature is altered, if acceptable results are
to be obtained. Additional comments regarding this point will be made
later.

In the case of the inner-shell orbitals in the molecular fragment
approach, it is not surprising that the ordering is incorrectly predicted.
Since the orbitals are nearly degenerate, it is expected that a rather ex-
tensive basis may be needed. Also, since the primary energetic deficiency
using the molecular fragment approach is in the description of the 1s
orbital on the ““ heavy ” atoms, it is not unexpected that the ordering is not
correct. It is interesting to note, however, that a similar occurrence some-
times appears even if STO’s are employed (Lipscomb, personal communi-
cation).

Calculations have also been carried out on a rather large number of
benzene and naphthalene isomers (Christoffersen, 1971) and, whenever



TABLE VIi

COMPARISON OF ENERGY LEVEL ORDERING IN BENZENE

Extended Hiickel INDO
Molecular fragment Theory (Maggiora, personal Schulman and Buenker et al.
approach {(Hoffman, 1963) communication) Moskowitz (1965) (1968)

MO MO MO MO MO
symmetry —& symmetry —g symmetry —& symmetry —& symmetry —&
1b1a 9.454 — — — — lay, 10.78 la;, 11.35
les, 9425 — —_— —_ — le;. 10.77 1e;. 11.35
lesu 9.352 — — — — ley, 10.77 lea, 11.35
las, 9.268 — — — —_ 1b,, 10.77 1b;, 11.35
2a,, 1.087 2a,, 1.086 2a,, 19057 2a,, 09895 2a,, 1.173
2e14 0.9686 2e5, 0.9476 2e5, 1.4096  2¢,, 0.8909 2¢,, 1.043
2e2 0.7605 2€55 07326  2e,, 11107 2e,, 0.7139  2e,, 0.848
3ae 0.5848 2ba 0.6101 3a,, 1.0553 3a;, 0.5709 3a,, 0.741
2byy 0.5566 3a,, 0.6092 la,y() 0.8424  2b,, 0.5625  2by, 0.674
1b,, 0.5031 3e1n 0.5379 2bs. 0.7649  3e,, 04792  1b,, 0.660
3esn 0.4783 1a,u(m) 0.5330  1b,, 0.7198  lay(m) 04519  3e,, 0.626
1azu(m) 0.3915 1bz, 0.5254 3e5u 0.6847  1b,, 04482  la,(m) 0.538
3es, 0.3900 3e2, 04718  3e,, 05002  3e,, 03742 3e,, 0.526
les () 0.2169 lesg(m) 0.4703 ley (m) 04909  ley(m) 0.2877  ley(nm) 0.379
1ezy(m) —0.2913 lesy(r) —0.3067 lesu(n*)  —0.1690  leyu(m) —0.1923  ley,(m) —0.139
1b2,(m) —0.5441 — — 2ba, —0.2575  1byy(m) —0.4101  1by(m) —0372

Ey = —197.364 hartrees Er= —219.706 hartrees Ey = —230.375 hartrees
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comparisons are possible, the molecular orbital structure has been found
to be in essentially exact agreement with the most accurate calculations
available. Consequently, the prediction of electronic structure for valence
MO’s of hydrocarbons appears to be one of the properties that is quite
reliable.

Concerning other comparisons of interest to chemists, the relative
stability of the various isomers can be easily extracted by simple compari-
sons of total energies. The relative order of stability that emerges for the
benzene isomers (Christoffersen, 1971) is

3O > A &

and for the naphthalene isomers (Christoffersen, 1971) is

: >
In addition to these results, the importance of the g-orbitals to the results
also becomes clear. As shown in Figs. 2 and 3, the molecular orbital
structure in each case except the open chain analogue shows a hetero-
geneous and considerable interspersing of - and n-orbitals. Consequently,
calculations of electronic structure must include explicit consideration of
all g-orbitals, if reliable conclusions are to be drawn.

The interspersing of ¢- and n-orbitals can also be used to rationalize
the notion of aromaticity, without the introduction of hypothetical
reference molecules. In particular, this concept has arisen as a means of
explaining the differences in stability of various ring compounds from
corresponding molecules in which all of the orbitals are localized. Since
it is the n-orbitals that are involved primarily in this phenomenom, a com-
parison of the stability of the n-orbitals and their role in the overall mole-
cular structure in various isomers should provide an acceptable framework
for the discussion. It must be emphasized at the outset, however, that the
relative energies of the n-orbitals are strongly dependent upon the particular
o and nuclear environment that is present, and all effects must be con-
sidered simultaneously, if useful results are to be obtained. It should also
be noted that, since aromaticity is a concept that is concerned primarily
with m-orbitals, the aromaticities of a set of molecules need not necessarily
parallel the ordering of overall stability of the molecules.
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Fig. 2. Valence molecular orbital structure for benzene isomers and hexatriene.

Comparing hexatriene to the benzene isomers in Fig. 2, we note first
that the filled n-orbitals in hexatriene all lie above the filled ¢-orbitals, and
appear relatively unperturbed by the o and nuclear environment. In fulvene,
however, the r-orbitals have been affected sufficiently by their particular
environment to stabilize the highest n-orbital, destabilize the second highest
n-orbital, and stabilize the lowest m-orbital sufficiently to exchange its
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Fig. 3. Valence molecular orbital structure for naphthalene isomers and decapentaene.
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position, relative to the highest filled o-orbital (7b,). In 2,3-dimethyl-
enecyclobutene, trimethylenecyclopropane, and benzene, the set of
n-orbitals is affected to an even greater extent, with the most obvious of
these effects being the interspersing of a pair of n-orbitals between the
lowest m-orbitals. In the naphthalene series, similar observations can be
made. In decapentaene, the m-orbitals all appear separated from the o-
orbitals. In fulvalene, one og-orbital is interspersed between the lowest
n-orbitals, while in azulene, two g-orbitals are interspersed, and in naphtha-
lene three o-orbitals are interspersed between the lowest n-orbitals. Con-
sequently, a qualitative understanding of the aromaticity of these molecules
appears to emerge from an examination of the relative ordering of molecular
orbitals.

A quantitative measure of this effect can be made in several ways,
depending upon the choice of reference molecule. The open-chain analog
provides one possibility (Christoffersen, 1971), but its use in general is
mitigated against by the difficulty of choice of open-chain analog in
molecules where heteroatoms are present. Another possibility is to compare
only molecules which are isomeric. In this case, the sum of all the filled
n-orbital energies provides perhaps the simplest and most convenient
quantitative measure, since all of the filled n-orbitals contribute to the
aromaticity. If one of the isomers is chosen as the reference, then a measure
of the aromaticity of one of the isomers (M), relative to the reference
isomer, can be defined arbitrarily as:

A= {1.000 - [E_“(ieféz(;—%@]}uo, (39)

where E, (i) is the sum of the occupied n-orbital energies of the ith isomer.
Using benzene and naphthalene as the reference molecules, the aromati-
cities of the benzene and naphthalene isomers are given in Table VIII.
The naphthalene isomers provide no particular surprises, with the decrease
in aromaticity paralleling the decrease in overall stability. However, the
benzene isomer, fulvene, is quite interesting, since its aromaticity is con-
siderably less than the three- and four-membered ring isomers, even
though its total stability is greater than either of these isomers.

Another quantitative measure is also given in Table VIII, which allows
comparison between the benzene and naphthalene isomers. This measure,
the m-electron energy divided by the number of n-electrons, shows that
benzene and naphthalene are about equal in aromaticity, and that fulvene
and fulvalene are the least aromatic of these molecules. Regardless of
which procedure is chosen to quantify the notion, the point of importance
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TABLE ViII
AROMATICITIES OF BENZENE AND NAPHTHALENE ISOMERS

E, (per m-electron)
Molecule Aromaticity (4)° (hartrees)

@ 10.000 —0.2751
<> 9.097 —0.2503
g
9.318 —0.2563
§
S = 9.222 —0.2537
10.000 —0.2754
9.942 —02738

&

-O 9.173 —0.2526

2 Calculated by the use of Eq. (39).

is that an examination of the electronic structure of the molecules them-
selves, without introduction of hypothetical reference molecules, can be
used to investigate the concept of aromaticity.

Another concept of chemical interest has also emerged from these
studies. This concept involves the transferability of fragment data from
one calculation to another. In particular, the calculations on unsaturated
hydrocarbons, all of which employ only the -CH, fragment, have been
analyzed to ascertain whether there are portions of the P matrix [Eq. (18))
that can be identified as transferable from one molecule to another
(Christoffersen et al., 1971b). Two kinds of P matrix elements can be
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distinguished. The first of these, referred to as intrafragment P-matrix
elements, are shown in Fig. 4. When the various molecules were examined,
several of these elements showed remarkable constancy, as indicated in
Table IX. The other intrafragment elements are not expected to be
constant, since they are ones that are involved with the replacement of CH
bonds by CC bonds. However, for the nonconstant intrafragment elements,
as well as the important interfragment elements, a simple parameterization
procedure involving only the variable R (the bond length of the CC bond
to formed) can be used to obtain reliable estimates for those elements. The
equation representing this parametrization procedure can be written as

P=aexp[-(BR—-0)] +d (40)
Pr1 Proecwt Prcie Piews Prs
Pew,t Pewscrt Pomtonz Pernons Powtn

P (CH,) = Perz,r  Perz,cut Perz,cre Fonaicns Pove,r

Pews,t  Pews,cmt Pewacvz Powsiens Pons,»

Pvr,[ P1r,(:H1 PTI‘,CHZ prr,CHZ: Pv,r

Fig. 4. P-matrix elements of the CHj; fragment.

TABLE IX

TRANSFERABILITY OF *CH; P-MATRIX ELEMENTS

Average No. of

Matrix element value points Variance
Py 1.891 31 0.0011
Pcy, cn 2.801 23 0.0084
P, . 0.719 27 0.0069
Py cu —0.272 21 0.0005

Pew, cx —0.7721 5 0.0005
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where a, b, ¢, and d are constants that were fit using a least-squares pro-
cedure to existing P matrix data.

It is also of interest to note that inclusion of only nearest-neighbor
interfragment P-matrix estimates appear to be important. This observation,
along with the previously mentioned intrafragment interactions, indicate
that the molecular fragment model allows a localized interpretation to be
given that corresponds well to chemical notions of transferable localized
quantities, characteristic of similar chemical environments.

Finally, several first-order molecular properties have been caiculated
(Maggiora et al., 1971) using the operators of Table V, in order to assess
the capability of these small basis sets to predict properties other than the
total energy. Summarizing the results of this study, several of these prop-
erties, especially regarding trends, appear to be calculated reliably. In
particular, the Hellmann-Feynman electric fields (Hellmann, 1937;
Feynman, 1939) at the various atoms are quite good, giving accuracies
comparable to very extensive calculations where the basis orbitals are
restricted to lie on nuclei. In addition to these quantities, relative values of
the electric potential and the molecular quadrupole moment (for unsatura-
ted molecules) appear to be satisfactorily calculated.

Properties that are described poorly using these wavefunctions include
the one-electron delta function and the electric field gradient. Of course,
this is not unexpected, since the nuclear cusp and electronic behavior very
near the nuclei are the characteristics most lacking in the wavefunctions
formed from the simple FSGO basis.

F. Heteroatom Investigations

The studies to date on molecules containing heteroatoms such as
nitrogen and oxygen have been limited primarily, but not exclusively, to
reasonably small prototype molecules. This allows consideration of several
fragment possibilities, in order to choose the most satisfactory description
of small molecules before proceeding to large molecules. The primary
difference, and source of complication, that arises in these is the introduc-
tion of one or more lone pairs into the molecular fragment.

Considering the fragments involving nitrogen as illustrative of the
difficulties associated with heteroatom studies, several observations can be
made from these preliminary investigations. Regarding geometrical pre-
dictions, the results are, on the whole, similar to those obtained for hydro-
carbons. For example, the C-N distance (prototype molecule: methyl
amine) is predicted to within 3.2% of the experimental value, the C=N
distance (prototype molecule: methylene imine) is predicted to within 1.6 %
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of an average C=N value, and the CNC angle (prototype molecule:
dimethyl amine) is predicted to within 9.1% of the experimental value.
Examination of the latter result suggests that perhaps a ““ split >’ description
of the lone-pair orbital is desirable. This observation also arises for the case
of rotation barriers (e.g., N,H,).

Regarding electronic structure predictions, the results are generally in
excellent agreement with more extensive calculations, even though the
total energies are considerably above those of more extensive calculations.
Examples of pyrrole and pyridine are given in Tables X and XI. As is

TABLE X

ELECTRONIC STRUCTURE COMPARISONS FOR PYRROLE

Molecular fragment

approach? Clementi et al. (1967)

MO MO
Symmetry —& Symmetry —€
la, 13.2164 la, 15.7100
1b, 9.4232 1b, 11.4253
2a, 9.4079 2a, 11.4252
3a, 9.3371 3a, 11.3793
2b, 9.2488 2b, 11.3785
4a, 1.2794 4a, 1.3239
5a, 0.9820 5a, 1.0955
3b, 0.9141 3b, 1.0344
6a, 0.7120 6a, 0.8251
4b, 0.6720 4b, 0.7970
Tay 0.6228 Ta, 0.7779
8a, 0.4732 8a, 0.6476
5b, 0.4477 1b,(m) 0.6313
1by(7r) 0.4260 5b, 0.6243
6b, 0.4256 6b, 0.6022
9a, 0.3948 9a, 0.5766
2by () 0.1879 2b,y () 0.4253
la,(m) 0.1532 la(m) 0.3879
3b,(7*) —0.3856 3b,(7*)
2a,(*) —0.4461 2a,(7*)

E;= —178.34748 hartrees Ey= —207.93135 hartrees

% Fragment parameters taken from Table I11.
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TABLE XI

ELECTRONIC STRUCTURE COMPARISONS FOR PYRIDINE

Molecular fragment Petke et al.
approach? Clementi (1967a) (1968)
M.O. M.O. M.O.

Symmetry —& Symmetry —& Symmetry —&
la; 13.0871 la, 15.6776  1a, 15.6391
1b, 9.4301 1b, 11.4612  1b, 11.4067
2a, 9.4251 2a, 11.4611 2a, 11.4067 -
2b, 9.3070 3a, 11.4430 3a, 11.3880
3a,; 9.2840 2b, 114344  2b, 11.3801
4a, 9.2283 4a, 11.4343  4a, 11.3800
5a, 1.2389 Sa, 1.3277  5a, 1.2952
6ay 1.0534 6a, 1.1577  6a, 1.1283
3b, 0.9829 3b, 1.1103  3b, 1.0750
7a, 0.7951 Ta, 0.9218 7a, 0.8912
4b, 0.7881 4b, 0.9044 4b, 0.8844
8a, 0.5955 8a, 0.7792  8a, 0.7602
9a, 0.5659 5b, 0.7260  9a, 0.6945
5b, 0.5433 9a, 0.7012  5b, 0.6914
6b, 0.4850 6b, 0.6700  6b, 0.6483
10a, 0.4529 10a, 0.6394  10a, 0.6193
1b,(7) 0.4364 1by(7) 0.6223  1by(m) 0.5816
7b, 0.4065 7b, 0.5795 7b, 0.5563
2b, () 0.2675 11a, 0.4654 1la, 0.4425
11a, 0.2408 2b,(m) 0.4586  2b,(m) 0.4260
lay(m) 0.2328 lay(m) 0.4473  la,(m) 0.4062
2a,(m*) —0.2783 2a,(m*) —0.1099
3by(7%) —0.2817 3b,(7*) —0.1107

Fr= —210.47796 hartrees Ey= —245.62194 hartrees Ey= —246.32653 hartrees

7 Fragment parameters taken from Table 111.

apparent from examination of these tables, the only places where dis-
crepancies in the ordering of valence molecular orbitals occur are where
lone-pair orbitals are involved. In particular, the (5b,, 1b,(n)) pair are
switched in pyrrole, and the (11a;, 2b,(n)) pair in pyridine are switched,
when compared to the most accurate calculations available. Consequently,
even though these results are of a preliminary nature, they suggest that the
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introduction of lone pairs does not present significant difficulties, although
it may be desirable to employ a *‘ split ” description of lone-pair orbitals in
order to assure satisfactory geometric and electronic structure predictions.

IV. Discussion

One of the striking features of the calculations on large molecules that
have been carried out to date is that investigations at the “large” end of
the large molecule scale (~200 electrons, as considered here) are practi-
cally nonexistent. Consequently, the practical applicability of any of the
methods to deal with large molecules must be considered to be an open
question at this point. The characteristics that have already emerged, how-
ever, are suggestive of what to expect.

In the case of the use of STO basis sets, the rapid and accurate evalua-
tion of integrals still remains a major stumbling block that must be over-
come if reliable and practical calculations are to be carried out on large
molecules. In the case of GTO approximations to atomic orbitals, the
main problem is the one associated with the data management of the large
number of orbitals involved. These restrictions, with current technology,
will probably be too severe to allow practical application of any of these
methods to large molecules. Indeed, a procedure that required that an
IBM 360/195 be dedicated for eight days (Clementi et al., 1971) in order to
carry out calculations on a 136 electron system cannot be considered to be of
practical utility!

On the other hand, the methods employing small basis sets that do not
attempt to mimic STO behavior, such as the molecular fragment approach,
do appear to be extendable to large systems. However, the problem in this
case is the accuracy to be expected of the results. Clearly, not all properties
can be expected to be predicted accurately (e.g., total energy). The results
‘on the systems studied to date allow some optimism that other pro-
perties of chemical interest (e.g., electronic structure and geometry) may
be predicted adequately. The difficulty is that the ultimate proof of accept-
ability of the approach must be on the basis of ** exhaustion,” i.e., examina-
tion of a large number of cases with satisfactory results. Since very little
data is available at the current time, the reliability of this approach for
large molecule studies cannot be finally assessed.

Among the other observations that are possible concerning large mole-
cule investigations, perhaps the most appropriate are those concerning the
criteria by which a calculation is evaluated. Since a close approach to even
the Hartree—Fock result for most large molecules is not a viable possibility
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at this point, it does not seem appropriate to use the total energy as the
primary measure of wavefunction utility. Indeed, a low total energy may
simply relect a good description of the heavy atom inner shell orbitals,
although the valence orbitals may be poorly described.

Instead, other measures of overall basis set “ balance ”” are appropriate,
and a variety of possibilities can be used for this purpose. The guiding
principle, however, perhaps ought to be that the measure of wavefunction
“balance” needs to reflect a relative (not absolute) quantity. Several
examples of properties that reflect the relative balance of the description
include: (1) molecular geometry, including bond distances, bond angles,
and barriers to rotation; (2) electronic structure (e.g., MO ordering): (3)
force constants; (4) electron density contours; (5) properties depending
upon energy differences; and (6) first-order eiectronic properties. These
properties also have the advantage, in the case where Gaussians are
employed, that they do not require additional approximations in order to
interpret the wavefunction.

It is difficult to say which, if any, of the procedures currently under
development will ultimately be of greatest usefulness. In fact, the difficulty
of this recommendation coupled with the lack of substantive amounts of
data for large molecules only underscores the need for substantial further
efforts in this area. A successful development in this area would indeed be
of great interest to nearly all chemists, for it would provide a new ** probe ”
for the investigation of important topics such as the reactivity of mole-
cules (e.g., points of attack), the mechanism of chemical reactions (e.g.,
transition state studies), and the microscopic modeling of intermolecular
interactions (e.g., solvent effects).

GLOSSARY

CNDO: Complete Neglect of Differential Overlap
EHT: Extended Hiickel Theory
FSGO: Floating Spherical Gaussian Orbitals
GTO: Gaussian-Type Orbitals
INDO: Intermediate Neglect of Differential Overlap
MCZDO: Multi-Center Zero Differential Overlap
NEMO: Non-Empirical Molecular Orbital (Theory)
STO: Slater-Type Orbitals

ACKNOWLEDGMENTS

This work was supported in part by a grant from the Upjohn Company, Kalamazoo,
Michigan. Many persons have contributed substantially to the work described here,
and whose efforts have been indispensable to its successful completion. They include



Ab Initio Calculations on Large Molecules 391

G. M. Maggiora, D. W. Genson, L. L. Shipman, L. Weimann, and B. V. Cheney.
The author would also like to express his gratitude to the University of Kansas for
support of the computer time required for this work.

REFERENCES

ALLEN, L. C,, and RuUSSELL, J. D. (1967). J. Chem. Phys. 46, 1029,

BairD, N. C., and DEwar, M. J. S. (1969). J. Amer. Chem. Soc. 91, 352.

Boys, S. F. (1950). Proc. Roy. Soc., Ser. 4 200, 542,

Brown, R. D., and Rosy, K. R. (1970). Theor. Chim. Acta. 16, 175, 194, 278, 291.

BUENKER, R. J., and PEYERIMHOFF, S. D. (1969). Chem. Phys. Lett. 3, 37.

BUENKER, R. J., WHITTEN, J. L., and PeTkE, J. D. (1968). J. Chem. Phys. 49, 2261.

CHRISTOFFERSEN, R. E. (1971). J. Amer. Chem. Soc. 93, 4104 (1971).

CHRISTOFFERSEN, R. E., and BAKER, K. A. (1971). Chem. Phys. Lett. 8, 4.

CHRISTOFFERSEN, R. E., GENSON, D. W., and MAGGIORA, G. M. (1971a).J. Chem. Phys.
54, 239,

CHRISTOFFERSEN, R. E., SHIPMAN, L. L., and MAGGIORA, G. M. (1971b). Int. J. Quantum
Chem. Symp. 5, 143.

Cnu, S. Y., and Frost, A. A. (1971). J. Chem. Phys. 54, 760, 764.

CLeEMENTI, E. (1967a). J. Chem. Phys. 46, 4731,

CLEMENTI, E. (1967b). J. Chem. Phys. 46, 4737.

CLeMENTL E. (1967c). J. Chem. Phys. 47, 4485.

CLEMENTI, E., and Davis, D. R. (1966). J. Comput. Phys. 1, 223,

CLEMENTI, E., CLEMENTI, H., and Davis, D. R. (1967). J. Chem. Phys. 46, 4725.

CLEMENTL, E., ANDRE, J. M., AnDRE, M. C., KLINT, D., and HalN, D. (1969). Acta
Phys. 27, 493.

CLeMeNTI, E., MEHL, J. and VoN NiesseN, W. (1971). J. Chem. Phys. 54, 508.

CusacHs, L., and POLITZER, P. (1968a). Chem. Phys. Lett. 1, 529.

CusAcHS, L., and PoLIiTzer, P. (1968b). Chem. Phys. Lett. 2, 1.

DEL BENE, J., and PopLE, J. A. (1969). Chem. Phys. Lett. 4, 426,

DEeL BeNE, J., and PoprLg, J. A. (1970). J. Chem. Phys. 52, 4858.

DIERCKSEN, G., and Preuss, H. (1966). Z. Naturforsch. A 21, 863.

DIERCKSEN, G., and Preuss, H. (1967). Int. J. Quantum Chem. 1, 357.

EpsTEIN, I. R., KoeTzLE, T. F., STEVENS, R. M., and Lirscoms, W. N. (1970). J. Amer.
Chem. Soc. 92, 7019,

EpsTEIN, I. R., ToSSELL, J. A., SWITKES, E., STEVENS, R. M., and Lirscoms, W. N. (1971).
Inorg. Chem. 10, 171.

FEYNMAN, R. P, (1939). Phys. Rev. 56, 340.

Freep, K. F. (1968). Chem. Phys. Lett. 2, 255.

Frost, A. A. (1967a). J. Amer. Chem. Soc. 89, 3064.

FrosT, A. A. (1967b). J. Chem. Phys. 47, 3707, 3714.

FRrRosT, A. A. (1968a). J. Phys. Chem. 72, 1289.

Frost, A. A. (1968b). J. Amer. Chem. Soc. 90, 1965.

FRrosT, A. A., and Rousk, R. A. (1968). J. Amer. Chem. Soc. 90, 1965.

Frost, A. A., Rouskg, R. A, and VEesceLwus, L. (1968). Int. J. Quantum Chem., Symp. 2,
43,

GENSON, D. W., and CHRISTOFFERSEN, R. E. To be published.

GERATT, J., and MiLLs, 1. M. (1968). J. Chem. Phys. 49, 1719.



392 Ralph E. Christoffersen

GiLMAN, R. R., and DeHEER, J. (1970). J. Chem. Phys. 52, 4287.

GORDON, M. S., and POPLE, J. A, (1968). J. Chem. Phys. 49, 4643.

Havy, G. G. (1951). Proc. Roy. Soc., Ser. A 208, 541.

HaLL, G. G. (1961). Phil. Mag. 6, 249.

HEeHre, W. J., STEWART, R. F., and PoPLE, J. A. (1969). J. Chem. Phys. 51, 2657.

HeLiman, H. H. (1937). “ Einfuhrung in die Quanten Chemie.” Deuticke, Leipzig.

HorrMANN, R. (1963). J. Chem. Phys. 39, 1397.

HorrManN, R., and Lipscoms, W. N. (1962). J. Chem. Phys. 36, 2179.

HovyLAND, J. R. (1969). J. Chem. Phys. 50, 2775.

HUZINAGA, S. (1965). J. Chem. Phys. 42, 1293,

JANOSCHEK, R. J., and Preuss, H. (1967). Int. J. Quantum Chem., Symp. 1, 205.

JANOSCHEK, R. J., Preuss, H., and DIERCKSEN, G. (1967). Int. J. Quantum Chem., Symp.
1, 209.

Kistiakowsky, G. B., and Rice, W. W. (1940). J. Chem. Phys. 8, 610.

Kooprmans, T. A. (1933). Physica (Utrechr) 1, 104,

KRAMLING, R. W., and WAGNER, E. L. (1969). Theor. Chim. Acta. 15, 43.

KRrauss, M. (1967). Nat. Bur. Stand. (U.S.), Tech. Note 438.

Lipg, D. R. (1960). J. Chem. Phys. 33, 1514,

MAGGIORA, G. M., GENsON, D. W., CHRISTOFFERSEN, R. E., and CHENEY, B. V. (1671).
Theor. Chim. Acta. 22, 337.

MELY, B., and PULLMAN, A. (1969). Theor. Chim. Acta. 13, 278.

MULLIKEN, R. S. (1932). Phys. Rev. 41, 66.

MULLIKEN, R. S. (1935). J. Chem. Phys. 3, 573.

MULLIKEN, R. S. (1949). J. Chim. Phys. Physicochim. Biol. 46, 497, 675.

MULLIKEN, R. S. (1955). J. Chem. Phys. 23, 1833, 1841, 2238, 2343.

MULLIKEN, R. S. (1962). J. Chem. Phys. 36, 3428.

NEwTON, M. D., BoER, F. P., and LipscoMB, W. N. (1966). J. Amer. Chem. Soc. 88,
2353, 2361, 2367.

NEwTON, M. D., LATHAN, W. A., HEHRE, W. J., and PoPLE, J. A. (1969). J. Chem. Phys.
51, 3927.

NEwWTON, M. D., LATHAN, W. A., HEHRE, W. J., and PopLE, J. A. (1970). J. Chem. Phys.
52, 4064.

PETKE, J. D., and WHITTEN, J. L. (1969). J. Chem. Phys. 51, 3166,

PETKE, J. D., WHITTEN, J. L., and RyaNn, J. A. (1968). J. Chem. Phys. 48, 953.

PEYERIMHOFF, S. D., and BUENKER, R. J. (1970). Theor. Chim. Acta. 19, 1.

PorLE, J. A., SANTRY, D. P., and SEGAL, G. A. (1965). J. Chem. Phys. 43, S129.

PorLE, J. A., BEVERIDGE, D. L., and DoBosH, P. A. (1967). J. Chem. Phys. 47, 2026.

PrAuD, L., MILLIE, P., and BERTHIER, G. (1968). Theor. Chim. Acta 11, 169.

Preuss, H. (1968). Int. J. Quantum Chem. 2, 651.

Preuss, H., and DIERCKSEN, G. (1967). Int. J. Quantum Chem. 1, 349,

PuLLMAN, A., DRreYFus, M., and MEry, B. (1970). Theor. Chim. Acta 16, 85.

RooTHAAN, C. C. I. (1951). Rev. Mod. Phys. 23, 69.

Rousk, R. A., and Frost, A. A. (1969). J. Chem. Phys. 50, 1705.

SaBIN, J. R., HARRIS, R. E., ArRcHIBALD, T. W., KOLLMAN, P. A,, and ALLen, L. C.
(1970). Theor. Chim .Acta 18, 235.

ScHULMAN, J. M., and Moskowrrz, J. W. (1965). J. Chem. Phys. 43, 3287.

ScHULMAN, J. M., and Moskowrrz, J. W. (1967). J. Chem. Phys. 47, 3491.



Ab Initio Calculations on Large Molecules 393

SCHULMAN, J. A., MoskowiTtz, J. W., and HoLLISTER, C. (1967). J. Chem. Phys. 46,
2759.

SHavITT, 1. (1963). In “ Methods in Computational Physics,” (B. Alder, S. Fernbach,
and M. Rotenberg, eds.), Vol. 2, p. 1. Academic Press, New York.

SHIPMAN, L. L., and CHRISTOFFERSEN, R. E. (1971). Computer Phys. Commun. 2, 201
(1971).

SHuLL, H., and HALL, G. G. (1959). Nature (London) 184, 1559.

SNYDER, L. C., SHULMAN, R. G., and NEUMANN, D. B. (1970). J. Chem. Phys. 53, 256.

STANTON, R. E. (1962). J. Chem. Phys. 36, 1298.

Switkes, E., ErstEIN, I. R., TosseLL, J. A., STEVENS, R. M., and Lipscoms, W. N.
(1970a). J. Amer. Chem. Soc. 92, 3837.

Switkes, E., Lirscom, W. N., and NewTton, M. D. (1970b). J. Amer. Chem. Soc. 92,
3847,

WaHL, A. C., and Das, G. (1970). Advan. Quantum Chem. 5, 261.

WHITTEN, J. L. (1966). J. Chem. Phys. 44, 359.

WOLFSBERG, M., and HELMHOLTZ, L. (1952). J. Chem. Phys. 20, 837.



Author Index

Numbers in parentheses are reference numbers and indicate that an author’s work
is referred to, although his name is not cited in the text. Numbers in italics show the
page on which the complete reference is listed.

A

Abarenkov, 1. V., 45, 48, 72

Abate, E., 44, 48

Abraham, A., 46, 88

Abrahamson, E. W., 178, 201

Abrikosov, A. A., 48

Abulaffio, C., 48

Adams, W. H., 48

Adler, D., 2, 48, 49

Ahlrichs, R., 119, 139, 251, 253, 257,
260, 263, 265, 326, 328

Ahn, N. T, 178, 194, 200

Alder, B., 2, 49, 52, 58, 64, 75, 79, 83,
85, 369, 371, 393

Alexander, M. H,, 314, 319, 327, 328

Alexander, S., 49

Allan, G., 45, 49

Allavena, M., 110, 139

Allen, L. C., 352, 360, 391, 392

Allen, T. L., 259, 263

Allgaier, R. S., 76

Alstrup, 1., 44, 49

Altmann, S. L., 44, 46, 49

Amar, H., 45, 47, 49, 66, 72, 86

Amemiya, A., 268, 272, 297

Amzel, V., 118, 140

Andersen, O. K., 40, 46, 47, 49

Anderson, P. W., 49

André, J. M., 351, 353, 356, 357, 391

André, M., 351, 353, 356, 357, 391

Anex, B. G., 257, 263

Animalu, A. O. E., 44, 46, 49, 89

Antonova, I. M., 48

Appel, K., 70

Arai, T., 50, 259, 263

Araki, G., 169, 174, 175

Aranoff, S., 319, 320, 328

Arbman, G., 50

Archibald, T. W., 352, 392

Argyres, P. N., 50, 67

Arlinghaus, F. J., 45, 47, 50, 80
Arrott, A., 44, 78

Arthurs, A. M., 300, 328

Asano, 8., 38, 39, 40, 43, 44, 50, 91
Asdente, M., 44, 48, 50

Ashcroft, N. W., 44, 46, 50
Aslangul, C., 125, 139

Au-Yang, M. Y., 43, 50

Baber, T. D. H,, 326, 328

Bader, R. F. W,, 197, 200

Bagus, P. S., 60

Baird, N, C,, 178, 200, 334, 391
Baker, C. C., 251, 252, 263

Baker, G. A. Jr., 300, 327, 330
Baker, K. A, 374, 391

Ball, M. A,, 205, 215, 225, 230, 233
Ballinger, R. A., 45, 46, 47, 51
Banyard, K. E., 251, 252, 258, 263
Bardasis, A., 51

Bari, R. A,, 67

Barker, A. S. Jr., 44, 81

Barker, W. H., 253, 265

Barnett, G. P., 258, 263

Bassani, F., 43, 45, 51

Basu, S., 167, 175

Batel, L. C., 80

Bazley, N. W., 310, 313, 316, 319, 329
Beattie, A. M., 87

Becker, J. H., 46, 67

Beeby, J. L., 51

Beer, A. C., 56

Beissner, R. E., 46, 57

Beleznay, F., 51

Bellemans, A., 56

Bender, C. F., 261, 262, 263, 264, 265

395



396 Author Index

Bennett, A. J., 51

Benston, M. L., 51

Bergmann, E. D., 350, 392

Bergstresser, T. K., 43, 45, 46, 51, 52, 54

Berk, N. F., 83

Bernard, W., 205, 232

Berrondo, M., 51

Berry, M. V., 72

Berson, J. A., 198, 200

Berther, G., 342, 344, 345, 392

Besnainou, S., 110, 147

Beveridge, D. L., 334, 392

Bhatnagar, S., 46, 51

Biczo, G., 51, 70

Bingel, W. A, 242, 243, 251, 253, 257,
263, 264, 265

Birss, F. W., 313, 330, 331

Blandin, A., 36, 51, 52, 81

Blankenbecler, R., 310, 311, 314, 315,
331

Bloom, K., Jr., 45, 52

Bloom, S., 46, 52

Boer, F. P, 334, 392

Boerner, H., 268, 297

Bohn, G., 52

Bonelli, P, 316, 329

Bopp, F., 117, 139

Boring, A. M., 43, 52

Born, M., 179, 200

Boys, S. F., 113, 140, 268, 297, 368, 391

Bradley, C. J., 44, 46, 49

Brahms, S., 45, 52

Brindas, E., 300, 311, 327, 329

Bratos, S., 110, 139

Braun, P. A, 324, 326, 330

Brewer, E,, 52

Brews, J. R., 52

Brillouin, L., 100, 139, 183, 200

Brion, H., 97, 98, 109, 113, 139, 140

Brittin, N, E., 314, 33/

Broerman, J. G., 45, 53

Brooks, H., 48, 49, 80

Bross, H., 52

Brout, R., 205, 232

Brown, E., 45, 52, 61

Brown, J. P., 47, 79

Brown, R. D., 128, 139, 334, 39/

Brust, D., 43, 44, 45, 46, 52, 82, 84

Buenker, R. J., 335, 342, 344, 346, 355,
378, 379, 391, 392

Bunge, A., 261, 264, 314, 329

Bunge, C. F., 261, 264, 314, 329

Burke, P, J., 314, 329

Buss, D. D., 47, 52

Butler, F. A., 45, 52

Byers Brown, W., 239, 240, 241, 264,
265, 325, 329

Bystrand, F., 43, 74

C

Calais, J. L., 43, 52, 74, 79, 89

Caldow, G. L., 312, 313, 329

Callaway, J., 2, 4, 44, 45, 46, 47, 52, 92

Callen, H. B., 205, 210, 232

Calvin, M., 168, 175

Campbell, 1. A, 61

Canfield, J. M., 86

Cantu, A. A., 268, 298

Capart, G., 78

Cardona, M., 44, 45, 46, 47, 53, 64,79, 82

Carlson, B. C., 244, 264

Caron, L. G., 53, 68, 80

Casimir, H. B. G., 210, 232

Celli, V., 53

Chakraborty, D. K., 44, 53

Chan, A. C. H,, 261, 264

Chaney, R. C., 53, 70

Chang, D. M,, 46, 66

Chase, M., 205, 233

Chatterjee, S., 44, 46, 47, 53

Chaves, C. M., 45, 53

Chen, 1., 46, 89

Cheney, B. V., 344, 360, 392

Cherry, 1. J., 312, 331

Cheung, L. M,, 298

Chikazumi, S., 92

Cho, S. J., 41, 42, 47, 53

Choi, J. H., 314, 329

Chong, D. P, 51

Chow, P. C., 5¢

Chow, R. K. M, 52

Christoffersen, R. E., 257, 264, 313, 330,
337, 344, 345, 347, 348, 355, 356, 360,
364, 370, 373, 374, 377, 378, 380, 383,
384, 391, 392, 393



Author Index

Chu, S. Y., 362, 391

Claverie, P., 121, 139, 140

Clementi, E., 335, 336, 337, 340, 343,
346, 347, 348, 349, 351, 353, 356, 357,
359, 360, 388, 389, 391

Clementi, H., 336, 337, 343 386, 391

Clogston, A, M., 46, 54

Cohen, M., 314, 315, 316, 329

Cohen, M. H,, 45, 46, 51, 78

Cohen, M. L., 43, 45, 46, 47, 50, 51, 54,
59, 60, 78, 82, 89

Coleman, A. J., 236, 238, 243, 258, 261,
264, 265, 266, 320, 329

Collins, T. C., 24, 42, 43, 45, 46, 54, 58,
80, 87, 90

Condon, E. U., 54, 268, 297

Conklin, J. B., Jr., 42, 44, 47, 54, 88

Connolly, J. W. D., 38, 39, 42, 43, 44,
45, 47, 54, 67

Conroy, H., 312, 313, 329

Coolidge, A. S., 315, 330

Cooper, B. R., 46, 54

Cooper, 1. L., 268, 297

Cornwell, J. F., 44, 54, 75

Corson, E. M., 268, 297

Coulson, C. A., 109, 111, 139, 177, 200,
204, 232, 312, 313, 314, 329, 330, 331

Coulthard, M. A., 54

Cowan, R. D., 44, 55

Coward, L. A., 55

Craig, D. P., 131, 139

Craven, J. E., 46, 55

Crawford, M. F,, 312, 331

Cressy, N., 251, 264

Cromer, D. J,, 71

Crossley, R. J. S., 324, 329

Cuff, K. F., 48, 70

Cusachs, L., 374, 391

D

Dahl, J. P, 42, 45, 52, 55
Dalgarno, A., 320, 327, 329
Dalton, N. W, 44, 45, 55, 65
Daniel, E,, 55

Das, A. K., 55

Das, G., 230, 232, 254, 255, 264, 333, 393

397

Das, T. P., 46, 55, 73, 83, 84

Daudel, R., 97, 98, 106, 108, 110, 113,
116, 118, 124, 125, 127, 128, 139, 140,
141

Davidson, E. R., 239, 241, 244, 248, 251,
253, 254, 255, 261, 262, 263, 264, 265,
266

Davies, B. L., 49, 204, 232

Davis, D. R., 336, 337, 343, 359, 360,
386, 391

Davis, H. L., 45, 55, 59

Davydov, A. S., 131, 140

de Alba, E., 55

De Cicco, P. D., 42, 44, 55

Deegan, R. A., 46, 55, 56

de Graaf, A. M., 43, 78

DeHeer, J., 269, 297, 298, 343, 392

Del Bene, J., 340, 349, 351, 3971

de Leener, M., 56

Delitala, M., 44, 50

Delves, L. M., 320, 329

Denker, S. P., 44, 83

Devaquet, A., 178, 199, 200

Dewar, M. J. S., 177, 178, 200, 334,
391

DeWitt, J. S., 46, 58

Diamond, J. B., 56

Dickey, D. H., 47, 62

Diercksen, G., 335, 336, 341, 360, 391,
392

Dimmock, J. O., 40, 42, 46, 47, 56, 60,
65,76

Diner, S., 121, 139, 140

Dirac, P. A. M., 268, 297

Dishman, J. M., 47, 56

Dmiitriev, Y. Y., 326, 329

Doar, J. F., 45, 89

Dobosh, P. A., 334, 392

Doggett, G., 43, 56

Doll, J. D., 249, 265

Doniach, S., 46, 56, 57, 225, 232

Dresselhaus, G., 43, 44, 45, 46, 57, 90

Dresselhaus, M. S., 43, 44, 45, 46, 57

Dreyfus, M., 350, 353, 356, 392

Duke, C. B., 51

Duncanson, 109, 139

Durkan, J., 46, 57

Dzyaloshinski, I. E., 62, 205, 232



398 Author Index

E

Ebbing, D. D., 259, 264

Eckart, C., 315, 329

Eckelt, P., 45, 46, 57

Eckstein, Y., 46, 80

Edmiston, C. E., 113, 140, 260, 261, 264

Edwards, D. M., 57

Edwards, S. F., 57, 58

Ehrenreich, H., 45, 58, 64, 70, 89

Ekstig, B., 44, 81

Eliason, M. A., 253, 264

Elliot, R. J., 57

Ellis, D. E., 42, 43, 44, 58, 60, 78

Ellzey, M. L., 298

Engelsberg, S., 57

Englert, F., 205, 232

Epstein, 1. R., 336, 339, 358, 392, 393

Epstein, J. H., 326, 329

Epstein, P. S., 122, 140

Epstein, S., 239, 264

Epstein, S. T., 325, 326, 329

Erdahl, R. M., 236, 243, 258, 261, 264,
265, 266

Erdos-Gyarmati, G., 61

Ern, V., 44, 58

Euwema, R. N., 24, 42, 44, 45, 46, 54,
58, 80, 87, 90

Evenson, W. E., 58

Everett, P. M., 43, 88

Eyring, H., 177, 201

F

Fahlman, A., 44, 81

Falikov, L. M., 43, 44, 45, 46, 47, 48,
58, 59, 68,71, 81, 86

Falk, D. S., 51

Falkenhagen, H., 231, 232

Fano, G., 53

Faulkner, J. S., 43, 44, 45, 55, 59

Favini, G., 196, 20!

Feinleib, J., 48, 49, 62

Feldman, T., 314, 315, 316, 329

Fernbach, S., 2, 49, 52, 58, 64, 75, 79,
83, 85, 369, 371, 393

Ferreira, J. G., 47, 59, 80

Ferrell, R. A, 51, 59

Feynman, R, P., 386, 391

Fischer, K., 59

Fleming, G. S., 40, 44, 47, 58, 59

Fletcher, G. C., 44, 47, 59, 70

Fletcher, G. S., 47, 70

Fock, V. A, 117, 140

Fogel, S. J., 258, 265

Folland, N. O,, 43, 59

Fong, C. Y., 43, 45, 59, 60, 82

Foster, J. M., 113, 140

Fox, D. W., 310, 313, 316, 319, 329

Fraitova, D., 74

Frederikse, H. P. R., 46, 67

Freed, K. F., 360, 391

Freeman, A. J., 40, 42, 44, 45, 46, 56,
58, 60, 64, 69, 76, 89, 90

Frei, V., 46, 60

Friedel, J., 36, 55, 60

Frobenius, G., 268, 297

Frohlich, H., 60

Froidevaux, C., 47, 60, 61

Froman, A., 313, 329

Frost, A. A., 362, 364, 391, 392

Fry, J. L., 45, 52, 89

Fujimoto, H., 178, 186, 191, 196, 200

Fukui, K., 177, 178, 186, 190, 191, 194,
196, 197, 200, 201

Fukunaga, T., 178, 201

Fullenbaum, M. S., 51

Fumi, F. G., 43, 84

Fung, B. M., 259, 265

Furdyna, A., 40, 46, 60, 76

Futrelle, R. P., 327, 329

G

Gabriel, J. R., 50

Gallais, F., 125, 127, 139, 140
Galloway, J. A., 46, 75
Gallup, G. A., 268, 297
Gammel, J. L., 300, 327, 330
Gamurar, V. Y., 139, 140
Gandelman, G. M., 44, 61
Garcia-Moliner, F., 82
Gaspar, R., 3, 4, 46, 61
Gaspari, G. D., 43, 46, 61, 84



Author Index

Gautier, F., 47, 60, 61

Gay, J. G., 314, 329

Geltman, S., 314, 331

Genson, D. W., 337, 344, 347, 360, 364,
366, 377, 391, 392

Geratt, J., 268, 297, 360, 391

Gershgoren, Z., 297

Gilbert, M., 121, 140

Gilbert, R. L., 97

Giles, W. B., 196, 201

Gill, G. B., 178, 194, 201

Gilman, R. R., 343, 392

Goddard, W. A, 111, 43, 77, 269, 272, 297

Gold, A. V., 44, 45, 61, 65
Goldstein, M. J., 178, 207
Golibersuch, D. C., 61

Golin, S., 46, 47, 61

Gomes, A. A, 60, 61

Gondaira, K.-1., 69

Good, R. H., Jr., 80

Goodenough, 1. B., 47, 80
Goodings, D. A, 43, 45, 47, 61
Goodisman, J., 313, 329

Goodman, B., 50

Gordon, M. S., 334, 392

Gordon, R. G., 300, 327, 329, 330, 331
Gordon, W. L., 43, 88

Goroff, 1., 43, 61

Gorzkowski, W, 47, 61

Goscinski, O., 51, 300, 311, 327, 329
Gould, S. H., 313, 329
Gramaccioni, P., 196, 207

Grant, P. M., 77

Gray, D. M., 45, 61

Greenaway, D. W., 47, 48, 62
Gregory, R. D, 205, 215, 225, 230, 233
Guelfand, L. M., 98, 140

Gufan, Y., 62

Gupta, R. P., 40, 44, 46, 48, 62

H

Hagston, W. E., 45, 62

Hagstrom, S., 253, 254, 264

Hahn, D., 351, 353, 356, 357, 391

Hall, G. G., 62, 313, 320, 329, 334, 360,
361, 365, 392, 393

399

Hall, L. H., 194, 20/

Hall, W, 91

Halperin, B. 1., 44, 87

Ham, S. F., 83

Hamrin, K., 44, 81

Hanamura, E., 77, 88

Hanus, J., 42, 62

Harbeke, G., 47, 48, 62

Harford, A. R., 49

Harman, T. C,, 62

Harris, F. E., 62, 269, 297, 298

Harris, R., 45, 61

Harris, R. E., 352, 392

Harrison, W. A, 2, 44, 45, 47, 62, 84

Hartley, R. V., 100, 740

Hassan, S. S. A. Z,, 43, 62

Hassé, H. R., 326, 328, 329

Haugh, E. F., 204, 232

Hayakawa, H., 45, 62

Hedin, L., 24, 63

Heeger, A. 1., 45, 63

Hehre, W. J., 343, 353, 359, 392

Heilbronner, E., 193, 207

Heine, V., 44, 45, 46, 48, 49, 54, 89

Heitler, W., 268, 297

Hejda, B., 44, 63

Heller, W. R., 63

Hellman, H. H., 386, 392

Helmbhotz, L., 334, 393

Henderson, R. C., 259, 264

Henrich, V. E., 43, 80

Henry, W. G., 73

Herman, F., 8, 20, 23, 24, 42, 43, 44, 45,
46, 47, 63, 64, 66, 77, 79, 87, 89

Hermanson, J., 64

Herndon, W. C., 194, 196, 201

Herzenberg, A., 175

Hewson, A. C., 57, 64

Hicks, T. J., 46, 64

Higginbotham, C. W., 44, 45, 46, 64, 79

Hille, E., 220, 232

Hillel, A. J., 57

Hilton, D., 87

Hirschfelder, J. O., 204, 216, 232, 233,
239, 251, 253, 254, 255, 264, 265, 320,
325, 329, 330, 331

Hodges, L., 45, 58, 64, 65

Hoernschemeyer, D., 211, 233



400

Hoffmann, R., 177, 178, 194, 196, 201,
334, 378, 379, 392

Hohenberg, P., 65

Holden, T. M., 46, 64

Hollister, C., 359, 360, 393

Holstein, T., 134, 135, 140

Hone, D., 51

Honig, J. M., 44, 47, 62, 65

Honjo, G., 82

Hopgood, F. R. A, 65

Horwitz, G., 49, 65

Houmann, J. C. G., 47,75

Hoyland, J. R., 339, 348, 392

Hu, S. M., 90

Hubbard, J., 44, 45, 51, 65

Hiickel, E., 178, 186, 20!

Hudson, R. F., 178, 201

Hughes, A. J., 44, 52, 53, 65

Hulin, M., 46, 79

Hum, D. M., 44, 54, 65

Hurley, A. C., 117, 140, 236, 258, 259, 264

Husimi, K., 320, 328

Huzinaga, S., 359, 392

Hygh, E. H., 78

Hyland, G. J., 44, 65

Hylleraas, E. A., 302, 304, 325, 330

I

Imamura, A., 178, 20/
Inoue, M., 77, 88

Inui, T., 44, 77, 88
Ishiguro, E., 268, 272, 297
Izuyama, T., 66

Jackson, C., 46, 66

Jacobs, R. L., 66

Jahn, H. A, 268, 297

Jain, K. P,, 45, 65

James, H. M., 315, 330

James, L. W., 46, 66

Janak, J. F., 2, 43, 45, 47, 49, 50, 52, 54,
55, 56, 58, 61, 62, 66, 67, 69, 70, 71,
74,76, 77,78, 80, 83, 85, 88, 90, 91

Author Index

Janoschek, R. J., 338, 341, 360, 392
Jansen, L., 232, 233

Jehle, H., 204, 233

Jennings, P., 314, 319, 330
Jensen, M., A., 63

Jepsen, D. W, 66, 90
Johansen, G., 46, 47, 66
Johansen, K., 44, 49
Johansson, A., 24, 63
Johansson, G., 44, 81

Johnson, B. P., 314, 330
Johnson, K. H., 36, 42, 45, 47, 49, 66, 67
Johnson, L. E., 47, 54
Johnson, W. R., 86

Jones, H., 45, 67

Jones, L. L., 253, 254, 255, 264
Jones, W., 45, 89

Jones, R. O., 63

Jordan, F., 121, 140

Joshi, S. K., 45, 78, 80

Joy, H. W, 45, 55, 59
Jshiguro, E., 271, 297

Jungen, M., 260, 265

K

Kahn, A. H,, 46, 67
Kaline, E., 44, 81
Kambe, K., 67
Kamimura, H., 84
Kane, E. O., 44, 67
Kaplan, I. G., 268, 297
Kaplan, T. A., 44, 67, 82
Kapuy, E., 117, 140
Karlsson, A., 46, 47, 67
Karo, A. M., 42, 67
Karpien, R. J., 61
Karplus, M., 300, 327, 330
Kasha, M., 131, 140
Kasuya, T., 67

Kato, H., 178, 190, 201
Kato, T., 312, 314, 330
Katsuki, A., 45, 68, 84
Katsuki, S., 46, 68
Keaveny, I. T., 313, 330
Keesom, W. A., 231, 233
Keeton, S. C., 40, 47, 48, 68



Author Index 401

Keller, J. M., 244, 264

Kemeny, G., 68

Kenney, J. F., 42, 43, 46, 68

Keown, R., 42, 43, 68, 90

Kestner, N. R., 204, 233

Ketterson, J. B., 46, 80

Kimball, J. C., 43, 48, 68

Kimura, T., 268, 272, 297

Kinoshita, T., 312, 318, 330

Kirkwood, J. G., 325, 331

Kistiakowsky, G. B., 377, 392

Kittel, C., 68

Kitz, A., 44, 55

Kjollerstrom, B., 68

Klein, A. P., 45, 68

Klein, D. J., 298

Kleiner, W. H., 47, 62, 65, 67

Kleinman, L., 47, 54, 61, 68, 71

Klessinger, M., 119, 140

Klint, D., 351, 353, 356, 357, 391

Klopman, G., 178, 199, 201

Kmetko, E. A, 11, 20, 68

Knox, R. S., 46, 77

Koelling, D. D., 44, 45, 46, 47, 50, 60, 69,
76

Koetzle, T. F., 339, 358, 392

Kohn, W., 3, 46, 65, 70, 83, 84

Koide, S., 69, 90

Kollman, P. A., 352, 392

Kondo, J., 69

Konowalow, D. D., 253, 265

Koopmans, T. A., 184, 201, 357, 392

Kortum, R. L., 43, 44, 45, 46, 47, 64, 87,

Koster, G. F., 36, 39, 42, 69, 85, 268,
297

Kotani, M., 268, 272, 297

Kottis, P., 119, 129, 131, 133, 134, 135,
139, 140

Kouba, J. E., 259, 265

Kramer, B., 46, 69

Kramer, P., 268, 297

Kramling, R. W., 79, 268, 298, 335,
337, 350, 392

Krauss, M., 260, 261, 264, 265, 333, 392

Kreiger, E. L., 46, 54

Krieger, J. B., 69, 320, 331

Kristofel, N. N., 48

Kromkout, R. A., 211, 231, 233

Kroner, E., 117, 140

Kronig, E., 160, 175

Kubo, R., 205, 206, 233

Kuglin, C. D., 43, 44, 46, 47, 64

Kumar, N., 69

Kunz, A. B, 43, 44, 46, 69, 70

Kupratakulu, S., 47, 70

Kurihara, Y., 66

Kutzelnigg, W., 119, 139, 242, 243, 249,
250, 251, 253, 257, 260, 263, 264, 265

Kwart, H., 191, 201

L

Labib-Iskander, I., 257, 265
Labzovsky, L. N., 326, 329

Ladik, J., 70

Lafon, E. E., 42, 43, 53, 70
Landau, L. D., 159, 175, 210, 227, 233
Lang, N. D, 45, 64, 70

Langbein, D., 205, 233

Langhoff, P. W., 300, 327, 330
Langlinais, J., 45, 53

Langreth, D. C., 50, 70

Lannoo, M., 60

Larson, A. C., 44, 55, 70

Larson, E. G., 70

Larsson, S., 258, 266, 314, 322, 330
Lathan, W. A, 343, 353, 392
Launois, H., 47, 60, 61

Lawrence, M. J.,, 51, 70

Lee, K. H., 70

Lee, M. J. G., 70

Lee, P. M, 43, 46, 55,70, 71

Le Falher, J. P., 139, 140

Lekner, J., 50

Lemaistre, J. P., 130, 133, 139, 140
Leman, G., 45, 49, 60

Lempka, H. J., 44, 81

Lenglart, P., 45, 49, 60
Lennard-Jones, J. E., 117, 140 259, 264
Lerner, L. S., 70

Levine, M., 71

Lewis, G. N., 95, 140, 168, 175
Lewis, P. E., 46, 70, 71
Leyendecker, A. J., 46, 67

Li, E. K, 47, 80



402

Liberman, D., 44, 55, 71

Lide, D. R, 377, 392

Lifshitz, E. M., 205, 210, 227, 232, 233

Lim, T. K., 231, 233

Lin, C. C., 43, 53, 70

Lin, C. S., 313, 330, 331

Lin, P. J., 43, 45, 46, 54, 58, 71

Linder, B., 204, 205, 211, 221, 231, 233

Linderberg, J., 43, 71, 205, 225, 233, 249,
258, 263, 265

Lindgren, 1., 24, 42, 71, 81

Lindner, P., 325, 330

Linnet, J. W., 108, 140

Lipscomb, W. N,, 268, 297, 334, 336,
339, 358, 391, 392, 393

Lipton, D., 66

Liu, L., 54, 70

Liw, S. H., 40, 47, 58, 59,72, 76

Liw, T., 72

Lloyd, P., 72

Logachev, Y. A., 72

Logothetis, E. N., 44, 73

Lomer, W. M., 40, 44, 45, 49, 72

London, F., 204, 223, 228, 233

Lonquet-Higgins, H. C., 177, 178, 200,
201, 204, 215, 225, 233

Loucks, T. L., 2, 40, 42, 44, 46, 47, 48,
49, 59, 62, 68, 90

Low, G. G., 46, 64, 72

Lowde, R. D., 45, 49, 73

Loéwdin, P. O., 40, 42, 45, 60, 62, 64, 67,
73, 88, 90, 91, 122, 140, 177, 190,
200, 206, 233, 235, 236, 238, 244, 247,
249, 251, 252, 253, 254, 255, 257, 264,
265, 268, 269, 293, 297, 298, 310, 311,
313, 314, 319, 321, 325, 330

Lucas, A., 205, 225, 233

Ludeiia, E. V., 118, 140

Lundgyvist, B. L., 63

Lundgqvist, S., 63, 205, 221, 225, 233

Lustig, C. D, 47, 88

Lye, R. G., 44,73

M

McClure, D. S., 47, 73, 79
McClure, J. W., 45, 89

Author Index

MacDonald, J. K. L., 300, 304, 330

Macias, A., 258, 265

Mackintosh, A. R., 40, 44, 47, 66, 75, 90

McLachlan, A. D., 204, 205, 215, 221,
224, 225, 230, 233, 268, 298

McMurphy, F., 67

McNaughton, D. J., 73

McQuarrie, D. A., 327, 329

McWeeny, R., 117, 119, 140, 236, 239,
242, 243, 265, 268, 293, 297, 298

McWhan, D. B., 44, 73, 81

McWharter, A. L., 73

Madelung, O., 45, 46, 57, 73

Maggiora, G. M., 344, 360, 364, 373,
384, 391, 392,

Mahan, G. D., 205, 225, 233

Mahanthappa, K. T., 314, 331

Mabhanti, S. D., 46, 73, 80

Majlis, N., 45, 53

Majorino, G. F., 316, 329

Majumdar, C., 69

Mikild, K. V., 43, 71

Mallow, J. V., 60

Malrieu, J. P., 121, 139, 140

Manca, P., 45, 73

Mandel, R., 253, 265

Mango, F. D., 178, 201

Mann, J. B., 15, 16, 20, 23, 24, 26, 28,
29, 33, 42, 44, 45, 55, 73, 74, 85

Manne, R., 269, 297

Manohar, C., 74

Mansikka, K., 43, 52, 74, 79, 89

March, N. H., 45, 46, 50, 57, 74, 78,
89

Marcus, P. M., 2, 42, 43, 45, 47, 49, 50,
52, 54, 55, 56, 58, 61, 62, 66, 67, 69,
70,71,74,76,77, 78, 80, 83, 85, 88

Margenau, H., 204, 233

Mariani, C., 196, 201

Marshall, C. A. W., 45, 46, 47, 51

Marshall, W., 65, 87

Martin, D. H., 57

Mathon, J., 74

Matsen, F. A., 98, 140, 268, 298

Matsumoto, G. H., 261, 265

Mattheiss, L. F., 42, 44, 45, 47, 74,
75

Mavroides, J. F., 47, 62



Author Index

Mayers, D. F., 75

Mazur, P., 232, 233

Mazziotti, A., 319, 330

Meath, W. J., 216, 233

Mehl, J., 349, 357, 389, 391

Mehler, E. L., 260, 265

Meister, G., 52

Meloni, F., 46, 75

Mély, B., 338, 350, 353, 356, 386, 392

Melz, P. J., 43, 75

Messmer, R. P,, 313, 330

Meyer, A., 43, 75

Mijnarends, P. E., 45, 75

Mikoshiba, N,, 75

Miller, D., 117, 140

Miller, K. J., 259, 265, 269, 298

Miller, K. R., 251, 264

Miller, W. H., 311, 314, 325, 330

Millie, P., 342, 344, 345, 392

Mills, D. L., 51

Mills, I. M., 360, 391

Mitchell, D. L., 75

Miwa, H., 9!

Miyakawa, T., 43, 44, 70, 75, 78

Moffit, M., 132, 141

Moffitt, W., 167, 175

Mpller, H. B., 44, 47, 75

Monkhorst, H. J., 62

Mook, H. A, 45, 75, 88

Morandi, G., 53

Morgan, D. I., 46, 75

Morgan, G. J., 75

Morita, A., 84

Morris, M. J., 75

Moskowitz, J. W., 335, 341, 342, 359, 360,
378, 379, 392, 393

Motizuki, K., 44, 75, 76

Mott, N. F., 47, 75, 76

Mueller, F. M., 43, 44, 45, 46, 47, 60,
68, 69, 76, 79, 92

Mukherji, A., 83

Mula, G., 45, 46, 73, 75

Mulliken, R. S., 182, 200, 201, 235, 265,
336, 337, 338, 339, 340, 342, 344, 345,
346, 347, 350, 351, 354, 374, 392

Munday, B. C., 44, 87

Murai, T., 169, 170, 175

Murani, A. P., 57

403

Murrell, J. N., 184, 201
Myers, H. P., 46, 47, 67
Myron, H. W., 40, 47, 76

N

Nagai, S., 44, 76

Nagamiya, T., 44, 45, 75, 76

Nagaoka, Y., 76

Nagata, C., 177, 190, 191, 194, 200, 20!

Nakayama, M., 76

Namba, H., 91

Narath, A., 47, 88

Nazaroff, G. V., 240, 249, 251, 264, 265

Neckel, A., 10, 11, 44, 83

Nesbet, R. K., 42, 67, 77, 122, 141

Neumann, D. B., 335, 353, 354, 393

Newns, D. M., 57

Newton, M. D., 334, 343, 353, 358, 392,
393

Nicklow, R. M., 45, 75

Nikitine, S., 45, 52

Nordling, C., 44, 81

Noreland, E., 44, 81

Norwood, T. E., 44, 45, 53, 77, 89

Noziéres, P., 205, 233

Nussbaum, A., 77

Nyce, J. L., 191, 201

o

O’Brien, F., 75

QOdabasi, H., 54

Odiot, S., 97, 98, 106, 108, 120, 139,
140, 141

Ohrn, Y., 71, 249, 259, 265

Ohno, K., 269, 298

Okazaki, M., 44, 77, 88

O’Keefe, P. M., 43, 77

Okiji, A., 77, 92

Olechna, D. J., 46, 77

Olszewski, S., 60

Olympia, P. L., 258, 259, 265

O’Malley, T. F., 311, 330

Onodera, Y., 44, 77

Opik, U., 91



404 Author Index

Oppenheimer, J. R., 179, 200
Oppenheimer, M., Jr., 131, 140

Orbach, R., 83, 84

Ortenburger, I. B,, 8, 46, 47, 64, 77
Overhauser, A. W, 40, 43, 44, 47, 77, 78
Overhof, H., 78

Owen, J., 45, 47, 88

Oyama, S., 43, 44, 70, 75, 78

P

Pack, R. T., 241, 265

Page, L. J., 78

Painter, G. S., 42, 43, 78

Palik, E. D., 75

Pant, M. M., 45, 78

Parada, N. J., 47, 52, 59, 78, 80

Parr, R. G., 319, 330

Parravicini, G. P., 43, 45, 51

Paul, W., 49

Pauling, L., 268, 298

Pauncz, R., 269, 272, 298

Pearson, R. G., 197, 201

Peat, F. D., 298

Pekeris, C. L., 312, 317, 330

Pendry, J. B., 78

Penn, D. R., 44, 46, 59, 78

Percus, J. K., 269, 298, 319, 320, 328

Perlin, Y. E., 139, 140

Perrier, J., 51

Persico, F., 70

Peter, M., 69

Petke, J. D., 335, 342, 346, 348, 378,
379, 388, 391, 392

Petrashen, M. 1., 48

Pettersson, G., 43, 52, 74, 79, 89

Pettifar, D. G., 79

Peyerimkoff, S. D., 335, 342, 346, 348,
354, 355, 391, 392

Philipp, H. R., 45, 58

Phillips, J. C., 43, 45, 46, 64, 71, 76, 79

Picard, M., 46, 79

Pilar, F. L., 311, 330

Pincelli, U, 121, 140

Pines, D., 205, 233

Piper, T. S., 47, 79

Pippard, A. B., 59

Pitaevski, L. P., 205, 232

Platt, J. R., 166, 167, 175

Pol, A. J., 108, 140

Polder, D., 211, 232

Poling, S. M., 241, 265

Politzer, P., 374, 391

Pollak, F. H., 44, 45, 46, 47, 53, 64, 79,
82

Pollak, M., 178, 201

Pople, J. A., 117, 140, 178, 201, 259,
264, 334, 340, 343, 349, 351, 353, 359,
391, 392

Poshusta, R. D., 79, 268, 269, 298

Power, E. A., 215, 233

Prager, S., 325, 330

Prange, R. E., 51, 59

Pratt, G. W., Jr., 42, 47, 53, 54, 78, 80

Praud, L., 342, 344, 345, 392

Preuss, H., 319, 330, 335, 336, 338, 341,
360, 392

Priestley, M. G., 46, 76, 80

Prosser, F., 257, 265

Pullman, A., 122, 141, 177, 201, 338,
350, 353, 356, 386, 392

Pullman, B., 122, 141, 177, 190, 200,
201, 257, 263, 350, 392

Pynn, R., 43, 84

R

Rabii, S., 46, 47, 80

Raccah, P. M., 43, 44, 45, 46, 47, 80
Raich, J. C., 80

Rajagopal, A. K., 80

Ramirez, R., 44, 81

Ramquist, L., 44, 81

Randi¢, M., 184, 207

Ratto, C. F., 81

Rayne, J. A., 47, 56

Rebane, T. K., 300, 316, 326, 330
Rédei, L. B., 319, 330

Reed, W. A, 45, 8]

Reeves, C. M., 268, 298
Rehwald, W., 46, 81

Reid, C. E., 249, 265, 314, 330
Reilly, M. H., 46, 81

Rein, R., 178, 201



Author Index

Reinhardt, W. P., 249, 265

Rhodes, W., 205, 233

Ri, T., 177, 201

Rice, M. J., 84

Rice, T. M., 44, 73, 81

Rice, W. W., 377, 392

Richmond, F., 8/

Rickayzen, G., 81

Rimmer, D. E., 65

Roberts, R. A., 43, 81

Roby, K. R., 334, 391

Rodriguez, 8., 78, 83

Roessler, D. M, 43, 44, 54, 8]

Roothaan, C. C. J., 108, 141, 180, 201,
333, 392

Ros, P., 44, 58

Rosen, A., 24, 81

Rosenbaum, D. M., 98, 141

Rosenberg, L., 311, 330

Rosenkrans, J. P., 211, 233

Rosenthal, C. M., 314, 330, 331

Ross, M., 10, 11, 82

Rotenberg, A., 269, 298

Rotenberg, M., 2, 49, 52, 58, 64,75, 79,
&3, 85, 369, 371, 393

Roth, L. M., 82

Rothenberg, S., 244, 254, 255, 265

Rouse, R. A, 362, 391, 392

Roux, M., 110, 139, 141

Rowe, J. E., 45, 82

Rubio, J., 82

Rudge, W. E., 11, 42, 43, 82

Ruedenberg, D., 117, 140

Ruedenberg, K., 113, 140, 235, 251, 259,
260, 264, 265, 269,272, 298

Rumer, G., 268, 297

Rummer, D. E., 44, 82

Russell, J. D., 360, 397

Rutherford, D. E., 268, 272, 298

Ruvalds, 1., 44, 59

Ryan, J. A., 346, 348, 388, 392

S

Sabin, J. R., 352, 392

Saito, S., 45, 76

Salem, L., 178, 197, 199, 200, 201, 204,
233

405

Salmon, W. 1., 268, 269, 272, 298

Sanders, W. A., 260, 265, 320, 331

Sandorfy, C., 118, 140

Sandrock, R., 46, 79, 82

Santry, D. P., 178, 201, 334, 392

Saravia, L. R., 43, 82

Sasaki, F., 269, 298

Saslow, W., 43, 45, 46, 60, 71, 82

Sato, H., 82

Saytzeff, A, 191, 201

Scalapino, D. J., 68

Scarzafara, E. A,, 122, 141

Schachtschneider, J. H., 178, 201

Shingu, H., 177, 190, 191, 194, 200

Schirber, J. E., 82

Schlosser, H., 47, 82

Schmid, E. W., 312, 331

Schoen, J. M., 44, 82, 83

Schrieffer, J. R., 58, 68, 83

Schubd, W., 52

Schulman, J. A., 359, 360, 393

Schulman, J. M,, 335, 341, 342, 359, 360,
378, 379, 392

Schur, 1., 268, 298

Schwager, J., 312, 331

Schwartz, C., 313, 320, 33/

Schwartz, J. L., 87

Scop, P. M., 42, 46, 83

Scouler, W. J., 62

Secrest, D., 313, 329

Segal, G. A., 178, 201, 334, 392

Segall, B., 46, 54, 83

Seligman, T. H., 268, 297

Sen, P. N, 167, 175

Sen, S. K., 46, 47, 53

Sengipta, S., 83

Seraphin, B. O., 79

Serber, R., 268, 269, 272, 298

Sewell, G. R., 134, 141

Sham, L. J., 10, 69, 83, 88

Shankland, D. G., 46, 58, 83

Shannon, E., 100, 141

Shapiro, J., 269, 298

Sharma, R. R,, 83, 84

Shavitt, 1., 369, 371, 393

Shaw, R. W. Jr., 43, 84

Shay, J. L., 46, 64

Sherrington, D., 46, 58, 84, 175



406 Author Index

Shibatani, A., 44, 75

Shilov, G. E., 313, 33/

Shimamura, 1., 316, 331

Shimizu, M., 45, ¢4, 91

Shimomura, Y., 45, 76

Shindo, K., 45, 46, 84

Shindo, T., 46, 84

Shipman, L. L., 360, 370, 373, 384, 391,
393

Sholl, C. A., 72

Short, R. A., 44, 46, 64

Shull, H., 235, 236, 244, 247, 251, 252,
253, 254, 256, 257, 258, 259, 263, 264,
265, 268, 298, 365, 393

Shulman, R. G., 84, 335, 353, 354, 393

Shurtleff, R., 68

Shustek, L. J., 320, 331

Shyu, W. M,, 84

Siegbahn, K., 71, 84

Sievert, P. R., 59

Silver, D. M., 260, 265

Silverstein, S. D., 84

Silversmith, D. J., 44, 54

Simmons, H. E., 178, 20/

Simonetta, M., 196, 201

Simpson, W. T., 253, 266

Sinanoglu, O., 177, 190, 197, 200, 201,
254, 264

Sinha, K. P., 69

Sinha, S. K., 44, 62

Siu, A., 261, 265

Sjolander, A., 205, 221, 225, 233

Skillman, S., 20, 23, 24, 46, 63, 64

Slater, J.C., 1, 2, 3,4, 5, 6, 8 10, 13, 15,
16, 17, 19, 20, 21, 22, 23, 24, 26, 29, 30,
31, 33, 35, 36, 37, 38, 39, 41, 43, 45,
69, 84, 85, 90, 268, 270, 298, 325, 331

Smart, J. S., 85

Smet, F., 127, 140

Smith, D. A., 86

Smith, D. W., 70, 236, 258, 265, 314,
329

Smith, F. C., Jr., 42, 45, 67, 86

Smith, K., 314, 329

Smith, V. H., Jr., 24, 45, 46, 73, 87, 258,
265, 266, 269, 298, 322, 330

Snow, E. C.. 42, 43, 45, 46, 52, 86

Snyder, L. C., 335, 353, 354, 393

Sokoloff, J. B., 44, 45, 86

Solony, N., 313, 331

Sommers, C. B., 45, 47, 49, 86

Song, K.-S., 45, 47, 86

Spanel, L. E., 47, 73

Spicer, W. E., 45, 46, 63

Spruch, L., 311, 314, 330, 331

Sroubek, Z., 88

Stachowiak, H., 43, 59

Stanton, R. E., 361, 393

Stark, R. W, 43, 45, 46, 68, 86, 88

Starkschall, C., 327, 33/

Stearns, M. B., 44, 78

Stern, E. A., 86

Stern, F., 87

Sternlicht, A., 204, 233

Stevens, R. M., 336, 339, 358, 392, 393

Stevenson, A. F., 312, 33/

Stewart, A. L., 320, 329

Stewart, R. F., 253, 266, 343, 359, 392

Stoddart, J. C., 87

Stohr, H., 52

Stone, D. R., 45, 65

Stott, M. 1., 87

Strauss, A. J., 47, 62

Street, R., 44, 87

Streitwieser, A. Jr., 190, 20/

Stuart, R. N., 87

Stukel, D. J., 24, 42, 43, 44, 45, 46, 54,
58, 80, 87, 90

Sugano, S., 44, 87

Sugar, R., 310, 311, 314, 315, 33/

Suhl, H., 71, 87

Sullivan, J. J., 269, 298

Sustmann, R., 178, 200

Sutcliffe, B. T., 117, 140, 268, 298

Suveges, M., 175

Svirsky, M. S., 89

Switendick, A. C., 42, 44, 45, 47, 55, 58,
75, 86, 87, 88

Switkes, E., 312, 337, 339, 358, 391, 393

Tachiki, M., 88
Tait, A. D., 258, 263
Takahashi, 1., 84



Author Index 407

Takens, S., 88

Takeshita, T., 191, 201
Tamassy-Lentei, T., 6/
Tanabe, Y., 44, 87

Tang, K. T., 327, 33/

Tauc, J., 46, 79, 88

Temple, G., 312, 331

Terao, K., 45, 84

Terrell, J. H., 42, 43, 88
Thagarajan, B. S., 197, 200
Thellung, A., 160, 175
Thomas, P., 46, 69
Thompson, E. D., 42, 45, 46, 75, 88
Thornley, J. H. M., 45, 47, 88
Tomonaga, S., 160, 171, 175, 204, 233
Tong, B. Y., 43, 88

Torsti, J., 74

Tossell, J. A., 336, 339, 358, 391, 393
Toth, R. S., 82

Toulouse, Y., 51

Toyozawa, Y., 77, 88

Trego, A. L., 44, 75

Treusch, J., 45, 57, 72
Trickey, S. B., 42, 88

Trindle, C., 197, 201

Tripp, J. H., 43, 88

Tsui, D. C., 45, 86, 89

Tsuji, M., 46, 68

Tsukorbat, B. S., 139, 140
Tucker, J. W, 45, 89

Tung, T. K., 53

Tung, Y. W., 46, 47, 87
Tutihasi, S., 46, 89

Twose, W. D., 46, 56

Tyler, J. M., 45, 89

U
Uchida, E., 45, 76
Undheim, B., 302, 304, 330

v
Vallin, J., 43, 52, 74, 79, 89

Van Dyke, J. P., 8, 43, 45, 46, 47, 63, 64,
66, 79, 82, 89

Van Vieck, J. H., 89

Van Wieringen, H., 269, 297
Van Zandt, L. L., 89

Vasvari, B., 44, 46, 89
Vedernikov, M. V., 48
Veillard, A., 124, 125, 139, 140
Velicky, B., 46, 60

Vescelius, L., 362, 391
Vilenkin, N. Y., 98, 140
Vincow, G., 241, 265

Von Niessen, W., 349, 357, 389, 391
Vonsovsky, S. V., 89

Vosko, S. H., 89

w

Waber, J. T., 44, 45, 55, 70, 71, 86

Wagner, E. L., 335, 337, 350, 392

Wahl, A. C., 254, 255, 264, 333, 393

Wakoh, S., 38, 43, 44, 45, 89, 91

Walker, W. C., 43, 44, 54, 81

Wallden, 1., 46, 47, 67

Wallis, R. F., 75

Walmsley, M., 312, 314, 331

Walmsley, S. H., 131, 139

Walpole, J. N, 73

Wang, K. P., 45, 49

Wang, P. S. C., 314, 316, 317, 331

Wang, S. Q., 58

Watson, R. E., 40, 42, 47, 56, 58, 60, 74,
89, 90

Weaire, D., 63, 90

Weinberger, P., 10, 11, 44, 83,

Weinhold, F., 314, 315, 316, 317, 319,
324, 327, 331

Weinstein, D. H., 312, 337

Weisman, 1., 47, 60

Weisz, G., 46, 90

Welton, T. A., 210, 232

Wepfer, G. G., 42, 45, 54, 90

Wheland, G. W., 177, 201

Whitten, J. L., 335, 342, 346, 348, 359,
360, 378, 379, 388, 391, 392, 393

Wiberg, K. B., 177, 190, 200, 254, 264

Wiener, N,, 100, 141

Wiff, D. R, 43, 90

Wilcox, C. H., 310, 311, 314, 330



408 Author Index

Wilets, L., 312, 33/

Wilkinson, M. K., 45, 75

Willardson, R. K., 56

Williams, A. R., 2, 40, 43, 44, 45, 47, 49,
50, 54, 55, 56, 58, 61, 62, 66, 67, 69, 70,
71, 74, 76, 77, 78, 80, 83, 85, 88, 90,
91

Williams, D. R., 184, 201

Williams, I. R., 48, 70, 87

Williams, R. W., 40, 90

Wilson, A. R., 90

Wilson, E. B., Jr., 314, 319, 330, 33!

Wilson, T. M., 15, 16, 23, 24, 26, 29, 33,
37, 40, 41, 42, 44, 45, 85, 90, 314,
331

Windmiller, L. R., 46, 80

Window, B., 44, 87

Windsor, C. G., 45, 49, 73, 88

Winter, R. E. K., 198, 201

Witkowski, A., 132, 141

Wohlfarth, E. P., 45, 46, 57, 68, 74, 90

Wolff, P. A., 83

Wolfram, T., 91

Wolfsberg, M., 334, 393

Wong, K. C., 44, 54, 65

Wong, K. G., 44, 54

Woo, J. W. F., 91

Wood, J. H,, 4, 6, 8, 10, 19, 20, 21, 23,
24, 26, 29, 31, 33, 35, 42, 45, 75, 85,
90, 91

Wood, R. F,, 91

Woodward, R. B., 177, 178, 194, 196,
201

Wright, G. B., 47, 56, 62

Yafet, Y., 91

Yamabe, S., 200

Yamada, H., 97

Yamaguchi, K., 178, 20/

Yamanouchi, T., 268, 272, 298

Yamasaki, K., 44, 76

Yamashita, J., 38, 39, 40, 42, 43, 44, 45,
50, 89, 91

Yanase, A., 67

Yasuda, Y., 204, 233

Yonezawa, T., 177, 178, 190, 191, 194,
200, 201

Yoshimori, A., 97

Yosida, K., 91, 92

Young, A., 268, 298

Young, C. Y., 90

Young, R. C., 47, 73

Young, W. H., 43, 75

Yuriev, M. S., 326, 329

Yuval, G., 49

y/

Zeiger, H. 1., 82

Zeiss, G. D., 178, 201

Zhang, H. 1., 46, 92

Zhang, H. M., 45, 53

Ziman, J. M., 75, 92
Zimmerman, H. E., 178, 193, 20/
Zornberg, E. I, 45, 92
Zuckermann, M. J., 44, 53, 59
Zwanzig, R., 204, 233



Subject Index

A

Absorption of crystals, X« self-consistent
method applied to, 32-37

Adenine, ab initio calculations on, 356

Aromatic hydrocarbons, collective
oscillation in pi-electron system
in, 166-168

Atom, energy of as a function of
occupation numbers, 21-26

Azulene, ab initio calculations on, 355

B

BsH;1(Cs), ab initio calculations on, 336
Benzene
ab initio calculations on, 341-344
energy level ordering in, 379
Beryllium, wave function use in
computation of ground state
energy of, 117-118
Bonds
covalent and dative, loge theory in
studies on, 124-126
molecular orbital theory and
interchange of, 198-200
Borazine, ab initio calculations on, 346
Bounds to quantum-mechanical
properties, 299-331

C

Charge-transfer interaction
bond interchange and, 198-200
in chemical reactions, 184-186
intermolecular reactions, 197-198
molecular deformation and, 186-189
orientation and, 189-197
C,Fg, ab initio calculations on, 353
Chemical reactjons
charge-transfer interaction in, 184-186
molecular orbital theory of, 177-200
Chromium, kinetic energy change with
removal of one electron, 25

Circular dichroism, magnetic type, see
Magnetic circular dichroism
Collective electron oscillation in pi-
electron systems, 159-175
in aromatic hydrocarbons, 166-168
configuration interaction and, 170-171
in linear conjugated molecules,
168-169
plasma oscillation and, 171-174
Tomonaga gas model, 160-166
Configuration, collective oscillation and
interaction of, 170-171
Conjugated molecules, linear, collective
oscillation in pi-electron systems
of, 168-169
Coupled-molecule susceptibility, van der
Waals forces and, 225-228
Covalent bonds, loge theory use in
study of, 124-126
Crystals
band absorption versus localized
absorption in, 32-37
Xe self-consistent method applied to
studies on, 4248
literature on, 48-92
Cusp constraint, of natural orbitals,
241-242
Cyclohexane, ab initio calculations on,
348
Cyclopentadienyl anion, ab initio
calculations on, 336
Cyclopentane, ab initio calculations on,
339
Cytosine, ab initio calculations on,
350-351, 352
Cytosine-guanine base pair, ab initio
calculations on, 357

D

Dative bonds, loge theory use in study
of, 124-126

trans-Decapentane, ab initio calculations
on, 356

409



410 Subject Index

Density matrices, for many-electron spin

eigenstates of, 291-294
special types, 295-297

Dewar benzene, ab initio calculations on,
345

Diamagnetic molecules, magnetic
circular dichroism and, 143-158

2,3-Dimethylene cyclobutene, ab initio
calculations on, 345

Dipolar approximation, van der Waals
forces and, 221-224

E

Electrons
collective oscillation of in pi-electron
systems, 159-175
localizability in atoms and molecules,
93-141
Energy, of atoms, as function of
occupation numbers, 21-26

F

Faraday effect, diamagnetic molecules
and, 143-158

Fermi statistics, Xa method and, 12-15

Formic acid dimer, ab initio calculations
on, 349

Free energy of interaction, van der
Waals forces and, 211-220

Fulvalene, ab initio calculations on, 356

Fulvene, ab initio calculations on,
344-345

G
Generalized susceptibility theory, of van
der Waals forces, 205-211
Guanine, ab initio calculations on, 357

H

Harmonic oscillators, van der Waals
forces and, 229-231

Helium, coefficients in natural expansion
of, 252
Hexaborane, ab initio calculations on, 339
trans-Hexatriene, ab initio calculations
on, 348
Hydrocarbons
ab initio calculations on, 376-386
aromatic, collective oscillation in
pi-electron system in, 166-168
distance and angle predictions for, 377
Hydrogen, coefficients in natural
expansion of, 255
Hyper-Hartree-Fock method, 15-19
computation of unrelaxed second
derivatives by, 26-32
Xa self-consistent method compared
to, 19-21

L

Lithium cyclopentadiene, ab initio
calculations on, 338
Loge
definition of, 94
definition of the best partition into,
98-105
wave function corresponding to,
105-115
in large molecules or molecular
aggregates, 129-139
coherent coupling states, 134-138
collective excitation state properties,
131-133
excited states in thermal baths,
132-134
incoherent coupling states, 138-139
origin of concept of, 95-98
Loge theory, 93-141
applications of, 98-105, 125-129
covalent and dative bond identity,
124-126
molecular additivity rules, 126129
in calculation of elaborate wave
functions, 115-124
Longuet-Higgins, charge-density
formulation of, van der Waals
forces and, 224-225



Subject Index 411

M

Magnetic circular dichroism (MCD),
143-158
Magnetism, problems in, X« self-
consistent method studied by, 32-37
Matix elements for many-electron spin
eigenstates of orthonormal
orbitals, 267-297
N-electron basis functions, 270-274
definition, 270
geminal spin harmonics, 272-273
normalization, 273-274
relation to symmetric group,
271
for p-electron operator, 274-287
line-up permutation, 275-277
prototype matrix elements, 274-275
for special cases, 287-291
extreme values of g, 287-288
one-particle operator, 288-289
two-particle operator, 289-291
unity operator, 288
Molecular additivity rules, loge theory
applied to, 126-129
Molecular deformation, charge-transfer
interaction and, 186-189
Molecular orbital theory of chemical
reactions, 177-200
chemical interaction energy between
two systems, 178-184
charge-transfer interaction and,
bond interchange and, 198-200
in chemical systems, 184186
intermolecular reactions, 197-198
molecular deformation and, 186—
189
orientation and, 189-197
Molecules (large)
ab initio calculations on, 333-393
bibliography of, 336-357
heteroatom investigations, 386-389
molecular fragment approach,
360-389
localized excitons and loges in,
129-139
properties useful for characterization
of, 375

N

Naphthalene, ab initio calculations of,
354-355
Natural orbitals, 235-266
calculation of, 247-251
for simple systems, 251-258
few-electron wave functions and,
258-263
general properties of, 236-244
cusp constraint, 241-242
perturbation approach, 239-241
spin dependence, 242-243
symmetry properties, 243-244

(o)
Optical absorption, transition state and,
30-32
Orbitals

natural, see Natural orbitals
orthonormal type, see Orthonormal
orbitals
Orientation, charge-transfer interaction
and, 189-197
Orthonormal orbitals, matrix elements
for many-electron spin eigenstates
of, 267-297

P

Perturbation approach, of natural
orbitals, 239-241
pi-electron systems, collective electron
oscillation in, 159-175
Plasma oscillation, one-dimensional
collective electron oscillation and,
171-174
Pyrazine, ab initio calculations on,
347-348
Pyridine
ab initio calculations on, 346-347
electronic structure comparisons in, 388
Pyridine ion, ab initio calculations on,
340



412

Pyrrole

ab initio calculations on, 336-338
electronic structure comparisons for, 387

Q

Quantum mechanical properties, upper

and lower bounds to, 299-331

energy levels and phase shifts, 311-315

expectation values, 316-320

method of determinantal inequalities,
300-311

overlap of density matrices, 320-322

overlap of wave functions, 315-316

second-order properties, 324-326

semiempirical methods, 327

transition moments and oscillator
strengths, 323-324

S

SCFLCAOMO technique, 94
Spin dependence, of natural orbitals,
242-243
Statistical exchange-correlation, 1-92
common misconceptions of, 6-10
Xo self-consistent method, 1-6
Symmetry properties, of natural orbitals,
243-244

T

Thymine, ab initio calculations on,
353-354

Tomonaga gas model, 160-166

Transition state, optical absorption and,
30-32

Trimethylenecyclopropane, ab initio
calculations on, 345

U

Urazole, ab initio calculations on, 350

v

van der Waals forces, 203-233
dipolar approximation of, 221-224

Subject Index

free energy of interaction and, 211-220
free energy to infinite order, 216-220
second-order free energy, 212-216
generalized susceptibility theory of,
205-211
harmonic oscillators and, 229-231
other theories and, 224-228
charge-density formulation, 224-225
coupled-molecule susceptibility,
225-228
Vibronic spectra, Faraday effect in
analysis of, 144-158

w

Water heptamer, ab initio calculations
on, 349
Water hexamer, ab initio calculations on,
351
Water tetramer, ab initio calculations on,
340
Wave function
corresponding best division into loges
from, 105-114
using monoelectronic localized
functions, 105-114
elaborate, calculation using loge theory,
115-124
atomic case, 117-118
core representation, 118
n-electron bond representation,
119-120
formalism of loge functions, 115-117
geminal localization, 117-118
localized bond representation, 119
loge function formalism,
improvement, 120-124
few-electron type, 258-263
two-electron type, of natural orbitals,
244-258

X

Xa self-consistent method
advantages of, 10-12
atom energy as a function of
occupation numbers, 21-26



Subject Index 413

Xa self-consistent method— Hyper-Hartree-Fock method
(continued) compared to, 19-21
computation of unrelaxed second magnetic problems studied by, 37-42
derivatives by, 26-30 optical absorption and transition state
crystal studies using, literature and key studies using, 30-32
to, 43-92 in studies of absorption in crystals,
derivation of, 1-6 32-37

Fermi statistics and, 12-15 total energy and value of «, 10-12



